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Abstract

The subject of this thesis is to study the problems of robust stability and robust
stabilization for linear deterministic systems on real Hilbert spaces which are
subjected to Lipschitzian stochastic structured multi-perturbations. within the
framework of stability radii.

First we consider the case where the operators describing the structure of the
perturbations are bounded. We establish characterizations of the stability ra-
dius in terms of a Lyapunov equation and the corresponding inequalities. These
characterizations are used to obtain a computational formula for this radius.
Then, we study the problem of maximizing the stability radius by state feed-
back. We establish conditions for the existence of suboptimal controllers in
terms of a Riccati equation. We showed also how the supremal stability radius
can be determined in terms of this equation.

Finally, we investigate the robustness of stability in the case where the operators
structure are unbounded. We show how we can generalize the results established
in the bounded case for this case. We characterize the stability radius in terms
of a Lyapunov equation similar to the one used in the bounded case. These
characterizations enable us to determine a lower bound for the stability radius.
Key words: Wiener process, Stochastic differential equation, Exponential sta-
bility, Mean square stability, Robustness, Stability radius, Lyapunov equation,

Riccati equation.
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List of abbreviations

We list the notations that will be used in the thesis. Let H, U, V be real

separable Hilbert spaces.

P=0

P>0

L*(H)

Lip(Y,U)

Lr((0,T), H),p=1

Cl((0,T), H)
L (Q,p, H)
& (x)

The space of bounded linear operators form U to H.
The space of bounded linear operators form H to H.
The norm in H.

The inner product in H.

P € L(H) is positive ((Pz, z) >0, for all z € H).

P € L(H) is nonnegative ((Pz, z) > 0, for all z € H).
The set of self-adjoint linear bounded operators

P € L(H) such that P » 0.

The set of Lipschitzian functions A, such that

A:Y — U and A(0) =0.

The space of strongly measurable functions f(t) with
|f(t)]” is integrable.

The space of strongly continuously differentiable functions
on (0,T) with values in H.

The space of square integrable H—valued functions

on the probability space (2, F, 1)

The expectation of x.



Chapter 1

Introduction

In this thesis, we study the robust stability and robust stabilization problems
for linear infinite dimensional systems, subjected to structured stochastic per-
turbations. We investigate these problems using the stability radii approach.
In this chapter, we give an overview of the extensive research efforts in this

approach and our main contributions in this subject.

1.1 Robust stability and stabilization problems
of linear systems subjected to deterministic

perturbations

The first step in most applications of mathematics is to determine a mathe-

matical model for the system under investigation. The model may be used in



a number of different ways. For example a mathematical and computational
analysis of the model often leads to a better understanding of real physical
system it represents. From a more practical viewpoint the model can be used
to make predictions about the future behavior of the system, or to design al-
gorithms of automatic control which ensure that the system behaves in some
desirable fashion. However, in each of these applications it is of fundamental im-
portance to keep in mind that the model is only a model, its behavior and that
of the real system might be quite different. The origins and causes of this pos-
sible discrepancy are many and in the systems theory literature are collectively

referred to as model uncertainties:

1. Parameter uncertainty: The model may depend on some physical pa-

rameters which are not known precisely.

2. Unknown inputs and neglected dynamics: A system is usually in
dynamic interaction with its environment and it is often not clear where
the boundary of the system should be drawn. Uncertainties arise if parts
of the real system dynamics are not accounted for the model and if the

inputs to the system from the environment are not accurately known.

3. Model simplification: Although an accurate complex model of the real
physical system may be available, it is often necessary to simplify this
for the purpose of analysis and design. For example, nonlinearities and

time-variations are neglected.

4. Discretization and rounding errors: If simulations are carried out on



a computer, discretization methods must be applied and rounding errors

are introduced which will lead to unknown nonlinear model perturbations.

To be true it has to be determined that the approximate model adequately
describes the features of the system one is interested in. A special case of this
problem is to determine whether the nominal system adequately describes stabil-
ity properties of the actual system, or whether the expected difference between
the real system and the nominal model is small enough such that stability of
the model implies stability of the real system. If this is the case one could say

that the stability of the model is sufficiently robust.

1.1.1 Stability radii theory

The issue of robustness of stability has been prominent in the literature on
control theory over the last two decades. An important state-space approach to
robustness analysis is the stability radii theory. The notion of stability radius was
first introduced by Hinrichsen and Pritchard [34], although the idea behind it can
be found in many different fields, see e.g.[70]. The distance from instability has
been analyzed by [75] and Hinrichsen and Pritchard [34] for time-invariant finite-
dimensional systems. It is the size of the smallest perturbation A which results
a time-invariant system z(t) = (A + DAE) x(t), t > 0, that is not exponentially
stable. An important advantage of this approach is that it introduces concepts
and techniques which can be generalized to different classes of systems and
different kinds of perturbations.

For state space systems of the form z(t) = Az(t) or z(t + 1) = Axz(t),



Ae £(K™), K =R or C, linear perturbations of the form
1. A AA=A+ A, A e L(K™) : unstructured perturbations

2. A— Axr = A+ DAE, A € L(K9,K") : simple structured perturbations

N
3. A A=A+ ZDiAiEi, A; € L(K?, K') : multi-perturbations

i=1

has been considered, where D, E, D;, E; are given operators defining the

perturbation structure.

Depending upon whether complex or real disturbances A are considered the
stability radius is called complex or real, respectively. It is important to note
that these two stability radii are in general distinct. In the complex case a fairly
theory of the complex stability radius r¢ is available for perturbations of the
form (1) and (2), for finite dimensional systems with deterministic perturbations
for both continuous and discrete-time systems (see the survey [32]). It also
extends to infinite dimensional systems described by semigroups of operators on
a complex Banach space, see [66]. The problem of computing the stability radius
of positive linear systems under multi-perturbations has been solved recently in
[62].

For time-varying systems the results are less satisfactory and there is no
computational formula available for the stability radius, although there are lower
bounds which can be significantly improved by scaling techniques (see [41], [33]).
A formula for the stability radius of time-varying systems with respect to linear
dynamical causal perturbations has been developed in [50]. Stability radii for a

wide class of linear infinite-dimensional time-varying systems under structured



multi-perturbations have been studied in [37]. Wirth [78] extends their results
for discrete-time systems.

The problem of calculation the real stability radius for simple structured
perturbations has been solved in [69]. However, when it comes to either real
perturbations of more complicated structured or to any type of perturbations

of time-varying systems the theory is far from complete.

1.1.2 Robust stabilization

The problem of stabilization is to design a state feedback control law that as-
sures stability of systems with respect to some structured perturbations. This
stabilization problem for perturbed linear systems has received considerable
attention. A prominent method which has attracted many researches is the
Ho-method [30]. The standard Ho.-control problem was first formulated for
finite-dimensional time-invariant systems and several approaches to solve this
problem were adopted (see [18], [72]). The H.o-control problem for infinite di-
mensional systems have been studied in several papers (see [74], [59], [49]). In
[36], It is shown that there is a close relationship between the theories of stability
radii and the H,-theory for the special case where stability radii with respect
to complex perturbations are considered. In fact, in this case the problem of
maximizing the stability radius by state feedback control is equivalent to a sin-
gular H-control problem. The problem of maximizing the stability radius of a
linear discrete-time system has been considered in [51]. Pritchard and Townely

[65] analyzed similar problem for infinite dimensional systems with unbounded



perturbations.

1.2 Robust stability and stabilization problem
of systems subjected to stochastic pertur-

bations

In this section we present an overview of some existing results on the robustness
problems of linear stochastic systems. The interest in this topic is motivated
by the variety of random phenomena arising in physical, engineering, biological,
and social processes. The study of stochastic systems has a long history, but two
distinct classes of such systems drew much attention in the control literature,
namely stochastic systems subjected to white noise perturbations and systems
with Markovian jumping. At the same time, the remarkable progress in recent
decades in the control theory of deterministic systems strongly influenced the
research effort in the stochastic area. Thus, the modern treatments of stochastic
systems include optimal control, robust stability and robust stabilization for
both stochastic systems corrupted with white noise and systems with jump

Markov perturbations.

1.2.1 Robust stability

In the finite dimensional case there has been a good deal of research on the
robustness stability of stochastic systems with multiplicative noise, for both

continuous and discrete-time systems (see [20] and references in). El Bouhtouri
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and Pritchard [21] introduced the notion of stability radii for continuous-time
systems subjected to simple structured stochastic perturbation. They show that
the stability radii can be characterized in terms of a Laypunov equation. Hin-
richsen and Pritchard [39] considered continuous-time systems subjected to sto-
chastic structured multi-perturbations. They derived a precise characterization
of the corresponding stability radius via scaling techniques (i.e. multiplying
Ej, by a positive a; and D; by ozj_l). Moreover, they showed that the real
and complex stability radii coincide for stochastic perturbations of the above
kind. El Bouhtouri, Hinrichsen and Pritchard [25] investigated the correspond-
ing problem for discrete-time systems. Some results for the stability radius
for stochastic systems with both deterministic and stochastic parameter uncer-
tainties can be found in [23] and [24]. Time-varying stochastic systems with
multiplicative white noise are considered in [60], and systems with Markovian
jumping in [61]. In the case of stochastic systems with state multiplicative noise
and jump Markov perturbations, some estimations on the stability radius are
given in [19] and [20].

For infinite dimensional systems, there are few papers dealing with robust-
ness issues for this class of systems. Brusin and Ugrinnovskii [5] introduced
stochastic infinite dimensional counterparts of the Kalman-Yakubovich Lemma
to provide conditions for stability of infinite dimensional systems with nonlin-
ear and stochastic uncertainties. Hinrichsen and Pritchard [38] characterized a
stability radius for linear deterministic systems subjected to structured multi-

perturbations.

11



1.2.2 Robust stabilization

The stabilization of stochastic systems with multiplicative white noise has been
studied since the late sixties, particularly in the context of linear quadratic
optimal control; see, e.g.[77]. The subject of robust stabilization is of more
recent vintage. Recently, a number of papers have been published which deal
with robust stabilization problems in the spirit of H..-control or the stability
radius approach. State feedback H,-control for linear systems with multiplica-
tive white noise has been studied in several works. Among them we cite [73],
[26], [40], for time invariant systems. For time varying systems, correspond-
ing results can be found in [19]. In the Markovian situation, the problem has
been addressed in [61] and [20]. The maximization of stability radius via state
feedback, of deterministic systems subjected to stochastic single perturbation
was considered in [22]. For systems with multi-perturbations the problem of
maximizing the stability radii by dynamic output feedback was studied in [39]
and [25]. To our knowledge, this problem has not been considered for infinite

dimensional systems.

1.3 Main contributions of the thesis

Stochastic differential equations in infinite dimensional spaces are motivated
by the development of analysis and the theory of stochastic processes itself
such as stochastic partial differential equations and stochastic delay differential

equations on the one hand, and by such topics as stochastic control, population

12



biology and turbulence in applications on the other. Stochastic stability for
linear evolution equations in Hilbert spaces has been treated extensively in the
literature (see references [4], [7], [44], [46], [45], [57]). However, there are few
papers dealing with robustness issues for this class of systems [5], [1]. In this
thesis we use the framework of stability radii to study robust stability and
robust stabilization problems for infinite dimensional systems with stochastic
structured multi-perturbations.

We consider the system

N
dz(t) = Ax(t)dt + Y DiA; (Eix(t)) dw;(t) (1.1)
i=1
where A is the infinitesimal generator of an exponentially stable semigroup S(t)
on a real Hilbert space H, (w;(t)),5, % € {1, ..., N}, are independent real Wiener
processes and D;, F;, i € {1,..., N}, are linear bounded operators defining the
structure of the perturbations. We first establish, by adapting the approach used
in [39], characterizations of the stability radius in terms of a Lyapunov equation
and the corresponding inequalities. Then we show how we can combine these
characterizations with scaling techniques to obtain a computational formula for
this radius . This result was stated in [38] without proof.

The second contribution of this thesis concerns the problem of maximizing

the stability radius of systems of the form
N
da(t) = Ax(t)dt + Y DiA; (EBix(t)) dw;(t) + Bu(t)dt (1.2)
i=1

by static feedback. Following the method developed in [22] we establish condi-

tions for the existence of suboptimal controllers. These are expressed in terms

13



of a parametrized Riccati equation and a number of linear operator inequalities.
From these conditions we characterize the supremal stability radius.

Our last contribution concerns the robustness of stability for system (1.1)
when the generator A is subjected to stochastic unbounded perturbations. We
consider the case where A is the generator of an analytic semigroup and the
perturbation are of single type. This abstract model covers the case of par-
abolic equations with boundary and pointwise noise. Ichikawa [47] proposed
a semigroup model for parabolic equations with boundary and pointwise noise
and obtained existence, uniqueness and regularity of their solution. Semigroup
models for boundary noise can be also found in [58], [14], [16], [29], [54],[2]. The
stability of these systems was studied in [48]. He established the equivalence
of mean square stability and the existence of a Lyapunov type equation. We
first establish an existence and uniqueness theorem. It is proved by a standard
fixed point argument along the lines of [47]. Then, we investigate the robustness
problem. We characterize the stochastic stability radius in terms of a Lyapunov
equation similar to the one obtained for the bounded structure case. and differ-
ent from the one used in [48]. These characterizations enable us to determine a
lower bound for the stability radius under perturbation of unbounded structure.
The main problem here is to construct the smallest destabilizing perturbation
A. Under an additional assumption we are able to prove that the lower bound

is in fact equal to the stability radius.

14



1.4 Organization of the thesis

To facilitate the reading of the thesis, we give a brief description of the material
contained in the succeeding chapters.

Chapter 2: This chapter contains some material which will be used in the
thesis such that: Semigroup theory, concepts of mild and strong solutions of
deterministic evolution equations, exponential stability, stabilizability, random
variables, Wiener processes, stochastic integrals in Hilbert spaces, concepts of
the solution of stochastic evolution equations and mean square stability.

Chapter 3: The purpose of this chapter is to study robust stability of
system (1.1) by the stability radius approach. First, we define the corresponding
stability radius, then we establish characterizations of this radius. Our starting
point is analogous to the setting in the finite dimensional case. We define
an input-output operator associated with the perturbed system and obtain a
formula for its norm. A computable formula for the stability radius is given in
terms of a Lyapunov equation. This is carried out first by obtaining a lower
bound in terms of the norm of the input-output operator of a scaled system
and then constructing a nonlinear perturbation which destabilizes the system
and whose norm is equal to the lower bound. These characterizations enable
us to obtain a computational formula for the stability radius. Characterizations
of the stability radius in terms of a Lyapunov inequality are also given. We
conclude the chapter with some examples where we illustrate the calculus of
the stochastic stability radius and we compare our results with some existing

results. We consider two examples of infinite-dimensional systems which occur
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most frequently in the applications; the heat and the wave equations. Delay
systems are also considered. We calculate the stability radii of a one and two
dimensional systems which are subjected to a single perturbation.

Chapter 4: In this chapter we investigate how the stability radius of a
stochastic perturbed system can be improved by state feedback. We consider
controlled stochastic systems described by (1.2). Following the approach devel-
oped in [22], we obtain necessary and sufficient conditions for the existence of
state feedback controllers that stabilize the system and achieve a stability radius
larger than a specific bound. Stabilizing state-feedback with this property are
constructed by solving a parametrized Riccati equation, and it is shown that the
supremal stability radius can be determined via this equation. Examples are
given in which we apply the obtained result to calculate the supremal stability
radius.

Chapter 5: We recall that in Chapter 3 our basic model was

d%‘(t) = ACE(t)dt + iDzAz (EZ.’L‘(t)) dwi(t)7 t>0

i=1

1A, < o,i€eN.
where ((Di, E;) ieﬁ) is a given family of linear bounded operators. However, the

assumptions that D;, E; are bounded operators is very restrictive and does not
allow us to consider many examples of practical importance such that bound-
ary perturbations for systems described by partial differential equations. In

this chapter we show how we can extend the theory of Chapter 3 to a class of

16



unbounded perturbations. We begin with recalling the notion of fractional pow-
ers of closed operators which has an important interest in this chapter. Under
some assumptions on the perturbation structure, we show that we can establish
characterizations of the stability radius via a Lyapunov equation similar to the
one used in the bounded case. We give a lower bound for the corresponding
stability radius, and we show that we can obtain a computational formula for
the stability radius under extra assumptions. We Illustrate the theory by some

examples, investigated in [48].
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Chapter 2

Stochastic evolution

equations

2.1 Introduction

In this chapter we recall some basic definitions and properties which will be used
in this thesis. At first, we collect basic results from the theory of semigroups.
Then we consider stochastic evolution equations. We recall definitions con-
cerning random variables, Wiener processes and stochastic integrals in Hilbert
spaces. Different concepts of the solution of stochastic evolution equations are
defined. Mean square stability is also considered. Much material in Section 1
is classical and taken mainly from [10], [68], [8]. For stochastic systems, much

material is taken from [8], [44], [57] and [13].
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2.2 Semigroup theory

Semigroups naturally arise when we wish to extend exponential functions to
infinite dimensions. The semigroup theory enables us to present a unified treat-
ment of a wide class of infinite-dimensional systems and finite-dimensional ones.
In this section we recall some basic properties of semigroups which will be used

later.

2.2.1 Definition and properties

Let H be a real separable Hilbert space. We recall at first the definition of a

semigroup.

Definition 2.1 a strongly continuous semigroup is an operator -valued function

S(t) from RT to L(H) that satisfies the following properties:
1. S(t+s)=S()S(s) for any s, t >0
2. S(0) = Iy,
3. |S(t)z—z|]| = 0 as t — 0", for any z € H.

We shall use the standard abbreviation Cj_semigroup for a strongly contin-

uous semigroup.

Example 2.2 Let A € L(H), then

1s a Cy-semigroup..

19



Some elementary properties of semigroups are given in the following theorem

[10].

Theorem 2.3 A strongly continuous semigroup on a Hilbert space H S(t) has

the following properties

1. ||S(t)]| is bounded on every finite subinterval of [0, 00) ;
2. S(t) is strongly continuous for all t € [0,00);
_iorl TN |
3. Ifwo = inf5 (log |S(1)])), then wo = lim 7 (log||S(t)[]) < +o0,
4. For all z € H we have that

1 t
;/ S(s)zds — z ast — 0
0

5. for any w > wo, there exists a constant M, such that ||S(t)|| < Me“t for

all t > 0.

This constant wq s called the growth bound of the semigroup.

Let D(A) denote the subspace of all elements such that (S(t)z — z) /t con-

verge in H as t — 0 and define the operator on D(A):

Az = lim (S(t)z —z2) /t (2.1)

t—0t+
Definition 2.4 The operator A given by (2.1) is the infinitesimal generator of

the semigroup S(t).

The result below which is known as the Hille-Yosida Theorem provide a

complete characterization of infinitesimal generators [10].

20



Theorem 2.5 (Hille-Yosida Theorem) A necessary and sufficient condition
for a closed, densely defined, linear operator A on a Hilbert space H to be the
infinitesimal generator of a Cy-semigroup is that there exist real numbers M, w,

such that for all real number A > w, A € p(A), the resolvent set of A, and

[R(A, A)7|| < =, forallr>1,

M
A-w)

where R(\, A) = (M — A)™" is the resolvent operator. In this case

IS < Me™!

2.2.2 Inhomogenuous differential equations

Consider the Cauchy problem

dz(t)
Tl Az(t), t >0,
z(0) = %

If A is the infinitesimal generator of a Cp-semigroup S(t), the unique solution
of this homogeneous problem is given by z(t) = S(¢)z9. Now let us consider the

abstract inhomogenuous Cauchy problem

dz(t)
dt

= Az(t) + f(t), t >0, z(0) = 2o, (2.2)

where for the moment we shall assume that f € C ([0, T]; H). First we have
to define what we mean by a solution of (2.2), and we begin with the notion of

a classical solution.

21



Theorem 2.6 [10/If A is the infinitesimal generator of a Cy-semigroup S(t)

on a Hilbert space H , f € C* ([0, T]; H) and zo € D(A), then

2(t) = S(t)z0 + /0 S(t — s)f(s)ds (2.3)

is continuously differentiable on [0,T] and it is the unique classical solution of

(2.2).

The conditions of Theorem 2.6 are too strong for control applications, where
in general we do not wish to assume that f € C'([0,T]; H). So we introduce

the following weaker concept of a solution of (2.2).
Definition 2.7 If f € LP([0,T]; H) for ap > 1 and zy € H, then we call

(2.8) a mild solution of (2.2) on [0,T].

2.2.3 Stability and stabilizability

One of the most important aspects of systems theory is that of stability. Con-

sider the linear equation

= Az(t), 2(0) = 2o € H. (2.4)

where A is the infinitesimal generator of a Cp- semigroup S(t), t > 0. We shall

be concerned with the following concept of stability.

Definition 2.8 A Cy-semigroup S(t), on a Hilbert space H is exponentially

stable if there exist positive constants M and w such that

|S(t)|| < Me™** for t > 0.

22



w is called the decay rate, and the supremum over all possible values of w is the

stability margin of S(t).

The following theorem established in [10], is an extension of well-known finite

dimensional results proved by Datko [12].

Theorem 2.9 Suppose that A is the infinitesimal generator of the Cy-semigroup

S(t) on the Hilbert space H. The following statements are equivalent.
1. S(t) is exponentially stable,

2. There exists a self-adjoint nonnegative operator P € L(H) which satisfies

the Lyapunov equation
(Az, Pz)+ (Pz, Az) = —(z, z) for all z € D(A) (2.5)
3. For every z € H there exists a positive constant v, > 0 such that
+o0 9
| Is@alae< ..
0
Remark 2.10 If S(t) is exponentially stable,we said that the system (2.4) is

L?-stable.

Explicit formula for the solution of a Lyapunov equation is given in the

following lemma given in [44].

Lemma 2.11 Let S(t) be an exponentially stable semigroup on H with infin-
itesimal generator A and let Q € L(H) be a nonnegative operator. Then the

operator P defined by

Ps = / T (005 (t)

0
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18 well-defined and nonnegative and satisfies the equation

(Az, Pz)+ (Pz, Az) +(Qz, z) =0 for all z € D(A) (2.6)

Conversely, if P is self-adjoint and satisfies the equation (2.6), P is represented

by the above integral.

Let U and V be Hilbert spaces and B, C, R linear bounded operators be-
longing respectively to the spaces L(U,H), L(H,V) and L(U,U), where R is
assumed to be an invertible positive operator. Consider the system

dz(t)
dt

= Az(t) + Bu(t), z(0) = zg € H.

where A is the infinitesimal generator of a Cy- semigroup S(t), ¢ > 0, on the
Hilbert space H and u € L?(0,00; U).We recall now the definitions of the

stabilizability and detectability.

Definition 2.12 If there exists an F' € L(H, U) such that A + BF gener-
ates an exponentially stable Cy-semigroup Spr(t), then we say that (A, B) is

exponentially stabilizable.

Definition 2.13 If there exists L € L(V, H) such that A+ LC generates an ex-
ponentially stable Co-semigroup Spc(t), then we say that (A, C) is exponentially

detectable.
We have the following result proved in [80].
Theorem 2.14 If the pair (A, C) is detectable then the Riccati equation
(Az, Pz)+(Pz, Az)—(PBR'B*Pz, z)+(Cz,C z) =0, z € D(A), (2.7)
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has at most one nonnegative solution and if P is the solution then the operator
A — BR™1B*P is stable. If, in addition, the pair (A, B) is stabilizable then the

equation (2.7) has exactly one solution.

2.3 Stochastic processes and stochastic differen-

tial equations

A measurable space is a pair (Q, F) where Q is a set and F is a o-field, also
called a o-algebra, of subsets of 2. This mean that the family F contains the
set 2 and is closed under the operation of taking complements and countable
unions of its elements.

A probability measure on a measurable space (2, F) is a o-additive function
p from F into [0, 1] such that p(Q) = 1. The triplet (Q, F, u) is called a

probability space. If (2, F, p) is a probability space, we set
F={ACQ: 3B, CeF;BCACC, u(B)=pu(C)}

Then F is a o-field, called the completion of F. If F =F, the probability space
(Q, F, p) is said to be complete.

Let (Q, F, p) a complete probability space. A family {F;}, ¢ > 0, for which
the F; are sub-o-fields of F and form an increasing family of o-fields, is called

a filtration if 7, C F; C F for s <'t.
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2.3.1 Random variables

In this section we shall collect definitions and basic results on random variables

in Hilbert spaces. Let (2, F, u) be a complete probability space.

Definition 2.15 The Borel o-field of H, B(H) is the smallest o-field containing

all closed (or open) subsets of H

Definition 2.16 An H-valued random variable is a map x : Q@ — H which is
measurable from (Q, F) to (H, B(H)). If x is integrable on Q we define its

expectation by

E(m):/ﬂwdu

Let o : Q — H be a square integrable random variable,.i.e., z € L* (Q, H) .
Definition 2.17 The covariance operator of x is
cov(z) = E((x — E(x)) o (x — E(x)))
where wov € L(H) is defined for each u, v € L(H) by
(wow)(h)=wu{v,h), he H

The covariance operator cov(z) is a self-adjoint nonnegative and nuclear

operator and
tr (cov(x)) = & (z,z), € (Rx,x) =trReov(x), R € L(H)

where tr. denotes the trace of an operator.
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Definition 2.18 H-valued random variables x andy are independent if {w; z(w) € A}
and {w; y(w) € B} are independent sets for any Borel sets A, B in B(H). If x

and y are in L' (Q, H) and are independent, then

€ ({z,y)) = (E(x), E(y))

Definition 2.19 A real-valued random variable x is said to be Gaussian (or

normal), if it has a probability distribution function

F,(t) = ~lemm?/20%] ge,

1 t
|
oV2T J_so
for some constants m and o > 0.

The constants m and o represent the mean and the standard deviation,
respectively, of the random variable. A Gaussian random variable with mean

m and variance o2 > 0 will be denoted x € (m, 02) .

Definition 2.20 A random variable x € L* (Q, u, H) is Gaussian if (x, ®;) is
a real Gaussian random variable for all i where {®;}; i =1, 2,.. is a complete

orthonormal basis for H.
We have the following inequalities for a Gaussian random variable

Lemma 2.21 Let x be a real Gaussian random wvariable in H with zero mean

and covariance operator Q). Then
Elz*™ < fact (2n — 1) trace(Q)", n=1, 2,...

where fact (2n —1) = (2n — 1) (2n — 3) ...3.1 and the equality holds for n = 1.
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Of the many types of convergence one can introduce for random variables

the following

Definition 2.22 A sequence (x,,) of H-valued random variables converges to x
1. in probability if P (||, — x| > 0) — 0 as n — +00
2. with probability one (w.p.1) if

|z — || = 0 as n — 400 except on a set of measure zero

8. in mean square if

& (||;1cn - 33||2) — 0 asn— 400

4. in distribution if for every f € C(H), the space of bounded real valued

continues functions on H,

/fdunﬂ/ fdu as n — +oo
H H

where w, and p are the measures induced on B(H) by x, and x respec-

tively.

2.3.2 Stochastic processes

Definition 2.23 An H-valued stochastic process is a map x : [tg, T] x Q — H

which is measurable in the product measure on [to, T| x 2.
Continuity of stochastic processes is given in the following definition

Definition 2.24 Let x be an H-valued stochastic process on [to, T), then

28



1. z is continuous in probability if

P(||lz(t+6) — x(t)]| > 0) = 0as d — 0

2. z is continuous in probability one (w.p.1) if
lx(t+6) —z(t)]]| = 0 as 6 — 0 w.p.1

3. x is continuous in mean square if
€ (Ila(t+6) = 2(®)]*) = 0as 5 — 0 wpl

4. x has continuous sample paths if

P(sw ma+&—ﬂw>ﬁo%5ao

to<t<T

Wiener processes are used for modelling white noise disturbances in engi-

neering systems. The following is one of several equivalent definitions.

Definition 2.25 w(t) is an H- valued Wiener process on [0, T] if it is an H-

valued process on [0, T, such that
w(t) —w(s) € L*(Q, p, H) forall s, t €[0, T] and
1. £ (w(t) —w(s)) =0,
2. cov(w(t) —w(s)) = (t — s) W, where W € L(H) nonnegative and nuclear,

3. w(sq) —w(sz) and w(sz) —w(s1) are independent whenever 0 < s1 < 55 <

s3 <54 <T,
4. w(t) has continuous sample paths on [0, T].
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A particular useful representation for a Wiener process is the following ex-

pansion

Lemma 2.26 If w(t) is an H-valued Wiener process, then there exists a com-

plete orthonormal basis {e;}52, for H, such that

“+oo
w(t) =Y Bi(t)e; wpl (2.8)
i=0
where 3,;(t) are mutually independent real Wiener process with incremental co-

—+oo
variance \; and Y \; < +00.
i=0

Lemma 2.27 We have

1. w(t) is Gaussian for each t € [0,T7],

2. & |w(t) —w(s)||”" < fact (2n — 1) (t—s)™ (trW)" , where the equality holds

forn=1.

Definition 2.28 Any linear transformation x from Hilbert space H into L*(Q; F, 1)

with values being Gaussian random variables and such that
Ex(h)z(g) = (h,g), h, g € H
15 called white noise.
We have the following theorem established in [6] for H = R™.

Theorem 2.29 [6] A white noise process x(t), t € [0,T) with T < oo, is the
generalized derivative of a general Wiener process, w(t), in the sense of distri-

butions:



which has a covariance function given by the delta function
R, (s, t)=0(t—s), s, t€[0,T).

Consequently, a white noise has the property that the values x(s) and x(t) are

independent for all s £t in [0,T).
We conclude this section with the following definitions.
Definition 2.30 The o-field, P, generated by sets of the form:
(s,t] x F, 0<s<t<oo, FeFsand {0} xF, F e Fy.

1s called predictable and its elements are called predictable sets. The restriction

of the o-field Px to [0, T] x Q, 0< T < oo, will be denoted by Pr.

Definition 2.31 An arbitrary measurable mapping from ([0, T] x Q, Ps) or

([0, T] x Q, Pr) into (H, B(H)) is called a predictable process.

2.3.3 Stochastic integration

Let {F:} be an increasing family of o-fields of F. If for arbitrary ¢ € [0, T] the
random variable z(¢) is Fy-measurable then z is said to be adapted (to the family
Fit). Let Y be a real Hilbert space and let Bs ([0, T] x ©; L(Y, H)) be the space
of L(Y, H)-valued stochastic processes G(t) such that G(t)h, for any h € Y, is

strongly measurable and adapted to the o-field F; and & fT ||G(t)||i(Y7H) dt <
0

T
0o. We shall define the stochastic integral [G(¢)dw(t) using the representation
0

(2.8) of w(t).
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Let w,(t) = > e;5;(t), then the stochastic integral
i=1

T n T
Yn = { G(t)dw, (t) = ; { G(t)e;dB, (t)

is well defined just as in the scalar case. Then {y,} is a Cauchy sequence in

Loy (Q,1,Y) . In fact for any m > n we have

€ [y — vl 2 = ZA/&HG (t)es| 2dt < ZA/ £ ()] 2dt

1=n-+1 1=n—+1

Thus we define the stochastic integral as follows

T
/G(t)dw(t)znglfm G(t)dw, (t Z/ G(t)e;dB,(t
0

0

T
where the limit is understood in L? (2, u1,Y) . By an obvious modification [G(t)dw(t)
to

can be defined for any 0 <ty <t < T. Now we give some properties of the sto-

chastic integral.

Lemma 2.32 [{4/Let G(t) € B2 ([0, T] x Q; L(Y, H)). Then

1. & (fc@)m@)) =0
0

T 2 ng (trG()WG*(t)) dt T
2. £ [GH)dw®)]| =13 9% < trW [E||G(¢)] %dt
0 [E (trG*()G(t)W) dt 0
0

Lemma 2.33 [/4/Let G(t, s) is an L(Y, H) valued process defined on [0, T] x
[0, T] such that G(t, s)h is strongly measurable for any h € Y and Fs-measurable

for any t and h with

T T
//EHGt $)|2 dsdt < +o0
0 0
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We have

T T T T
//Gt s)dw(s //Gt s)dtdw(s) w.p.1
00 0 o

where the Tight hand side is understood in the sense
3 ]
0

Remark 2.34 The stochastic integrals can be defined for those G(t) with only

+

G(t, s)e;dtdp;(s)

o\ﬂ

I
-

3

T
f”G(t)Hth <+o0 w.p.1.
0

2.3.4 Stochastic evolution equations

Now let Y, H be real separable Hilbert spaces. We consider the stochastic evo-

lution equation

dz(t) = (Az(t) + f(2(t))) dt + D(=(t))dw(t), =(to) = 2o (2.9)

where A is the infinitesimal generator of a strongly continuous semigroup S(t)
on H, w(t) is a Wiener process with covariance operator W inY | f: H - H

and D(.):H — L(Y, H) satisty Lipschitz conditions

1f(y) = f < ealy-zl, ¥, 2€H, a1 >0, (2.10)

1D(y) — D(2)]|

IN

caly—zl, y, z€ H, cg >0

Let Fi be the o-field given above. We introduce two concepts of a solution

of (2.9).

Definition 2.35 z(t) is a strong solution of (2.9) on [ty, T] if z(t) € D(A)

with probability one for all most all t and satisfies the following:
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1. 2() is in C ((to, T), L*(Q, p, Y)) and [ | Az(t)] dt < +oo w.p.1.

2. z(t) is adapted to F; and has continuous sample paths.

z(t):zo+/ Az(s)ds + t f(z(s))der/t D (z(s))dw(s) w.p.1

to

This concept is very strong, so we introduce a weaker concept.

Definition 2.36 z(t) is a mild solution on [to, T]ifz(t) € C ((to, t1), L*(Q, p, H))
and adapted to Fy such that

z2(t) = S(t—to)zo+ | S{Et—9)f(2(s))ds+ | S({t—s)D (2(s))dw(s) (2.11)

to to

The following theorem has been established in [8].

Theorem 2.37 Let T > ty > 0 be arbitrary and let zy be measurable rela-
tive to Fyp with € |,zo|2 < 00. Then there exists a unique solution of (2.11) in

C ((to, t1), LP(Q, u, H)), p =2, 4 which is adapted to F;.

We conclude this section with the following inequality known as Bukholder-

Davis-Gundy inequality.

Theorem 2.38 ([15]) For arbirary p > 0, there exists a constant C' = C), > 0,

such that for any ® € L? ((0,T), H),T >0

bl
T 2

e [1e@anl” | < cue | [ (1o)1R)ds

0
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2.3.5 Stochastic stability

We consider the stochastic differential equation
dz(t) = Az(t)dt + D(z(t))dw(t), 2(0) = zo € H (2.12)

and its integrated version

z(t) = St)zo+ | S(t—r)D(z(r))dw(r)

to
where D € L(H, L(Y, H)) and w(t) is a Wiener process in Y with covariance
operator W.

There are a number of possible stability concepts in the study of determinis-
tic systems and we expect many more in the stochastic case. Since the problem
of stability is essentially a problem of convergence for each deterministic sta-
bility definition we find that there are at least four corresponding stochastic
stability definitions. These are generated by the four modes of convergence.
In this thesis we consider only the stability concept based upon convergence in

mean square criterion.

Definition 2.39 The system (2.12) is said to be mean square stable if there

exist constants M > 0 and w > 0 such that
Ellz(t)]> < Me™" ||zo|*, for any z € H, t > 0.
The following theorem ([12]) is a stochastic version of Datko’s result.

Theorem 2.40 The following statements are equivalent
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1. There exist M > 0 and w > 0 such that

Ell=@)* < Me™" ||zo||*, for any z0 € H, t > 0.

2. There exists a nonnegative linear operator P € L(H) such that
2(Az, Pz)+ (A(P)z, z) = —(z, 2), z€ D(A)
where (A(P)z, z) =trD*(z)PD(z)W.
3. For any zo € H we have 5f0+oo 12(t)]]? dt < +oc.

Remark 2.41 As in the deterministic case, we say that the system (2.12)
is L2-stable when it is mean square stable. If there exists p > 2 such that

Sf;oo 2P dt < +o00, system (2.12) is said to be LP-stable.
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Chapter 3

Stability radii: Definition

and characterizations

3.1 Introduction

In this chapter we consider infinite dimensional systems which are subjected
to N stochastic structured perturbations. At first we define the stability radii
of these systems, then we use scaling techniques to derive characterizations of
these radii. These characterizations are given in terms of a Lyapunov equation
which satisfies a number of operator inequalities and the corresponding Lya-
punov inequalities. A computable formula is given for these radii in terms of

this equation. We conclude the chapter by some illustrative examples.
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3.2 System description

Let N € N and suppose that A is the infinitesimal generator of an exponen-
tially stable semigroup S(t) on a real separable Hilbert space H. Moreover let
(Di, E;);c be a given family of operators D; € L(U;,H), E; € L(H,Y;),
where Uj;, Y; are also real separable Hilbert spaces, i € N, N = {1,..., N}. We
will consider infinite dimensional uncertain systems described by Ito equations

of the form

dz(t) = Az(t)dt+ i D;A; (E;z(t)) dw;(t), £ >0 (3.1)
i=1
z(0) = xo (3.2)
1Aill,, < o,i€N.
where xg varies in H and Aq,..., Ay are unknown Lipschitzian nonlinearities,

(w;(t))ter, , i € N, are independent zero mean real Wiener processes on a prob-

ability space (Q, F, u) relative to an increasing family (F%) of o—algebras

teRy
(Ft)ter, C F. Thus if 6; > 0 denotes the variance of (w;(t)),cp, , we have, for

allt, s e R", t > s,

E(wi(t)) =0
€ (wi(t) — wi(s)) (w; (t) — w;(s)) = ;0 (t — ), i, j €N,
where 0;; is the Kronecker symbol. The disturbances A; vary in Lip (Y;,U;) .
The unknown A; represent uncertainty in the state-dependent gains through
which the stationary white noise processes dw;(t) affect the evolution of the

system. The family (D;, E;), . determines the structure of the perturbations

38



and o > 0 indicates the overall level of the stochastic disturbances. Altogether
(3.1) describes a set of stochastic systems parametrized by A; € Lip (Y;,U;),
i € N with norms [AillL;, <o

The size of each A € Lip (Y, U) is measured by the Lipschitz norm

[All sy =inf{y>0; Vy, g€ Y [AQW) —A@Iy <vlly—dly}

Let L2 (RT, L?(Q, H)) the space of predictable stochastic processes z(t) =

(2(t))1er+ with respect to the o—algebras (Ft),cp, C F satisfying

OB =€ [ Il a= [ e (1=l ) di < voc

For arbitrary A; € Lip (Y;,U;), i € N, and any initial state xo € H there
exists a unique solution z(.) of (3.1) such that x(0) = z¢ [13]. This solution z(.)

is continuous predictable stochastic process such that :

T
/ £ <||x(t)ui,) dt < +00, T >0
0

3.3 Characterizations of the stochastic stability

radius

Our aim is to determine which bounds o of the perturbations A; ensure that the
stability of the deterministic system dx(t) = Axz(t)dt is preserved under additive

N
stochastic perturbations of the form > D;A; (F;x(t)) dw;(t). Let A denote the

=1
combined perturbation operator
N N N
A=@a. V=@ U=,
1 1 1



The Lipschitz norm of A is given by
||A||L7,'p = I?;% HAiHLip

The maximal o > 0 for which all the systems in (3.1) are L2-stable is called the

stability radius of (3.1) .

Definition 3.1 The stochastic stability radius of A with respect to the pertur-

bation structure (D;, E;),cx and the Wiener process (w;(t))er, s

N

DA;

1

i A; € Lip(Y;,U;) such that (3.1)

rv (A, (D“ EZ)@EN) = inf

Lip
is not stable in mean square

The approach used in this thesis to characterize the stochastic stability radius

rv (A; (D, Ei)ieﬁ) is based on the following lemma.

Lemma 3.2 Suppose that E € L(H,Y) and
N t

y(t) = ES(ymo+ Y / ES(t — $)D; (vi(s)) duws(s)

i=1"0

where v; € L2 (RT, L*(Q, U;)), i € N, and zo € H. Then
N t

£ (Iw(®l) = |ES@®ml + 3-6: [ & (1ES( - 5)Dui(s)|?) ds, >0

i=1 0

Moreover, y(.) € L2 (R*, L*(Q, Y)) and

+oo
2 2
Yllpz = E ||yt dt
Wi = [ e(weor)
+oo

+o0 N
= [ iEs@wla+ Y0 [ (Do), PDwi(s)) ds
0 - Jo
where P € L(H) is a self-adjoint nonnegative operator satisfying

2 (Px,Az) + (Ez, Ex) = 0,z € D(A) (3.3)
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Proof. We have

ly@®I* = (), yt)

< ES(t)zo + i—\]:lfot ES(t — s)D; (vi(s)) dw;(s), ES(t)xzq >
+le [3 ES(t — 5)D; (vi(s)) dw;(s)

Set G;(s) = ES(t — s)D; (vi(s)), then

ly@)* = IIES(t)$o|I2+<E5(t)$o, Z/ Gi(S)dwi(8)>

<Z/G )dw;(s), ES(t m0>

2

s)dw; (s

‘We have
1. E||ES®#)zo|*> = |ES(t)xo)
2 £<ES( 0. 35 1 Galo)dun(s)) =0

o(lf 2) (e £ Eaome))

Since the Wiener processes are independent we have

s)dw;(s)

For ¢ = 3,

e (([ . [ can)) =0 [ el6e) i

For i # j,

e((f (o) (s), / t Gy (e)duy(s)) ) =0

It follows then that

(b

s)dw;(s

) Ze/gnc JII? ds
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Hence
2 2 N t 9
& (Iu®I*) = 1ES @0l -2 / EES(t — 5)D; (vs(s))|> ds
We have
+oo
lyl7: = /0 5(||y(t)||2) dt

/+OOES(t)x0||2dt+/+oo ﬁ:el/té‘HES(t—s)Di(vi(s))st dt
0 0 —~"Jo

Since S(t) is an exponentially stable semigroup, there exist positive constants
w and M such that

IS@) < Me™!

Thus

+oo
/ |ES(t)xo]* dt < +00 (3.4)
0

For the second term we have

[ elEsE =i @eNIPds < [ [BSE- ) 1D € @i ds
0 0

IN

t
M2 E|? IIDz‘||2/0 e 2UIE |lui(s))” ds

Set M; = M2 ||E||* || D;||*. It follows then that

+oo N

750 [ lmsta - op o asa

N +oo t
/ M; (/ 62”(t5)5||vi(5)||2d5> dt
0 0
N

+oo +oo 5
S 0., / ( / =205 |[:(s))| dt) ds
0 s

i=1

H'tg

IN
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hence

oo N

t
/ Zei/ ENES(t — 5)D; (vi(s))|)” dsdt
o = Jo
N 400 +oo
S 0., / 293 [|us(s)]|? ( / e—Mdt> ds
i=1 0 s
L o) [ e (S toni?) o
Qwie{ql,?.},(N} B vils i

i=1

IN

Thus

N +oo  pt N N
Zei/ / E |ES(t — )Ds (vi(s))|2 dsdt < N [v]|% , M > 0
i1 0 0 “

Using this inequality and inequality (3.4) we deduce that y(.) € L2 (RT, L2 (Q, Y)).
Now we will show the second statement of the Lemma using Fubbini’s Theorem.

We have

+oo t
/ / ENES(t — s)D; (vi(s))|” dsdt
0 0

/;OO /:Do ENES(t - s)D; (vi(s))|” dtds
/Oﬂo ’ <Di i) </s+oo St =) BT BS(t — S)dt> D; (vi(s)) > ds

—+o00
_ /O £(D; (vi(s)), PD; (vi(s)) )ds

where P is the solution of the Lyapunov equation (3.3 ) and it is given by

+oo
Pr = / S*(t—s)E*ES(t — s)xdt, v € H

The second lemma will be given in terms of the input-output operator
L: L} (RY, L?(Q, U)) — L2 (RT, L*(Q, Y))
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defined by

o= ¢ [|O=3 [ @st-9puEane 65

UN

By the previous lemma, Lv € L% (R, L? (2, Y)) forallv € L2 (R*, L*(Q, U)).

Lemma 3.3 The linear map L defined by (3.5) has the operator norm

Nl

L] = (max(@i ||DfPDi|)>
€N
where P satisfies (3.3).

Proof. Let v € L2 (RT, L?(Q, U)). By the previous Lemma we have

N 400
ILol?, = S, / £ ((Divi(s), PDyvi(s))) ds
i=1 0

N 400 )
0; EID; PD;|| ||vi d
> | e (1prpoil )P s

IN

Thus
ILol2, < ZenD Poil [ (o) as
+oo N
< 0; ||D; PD, & i
< o, @DEDI) [ 32 (o) o
= 0; || D} PD;
max (6D PO ol
and hence
2
HI’UHL2 * 2 + 2
L8 < max (0 |DIPD;|), for all v € L2 (RT, L2(Q, U))
||U||L2 i€{l,....N}

which implies that
1
2

E ( max (6, ||D:‘PDZ-||>)
i€{l,...,N}

EEREE)
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Now, we shall show that there exists vo € L2 (RT, L? (Q, U)) such that

Lv° = 0; |D} PD;
0ty = (e, @:1D:PDI) )

or
+oo
0

;&/ E ({(D;v)(s), PD;v)(s))) ds = max }(Hi | D; PD;||)

i€{l,..,N

Now suppose that

(s, @6 105D ) =6, |97, P |

Since Dj PD;, is a self adjoint operator it follows that

| D;. PD;, || = ( max <u7D;‘OPDZ-Ou>U> = (v, Dj, PDjgviy ), |viplly =1

flully =1

We define v° as follows

v?(t) =0, teRT, i+#ig, oy (t) = B(.)vi,, where B(.) € L2 (%Jr, §R) and [|B(.)]|;2 =1

0

Then v°(.) = (v?('))ieﬁ € L2 (RT, L?(Q, U)), and

0 2 N Hoo 0 2
[0l = X[ el as
i=1

N 400 9
_ Z/o 102(s)|* ds

+o0 9
- / 18(s)vio |12 ds

—+o0
= lioll® | 18(5)[” ds
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and

N

2 Foo
||Lv0“% — Zai/ & ({(D;v)(s), PD;vy(s))) ds
i=1 0
N

—+o00
- Yo / ((Div(s), PDiv(s))) ds
—+00

= 0, (<,6’(s)vi0, D;‘OPDiDB(S)viO» ds
0

“+o0
s / 8(s)? || D%, Py, | ds
+oo )
— 0, ||D:PD,| /O 1B(s)[ ds

Thus

2 " .
200l = |05, PDs | = (e @:1D:PDID) )

We conclude that

Nl

1212

Ll = 55— = 0; |D} PD;
120 = o = (max 6. 10; PD) )

Let a € (0, +oo)N, a = (a1, ag,...,ay), then the perturbed system (3.1)

remains unchanged if we replace D;, E; A; with D, E7 A% where
Diai = a;lDi, EZO“ =o; F;, A?l() = OéZ‘Ai(Oé-il.)7 ieN. (36)

K2

More precisely, every solution of the perturbed system (3.1) is also a solution of

the scaled perturbed system

N t
x(t) = S(t)xo + Z/o S(t —s)DMAY (B x(s)) dw;(s), t> 0. (3.7)
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The input-output operator L* : L2 (RT, L2 (Q, U)) — L2 (RT, L?(Q, Y))

K3

of the system (A; (Dg", E-O”)ieﬁ) is given by

v
(L)) = |L° (t)
uN
B
_ Z/Ot | 8@ = 5) D% (s)dwi(s), t >0
= o

Although the solutions of the perturbed system (3.1) and of the scaled system
(3.7) are the same and do not depend on «, the input-output operator of the
scaled system L% does change with a and we will use this added freedom to
get a complete characterization of the stability radius. First we obtain a lower

bound.

Theorem 3.4 Suppose that there exvist a = (o4),cy € (0,+00)Y, P(a) €

LY (H) satisfying

2 (Pz, Az)+ (E(a)x, E(a)z) = 0, x € D(A) (3.8)

I —(0/a;)?*0;D; P () D; 0, je€N (3.9)

Y

o8

where (E(a)z, E(a)z) = Y of (Bix, Bix). Then v (A;(Dy, Ei),ex) =0

=1

N
Proof. Let A = @Ai such that A; € Lip (Y;,U;), i € N, and 1A, <o,
1
and suppose that o € (0,+00)" , P(a) € L*(H) are such that (3.8) and (3.9)

hold. The unique solution (3.1) with initial condition z(0) = x satisfies the
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scaled equation (3.7). Let ui(t) = A% (y:*(¢)), v (t) = Ef*x(t), t > 0 and

ET i (1)
E(a) = ) ya(t) = )
By v 1)
u (t)
N
u(t) = : , A =P AN, t>0
1
up™ (t)
We have
y*(t) = t)zo + Z/ S(t— s)Duii(s)dw;(s), t > 0. (3.10)

For every T>0, define the truncations ug''; € L? (IR{JF, L?(Q, Ul)) ,i€ N, and
ug € L2 (RY, L?(Q, U)) by
uyp(t)
ui (t) = AT (yi (1) if t € [0, T7,

0 e T,
u, " ()

Then

T
SWﬁmWﬁ=48wﬁwWﬁ

I
/OT £ (Zl H“?,T(t)H2> dt

T
- /0 (Z-;/n||““”(t’w)|| du(w)) dt
T v v ,
- /0 <;/Q”AL (i (&, w)|| du(w)) dt

2
lul?, =
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It follows that

T N
IIU%\IZL% < /O (Z/QIIAE”IIQMP ||yf”(t,w)||2du(W)> dt
i=1
r N 2 2
< / (ZM?” Lip/ [y (¢, w)]] du(w)> dt
o \imy Q
T N
< A%‘?/ Elly )] at
< ie{rfl,?.},(zv}H e N zip ; (; v (@)
T
= AQQ./ Elly™(t)|]?) dt
18l [ (€ 1y @)
Hence
2 2 +oo 2
lupllz. < IIA“IILZ-]D/0 Ely*@)I)"at (3.11)

Now define y¢ as the output of the system (A; (D{, E"), ) generated by

the input g with initial condition z(0) = x¢. Then
y7(t) = E (o) S(t)xo + L*uG(t), t > 0. (3.12)

which implies that

" }
( / £ ya<t>||2dt>
0

IN

w3l

IN

1E (@) S()zol| + L] w2

Using (3.11) we obtain

1
2

(/0 5||y“(t>||2dt> < 1B () S@E)zoll + [IL¥] | A%]] (/0 E(IIy“(t)ll)zdt>
(3.13)

now condition (3.9) implies that

g

2
1— (a]> 0, HD;P(a)DjH >0, forall j € N.
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Thus

max 0;
j€{1,...,N}

(D) P (a) (D;J’) H <02

By Lemma 3.3, it follows that
IL)* < o2

Now since [|All;, = A%, < o, the operator L*A® is a truncation on

L2 (RY, L2(Q, Y)) with v=|| L[| [A%[|;, < 1. From (3.13) we get that

1

T 2
(/O € IIy“(t)th) < (1 =v)" B () S(t)zo|| for all T >0,

Therefore y* € L2 (RT, L*(Q, Y)) and u® = A%(y*) € L2 (RT, L*(, U)).
By Lemma 3.2, the solution z(.) of (3.7) belongs to L2 (R, L?(Q, H)). We

conclude then that r* (A; (D, Ei)ieﬁ) >0 u
Remark 3.5 1. From the above it follows that

—1/2
(45D B)ex) > s (e 03/03) D3P @) D)
a€e(0, +o0)N \JEN

2. If instead of > in (3.9) , the condition is satisfies with >, then we obtain

r? (A, (D“ Eﬁ)zéﬁ) > 0.

A similar result can be obtained if we replace the Lyapunov equation (3.8)

by the corresponding Lyapunov inequality.
Corollary 3.6 Suppose that there exist o € (0,+00)" , P € L*(H) satisfying
2(Px, Az)+ (E(a)z, E(a)z) <0, z € D(A) (3.14)
I—(0/a;)*0;D;PD; = 0 (resp. I — (0/a;)?0;D;PD; - 0), j€ N (3.15)
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Then v (A; (D;, Ei);ew) = o (resp. v (A;(Ds, Ei);ew) > o). In this case

the Lyapunov equation (3.8) has a solution Py € Lt (H) such that P = P,.

Proof. Because S(t) is exponentially stable there exists a solution Py of the

Lyapunov equation (3.8). Set X = P — Py, then
2(Xx, Az) 0,2 € D(A)

Applying Lemma 2.1 in [9] we obtain that X > 0, thus P = F,. Hence con-
ditions (3.8) and (3.9) are satisfied. By applying Theorem 3.4 we deduce that
r (A; (D, Ei)ieﬁ) >0 n
For all 4, j € N, define the operator H;; € L(U;) by
+o0
Hiju; =46, ; D} S*(t)Ef E;S(t)Djuydt.
Let J € N and o’ € (0, c0)” where (0, c0)’ = {(aj)jes, 0 € (0, oo) forall j € J}.

The operator

P(a’) = /O = S*(t) (Z a?E;‘EZ) S(t)dt.

i€
is the unique solution of the Lyapunov equation
2 (Px, Ax)+ <x, Z%QE:ENU> =0, x € D(A). (3.16)
=

Then

(Oj/af)DjP (OéJ) Djuj = Z (Oéi/Ozj)Q Hz'j’u]‘, ] c J.
ieJ

An important characterization of the stability radius (r“’ (A; (D;, E;) ieﬁ))
will be given in the next theorem. This is done by adopting an approach similar

to the one used in the finite dimensional case [39]. This approach is based
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on a result on a minimax problem for quadratic forms. Since the structure of
the perturbations is bounded then this result can be generalized to the infinite
dimensional case and as a consequence of this result we have the following lemma

(for the proof see Appendix B).

Lemma 3.7 Let j1 = inf  max
a€(0, +o0)N jeN

N
(E (a;/e;)® H; ) H . There exist a sub-

i=1

set J C N and, for every § > 0, a vector a € (0, +00)N, such that

N
“(Z(ai/%)zﬂzj>|‘ < p+d, jEN,
(IS
1€J

By constructing a destabilizing perturbation A which norm is equal to [fl/ 2

we will show that 7 (A4; (D;, Ey),cx) = fY% . Notice that this result was

given in [38] without proof.

Theorem 3.8 Let (A; (D;, E;);cw) and (w;i(t));w be as above. Then the as-
sociated stability radius is given by
—1/2
" (A;(Di, E);ex) =  sup (max I (Qj/a?) DiP(a) DjH) (3.17)
a€(0, +oo)N \JEN

where P(a) is the unique solution of (3.8). If r (A; (D;, E;);cxy) < 400 there
N

exists a minimum norm destabilizing perturbation A = @Ai, Al ;,=r" (A; (Di, Ei)ew) -
1

Moreover there exist a subset J C N and a scaling vector o’ € (0, oo)J such

that

’I“w (A, (Dl, Ei)iGN) = 7,,11) (147 (D,“ Ei)iGJ) (318)
—1/2
= (max]|(65/02) D P (o) Dy
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where P(a’) € LY (H) is the unique solution of (5.16).

Proof. We have i = inf 0;/a?) D:P (o) D, .
foof, We'lve ji— it me(0,/c) D3P (o) |
1. If o = 0, it follows from Theorem 3.4 that r* (A; (D;, Ei)z'eﬁ) = +4o00.

Hence (3.17) is satisfied. Moreover
E;S(t)D; =0, t>0, j € N.

so (3.18) is satisfied for every singleton J = {j} C N and all o’ € (0, o)’ .

2. If i > 0, we show that r* (A; (D, Ei)ieﬁ) < [fl/z by constructing a
destabilizing perturbation A. For every a € (0, co)" , let o(a) be the largest o
for which (3.8) has a solution P(«a) € LT (H) satisfying (3.9). For all ¢ < o(a),
we have

I—- (a/aj)QOjD;P(a)Dj =0, j¢€ N
this implies that
—1/2 o
o< <max (Hj/a?) ||D;PDj||> , forany j e N
JEN

Hence
~1/2
o) = (max |(0;/0) D3P (@) Dy )
JEN
Thus

sup  o%(e) =i
a€(0, +o00)N

By Lemma 3.7, there exist J C N and a vector o = (a;);es € (0, 00)” such

that

p= Z (ovi/oy)? Hyj

ic€J

= |(6;/a3) D; P (o) Dy, j € J.
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where P(a’) € L*(H) is the unique solution of (3.16). Let v} € U,

Uilly =1,

j € J such that

> (ai/ay)? Hij

i€

<U?’ > (aifay)? Hz‘jUQ>

icJ
= (v}, (63/a]) D;P (o) Djof)
= i

It follows that

<’UQ (Oj/a?) [le;‘P (a‘]) Djv?> =1, foralljeJ

VR

| .
Setting 6 = i~ 2, we obtain

(v, (0j/a?)6°DiP (o) Djl)y =1, jeJ (3.19)

i i;
Define for j € N the perturbation A; € Lip (Y;,U;) by
Aj(y;) =0 llyllv, Jed, yey;
Aj(y;) =0, j€N\J.
N
Then [Ajll,;, = 6, j € J. It follows then that [|A]|;;, = & where A = A,
1

We will show that for this A the system (3.1) cannot be stable. Assume that

this is not the case. Let xg € H the solution z(.) of (3.1) satisfies

2(t) = S(t)ao + Y /O S(t — 5)D A (E;U‘x(s)) dw;(s), t>0.  (3.20)

jeJ

where D?j , BV

aj . aj o] o
57, and A7V are defined in (3.6). Set y;’ = E;”x, then y;’ €

L2 (RT, L?(Q, Y;)), j € J. Now for all j € J we have
Al (y) = ogAi(a;ty;)
= Gllyllvy, €Y, je
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Define y*/ and E%’ by

Yy =

(47) ey BV = (B} x)

jeJ’

t
y* () = EYS({t)ro+ Z/ ES(t —s)D AT (57 (s)) dw;(s), t >0
jet 70

t
= BUS(Ho+63 / o S(t — 5) D3|
jeg o

yjaj(s)H dwj(s), t>0

By applying Lemma 3.2 to this equation we obtain

/ € Iy ()12 de
0

By (3.19) we get

jed

/ | B2 S (t)wo|* dt
0
2 K i .0
+6 Zaj/ & ( Dy
jed 0
/ |E*7 S (t)wo|* dt
0

+6220]~/a? <v?, D;P (04‘]) Djv?>/ 5‘
0

Y57 (s)

, P (aJ) D79

J 7

o] ds

. 2
v ds

/0 € g™ ()| dt = / 1B S (8o dt + / £ 1y (s)]] ds

for all o € H. This identity implies that E; = 0 for every j € J, hence P(a’) =

0, thus & = 0. Therefore neither of the stochastic system (3.1) nor (3.20) is

L2-stable. Tt follows that

T‘w (A, (Di, Ei)ieﬁ)

IN

IN

Tw (A, (DZ, Ei)iGJ)

(mas 10,/ D3P (@) D)

a2

%)



By Remark 3.5 it follows that r* (A; (D;, E;);c;) > £~Y2. In conclusion we

have

(A (Di, Ei)iew) < (A(Di Ei)iey)

-1/2
< (max(03/0%) D3P (o) Dy )
S ,r.’ll) (A7 (D’i7 El)leﬁ)

Remark 3.9 1. Using Lemma 3.3, we deduce from (3.17) that

r (A§ (D, Ei)ieﬁ) = sup ||La||71 =" (A5 (D;", Ez%)ieﬁ)
a€(0, +o0)V

2. In the deterministic case, the stability radii for complex and real multi-
perturbations are, in general different. This is not the case in the stochastic
one. From the above proof, we see that the destabilizing perturbation does
not depend on the choice of the field K. Thus the real and stability radii

coincide.

3. In the deterministic case, the complex stability radius was characterized in
terms of a parametrized Riccati equation (see [35]). In the stochastic case,
we proved in the above theorem that the stability radius is characterized

just in terms of a single Lyapunov equation without parameters.
The above Theorem enables us to obtain the following result.

Corollary 3.10 Let o > 0 such that r* (A; (D;, Ei)ieﬁ) > 0. Then there exist
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a;>0,i€ N, and P € LT (H) such that
2(Px, Az) + (E(a)z, E(a)z) = 0, z € D(A),
I—(0/a;)?0;DiPD; = 0, jEN. (3.21)

Proof. Let o/ € }0’, v (A; (D;, Ei)ieﬁ) [ It follows from Theorem 3.8,

that there exists o € (0, 00)" such that
—1/2
o < (max |(8;/03) D; P (a) DjH>
jeN
where P (o) is the solution of the equation (3.8). This implies that
o %> H(Gj/a?) D} P () D;||, for all j € N.

Thus

0;(c/a;)? D;P()D; <1, j€N .

Therefore P(«) satisfies the equation (3.8) and the condition (3.21). m
The following corollary gives a characterization of the stability radius with

the strict Lyapunov inequality
2(Pzx, Az) + (E(a)z, E(a)z) <0, z € D(A) (3.22)

Corollary 3.11 Let 0 > 0 such that v (A;(D;, E;);c%) > o. Then the in-
equality (3.22) has a solution P € LT (H), P = 0 for some a € (0,+00)™ which

satisfies I — (a/a]—)z@jD;PDj ~0,j€N.

Proof. Let o > 0 such that »* (A; (D, Ei)ieﬁ) > ¢. By the previous proof

there exists o € (0, oo)” such that
0;(c/a;)? DiP()D; < I, j €N,
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where P («) is the solution of the equation (3.8). Hence
+oo _
6, (0/;)? D! [/ S*(t)E*(a)E(a)S(t)dt] D, <1I,jeN.

0
This implies that there exists € > 0 such that
+oo -
0, (c/a;)* D} [/ S*(t) (E*(a)E(c) + €I) S(t)dt} Dj<I, jeN.
0

Set P = f0+oo S*(t) (E*(a)E(a) + eI) S(t)dt, then P > 0 satisfies

2(Px, Axz)+ (z, (E"(a)E(a)+el)x) = 0, x € D(A)

I-0;(c/a;)?D;PD; = 0, j€N.

3.4 Examples

In this section we give some examples in which we illustrate the useful of The-

orem 3.8 to calculate the stochastic stability radius.

3.4.1 Stability radius of some partial differential equations

Example 3.12 Consider the stochastic heat equation

0z(t, )
da(tw) = — 3 dt—i—ZA (t,2))dw;(t), 0<az<1,t>(8.23)
z2(0,z) = z(x), 0<z<l
z(t,0) = z(t,1)=0, t>0

where A; € Lip(L*(0,1)) and w; are independent Wiener processes of variance

0;.System (8.23) can be formulated as an abstract differential equation on the
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space H = L*(0,1) of the form

N
dz(t) = Az(t)dt+ Y Ai(z(t))dwi(t), t>0 (3.24)

2(0) = 2z

where the operator A defined by

2
Ah = % with D(A) = H*(0, 1)N Hy(0, 1)

is the infinitesimal generator of an exponentially stable Cy-semigroup S(t) given

by (see [8])

“+oo
S(t)h = Ze’\"t (h,®,) ®,,, A\, = —n’7? and ®,, = V2sin (n7z), n > 1.
n=1

(3.25)
Since in this example D; = E; = I, for oall i € {1,...,N}, it follows from
Theorem (3.8) that
-4
(D Bdaw) = s (max(0,/02) [Pl (3.26)
a€(0,4+00)V \JEN

where P(«) is the unique solution of the Lyapunov equation
N
2(PAz,z) + Za? (2,2) =0, z € D(A).

i=1
For all z € D(A) we have
N N
2(PAz,z) + Za? (2,2) =0 2(PAz,z) + B(2,2) =0, B= Za?
i=1 i=1

The unique solution of this equation is

+oo
Pla): = / S*(0)S(t)zdt, 2 € H
0
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Since A is self-adjoint then
+oo +oo
o)z = B/SQ(t)zdt =0 / S(2t)zdt, for all z € H.
0 0

Using (3.25) we obtain

+oo+oo

P(a)z = ,B/Ze”‘tzq) ) @, dt
o n=1
= ﬂf (/Jrooe”"tdt) (z,®,) Dy,
n=1 0

_ﬂZQ/\ z (I)7L> q)n

n=1

Hence

1
Pla)z = (Zl )Zl 5 2sm nrx /0 z(s) sin (n7s) ds

From (8.26) we get

(A (Di B)icy) = swp min((ay//6;) |1P(@)]7F)

a€(0’+OO)NJ€{1,.‘.7N}

We can show that

Hence

™ (A (Ds, Ey),ew) = su min « —
i — o (o () ()
N
2
= sup min a;/ Za? V2n
OLE(O,—‘,-OO)N je{l...,,N} im1 :

, V21
= min —
Je{l N} \ \/0;

w . 2w
(4 (D Biew) = gmin ) { N }
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If N=1,0, =1 and A(z(t)) = cz(t) where ¢ is an uncertain real parameter,
then we deduce from the above analysis that the system (3.24) is mean square
stable provided that |c| < v/27. The same result was obtained by Ichikawa [44]

using a stochastic version of Lyapunov Theorem.

Example 3.13 We consider the following second order system

0%y(t, x) B %y(t,x) Ay(t, x) Ay(t, x)

512 = T 1 g AWt e)wn(t) + Ax(—5 = Juia (D),
t > 0, 0<z<l1 (3.27)
dy(0,
y(0,2) = yo(z), y(at z) =y (z), O<z<l1
y(t,0) = y(t,1) =0, t>0

where v is a given positive constant, Ay € Lip(H(0,1), L%(0,1)), Ay € Lip(L?(0,1), L*(0, 1))
and w;i(t) , i = 1,2, are two independent Wiener processes with variance 6;. In
order to represent the system (?7?) as an abstract ordinary differential equation,

we define

z= ., H=H}0,1) x L*(0,1)

Let Iy and I be respectively the identity operator in L(Hg(0,1)) and L(L%(0,1)).
Let A: L?(0,1) — L2(0,1) be defined as

0%y
Ay = =75, forye D(A) = Hy(0,1) N H?(0,1)

Neat we introduce the operators Ay : H — H defined by

Az = z, for z € D(A,) = D(A) x Hj(0,1)
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Ey: H — H}0,1) defined by
Ey: H — L?(0,1) defined by
D : L?*(0,1) — H defined by

With the above notations, we rewrite (?7) in the following abstract form on the

space H = H} (0,1) x L?(0,1)

dz(t) = Ayz(8)dt + Y | DAG(E;z(t))dw;(t) (3.28)
i=1

A, generates an exponentially stable semigroup S, (t) (see [67]). Applying The-

orem 3.8 we get

e (AV;(DZ-, Ei)i:l,Q) = sup ( max ([ (6;/7) D*P(O‘)DH)>é

@€ (0,400)2 \JE{1,2}

where P(a) is the unique solution of the Lyapunov equation

2
2(A2,P )+ o} (Eiz, E;z) =0, z € D(A,)

i=1

At first we shall solve this equation. Let z € D(Ay) and set z = , we

have

2
2(Ayz, P z) + Za? (Eiz,Eiz) =0 2(A,z, P 2) + o (Az,z) + o3 (y,y) =0

=1
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P P
Set P(a) = . Since P(«) is self-adjoint then Py, Py are self-adjoint

P, P,
operators and P3 = Py A. Then

0 I xT P1 P2 xZ
(Ayz, P z)y = )
—A —l Y PRA Py Y
H
< Yy Pz + Py >
—Az —yy Py Az + Pyy

_ 1/2, A1/2 CAx —
(A2, A2 (Pt Poy)) o (A =y, PoAw 4 Py,
= (Ay, Pz} 200y + (AY, Poy) p2o,1) — (A2, PrAZ) 120 1)

— (Aw, P4y>L2(071) -7y, P2Ax>L2(o,1) =7y, P4y>L2(o,1)
Replacing in the Lyapunov equation we obtain

2((Ay, Pra) 20,1y + (AY, Poy) 1201 = (AT, PaAT) 12 1) — (AZ, Pay) o 1)
-7y, P2A93>L2(0,1) -7y, P4y>L2(0,1)) +af (Az, m>L2(071) + a3 (y, y>L2(0,1) =0
hence
(OZ% <A$, $>L2(071) - 2 <A.’,C, P2A23>L2(0’1)) + 2(<Ay, P1x>L2(0,1) - <A$7 P4y>L2(O,1) -

v (v, P2A37>L2(0,1)) - 27y, P4y>L2(o,1) +2(Ay, P2y>L2(o,1) + a3 (y, y>L2(0}1) =0
(3.29)

For

Py = (0}/2)vA™ 4 ((of +a3) /29) T
Py, = (Ol%/Q) AL

Py (0% +a3) 20) 1
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equation (3.29) holds. We deduce that
(03/2) 1A= + (03 +08) /2) T (a3/2) A~

(a%/2)] ((a% +a§) /27)]

Since D*P(«)D = Py, it follows that

Pla) =

[N

 (s(B Da) = s (s (16/02) (24 a3) /20) 1)) )

a€(0,400)? je{1,2}

Hence

r¥ (A% (Ei, Di)i:1,2) = min (\/ﬂ/\/@)

ie{1,2}

In the particular case where Ag(aygt’m)) =0, A (y(t,x)) = c%tt’r) where ¢

18 an uncertain real parameter and 6, = 1, we deduce from the value of r¥
(Aw? (E;, Di)i:Lz) that the system (?7) is L*-stable for all ¢ satisfying |c| <
V2v. This bound is larger than
4m2ny
172+ (v+ Vo2 + 407

obtained by Curtain in [7].

3.4.2 Stability radius of some delay equations
Let b be a positive number and 71, ..., 75, be real numbers satisfying
—b=rp<rp_1<..<1r1<rp=0

Consider the perturbed linear delay differential equation

dz(t) = (Aozr(t) + zk:Am(t + 7’1)> dt + A (z(t)) dw(t), t >0

i=1

x(O) =, (3.30)



where A; € LRYN), i=1,...,k,v e RN he L? (—b, 0; RN), A € L(RY) and

w(t) is a real Wiener process. Taking the space H = M (—b, 0; RY) =RV x

x(t)
L? (fb, 0; RN) and the new state z(t) = in H and the operator
x(t+r)
k
y(0) Aoy(0) + >° Aiy(rs)
Az=A = i=1
with domain
y(0) R N
D(A) = ; y, abs. cont. and y’ € L (fb, 0; R )
Y

the system (3.30) can be formulated as an abstract differential equation

dz(t) = Az(t)dt + DAE(z(t))dw(t),
(3.31)

z(0) = 2o

Ip~
on the state space H, where D = , B = { Iy 0 } .

0

Suppose that A generates an exponentially stable semigroup. Our objective
is to calculate the stability radius v (A, (D, E)). By Theorem 3.8
2 * -3
(A, (D, E)) = o ((0/a®) |ID*P(a)D]|) *
ac(0,+o00

where P(«) is the unique solution of the Lyapunov equation

2(P(a) Az,z) + o (E*Ez,2) =0, z € D(A).
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Using Theorem A.4, the nonnegative solution P(«) € L(H) is given by

Pla) = Foo P where Py € L(RY 2 (=b, 0; RY N
- ) 00 € (R )aPOIEL(L(baovR)vR)y

Py P
Py € L(RY, L?(-b, 0; RY)) and Pi; € L (L? (b, 0; RY)).

Py is characterized by the equation

PyoAy + ASPOO + PIO(O) + Pl()(O)* + 0421 =0, Py = (P()o)* > 0. (332)

Pjg is characterized in the following way:
(Pioy®) (1) = Pio(r)y?, y° € RY (3.33)

where the map

7+ Pyo(r) : [~b, 0] — L(RY) (3.34)

is piecewise absolutely continuous with jumps at o = r; of height A} Py,
i = 1,..,k — 1. Moreover the map (3.34) is itself characterized by the

differential equation

k—1
dpP
d“’ (r) = Pio(r)Ao+ > _A;Pod(r —r;) + Pri(r, 0), (3.35)
T i=1
ae. in [—b, 0],
Pio (=b) = A} Poo,

where §(r — ;) is the J-function at r = r;.

Py is obtained from Pig :

0
Poiy? :/ Pio(r)*y* (r)dr, y' € L* (=b, 0; RY). (3.36)
b
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Py, is characterized in the following way:

P11y /P117"5 )5

where the map
(r, B) = Pui(r, B): [=b, 0] x [=b, 0] — L(RY) (3.37)

is piecewise absolutely continuous in each variable with jumps of height
APy (B)at 7 =1, i = 1,...,k — 1 (vesp. Pio(r)A; at 8 =rj, j =

1,...,k — 1). Moreover the map Py;(r, 8) is the solution of

0 0 k—1
(8 86) Pii(r,B) = ZA P (B (r—ri)—i—i:ZIPm (r) Ai6(B —ryj)
(3.38)

with boundary conditions
P1y (=b, B) = APy (B)", P (r,—b) = Py (r) Ag, (3.39)

and symmetry property Py (r, ) = Pi1 (8, r)*. The solution of the

above differential system is

Plo(lr_/B_b)Aka T?B

Pu(r, B) =
AZ-PlO(ﬁ - r— b)*, r < ﬁ

k-1 AfPio(B—r+m)*, —b<pB—r+4+r, rn<r
1>

=11 0, otherwise

k-1 Plo(r—ﬂ+7"j)Aj, 7b§7"*ﬁ+7"j, 'I"j<ﬁ
2

=110, otherwise
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For g = 0, we obtain

P11 (T, O) = AZPlo(f’l" — b)* (340)
k-1 A;!(.Pl()(—’l"-l-'l"i)*, —-b< —r+r, r<r
+>
=110, otherwise
k-1 Plo(T+Tj)Aj7 —b§T+Tj7 rj <0
+>
Jj=11 0, otherwise

Py is then the solution of the differential equation

k—1
dPlO * * *
=) = Puo(n)Ao+ ;Ai Pood(r — ;) + AfPro(—r — b)
k-1 A;kpl(](—T-i-Ti)*, —bé —r+r, r<r
+> (3.41)
=11 0, otherwise
k-1 Pl()(’)"—‘r?"j)Aj, —bgT-ﬁ-?‘j, Tj <0
+ )
J=11 0, otherwise
Pio(=b) = ApPo,

Because of the difficulty in resolving this differential equation we shall calculate
the stability radius 7% (A, (D, E)) in the case of one delay for a scalar and a

two dimensional system.

Example 3.14 Consider the scalar delay system

dx(t) = (—aoz(t) + arz(t — b)) dt + A(z(t))dw(t), t >0
(3.42)
z(0) = zg, x(s) =0, —-b<s<0

where ag,a1,b > 0, A is a Lipschitzian function and w(t) is a scalar wiener

process with variance 0. If ag > a1, then the zero of
AN =X+ap—ae ™
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18 megative, so the operator A, corresponding to this system, generates an expo-
nentially stable semigroup (see Theorem A.2). The differential equation (3.41)
corresponding to this system is

dPyg

7 (1) = —aoPuo(r) +ar1Pio(=r = b), in [=b, 0] (3.43)
Pio(=b) = a1Puo (3.44)
By deriving (3.43) we get
d2Py
a2 (r) = —ao(—aoPio(r)+ a1 Pio(—r — b))

—aq (—aoplo(—T — b) + a1P10(— (—7’ — b) — b))
= (a% — CL?) Plo(’l")

We obtain then the following second order boundary problem

d2P10

dr2 (r) = (a5 —ai) Pu(r) (3.45)
d(l;o (0) = —aoPio(0) + a1 Pio(—b) (3.46)
Pio(=b) = a1Poo (3.47)

Pi(0) is then given by

2re™ + aleQTb —aq
Pip(0) = P, = 2 _ g2 3.48
00 =y (AT Y =l —ad) ()

Equation (3.32) is then equivalent to
—2a0Py + 2P1p(0) + > =0

Using (3.48) we obtain

92 b 27b __
7™ +ae a; >+a2:0

—2a0 Poo + 2a1 Poo <(T “a0) + (7 +ag) 20
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Hence

o2
Poo = *7K71, K= <a0+al

27e™ + a1e2™ — a4 )
(1 —ao) + (T + ag) €27

The stability radius is then given by

(A (D, B) = sup ((0/6®)[|ID*P(@)D]) * = sup ((6/a2) | Pool)”
a€(0,4+00) a€(0,4+00)

[N

It follows that

r (4;(D, B)) = ~ZK*

SIS

We conclude that the stability radius of the system (3.42) is given by

(4 (D, E)) = ﬁK K= (~ata

27e™ + a2 — g4
T —ag) + (T +ag) e )’

Hence for all A such that ||A] < %K%, the system (3.42) is stable. Let A
such that Ax(t) = hg(cx(t)), where g is a Lipschitzian function with Lipschitz
constant M, h,c € R and 0 = 1. If M? < 2(ag — a1) /h*c?, we can show that
|A|? < 2K, it follows that the system (3.42) is stable, which is the same result

established in [{6].
Now we consider the following system treated in [76].

Example 3.15 Consider the following delay system

dz(t) = Agz(t) + A1z(t — 1) + A(z(t))dw(t)

(3.49)
z(t) = ¢(t), t € [-1,0]
-2 1 —-0.1 —-0.5
where Ay = , A = sand A is a Lipschitzian
-1 -4 0.2 0.6

function. We have

70



A () = det (AT — Ag — Are?)

The zero of det(A (X)) is negative, so the operator A , corresponding to this

system, generates an exponentially stable semigroup. The differential equation

(3.41) corresponding to this system is equivalent to

dP,
o (r) = Puo(r) Ao + A{Pjy(—r = 1), in [-1, 0] (3.50)
Py (=1) = AjPy
By deriving (3.50) we get
d2P10 2 * * * Ak O*
a2 (’l") = PlO(T)AO + A1P10(T)A1 + Alplo(—’l" — 1)140 — AIAOPIO(_T — 1)
(3.51)
fi(r) fa(r) -
Set Py (r) = , and suppose that fo = #, then
fa(r) fs(r)
Pro(—r —1)Ag — AgPo(—r—1) =0
Equation (3.51) is then equivalent to:
d2P10(7’) 2.99f1 +6.04f5 — 0.04f3 —6.05f1 +15.16f2 — 0.12f3

dr?

—0.05f1 4+ 3.16f> + 5.88f3 —0.25f1 — 5.4f» + 14.64f;

Since fo = %, equation (3.52) yields:

Ch) _ 6 01f; + 2.98f;

dr?

Lh0) — 9 95f + 11.94f3
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Set z(r) = , hence
fs(r)
d?z(r)
b Mz(r) (3.53)
6.01  2.98
where M = . The matrix M can be decomposed as follows
—2.95 11.94
8.96 0 1.0102 1
M = P,DP;*; where D = and P =
0 899 1 1

Therefore (3.53) is equivalent to

d?z(r) _
—5 = PyDP; ' 2(r)
Y1 (1) 1 . .
Set y(r) = = P “z(r), then y(r) satisfy the following second order
y2 (r)
differential equation
d?y(r)
g2 = Dy(r)
Thus
(1) = 16890 4 cpe— VB8
(3.54)
yo(r) = c3eVE 9 4y VB9
To obtain ¢y, ca, c3,and ¢4, we use the following boundary conditions
Pyo(—1) = A7 Poo
PO — Pro (0) Ao + APy, (—1)
a; az
By setting Pyg = , these conditions yield the linear system SC =V,
as as

where
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5.0632 x 1072 20.155 0.049 87 20. 052
0.050 12 19.952 0.049 87 20. 052
S = ,C =
6.0494 1.6422 x 1072 5.9983 1.6671 x 1073
5.9882 1.5741 x 1072  5.9983 1.6671 x 1073
¢
C2
and
C3
ca
4.2858 x 1072ay +5.7142 x 10~ 2a3
—0.357 15a; + 0.457 15a3
V =
4.5715 x 1072a3 — 3.5715 x 10~ 2q,
0.14572a3 — 0.135 72a,
The solution of this system is given by
c1 1.6319a; — 1.6319as
Co 1.9664a; — 1. 966 4as
C = =
c3 —1.6517a; + 1.653 4as
4 —1.9743a1 + 1.979 3a3
Using (3.54), we get
£i(r) = 1.0102 (cle\/&%r + 6267\/8.9&) 4 eqeVE O | oo V/E OO
F3(r) = V3900 | pe=VEIOT 4 (o VB | o—VE IO
(3.55)
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Substituting the expressions of c1, c2, c3 and ¢4 in (3.55) we get

fi(r) =1.0102 ((1.631 9a; — 1.6319a3) eV 25" + (1.966 4a; — 1. 966 4as3) e—\/78-967">
+(—1.6517a; + 1.653 4ag) eV5 99" 4 (—1.974 3a; + 1.979 3ag) e~ VS 9"

f3(r) = (1.6319a; — 1.6319a3) V8 95" + (1. 966 4a; — 1. 966 4a3) e~ V& %67

+(—=1.6517ay + 1.6534ag) eV 997 4 (=1.9743ay + 1.979 3az) e~ V599

From which we obtain

£1(0) = 0.009 a; — 0.002 3as

(3.56)
f3(0) = 0.034 4as — 0.027 7a,
and since fo = fl;f3, it follows that
f2(0) = 0.016 05a3 — 0.009 35a; (3.57)

These expressions will be used to obtain Fyy the solution of the following alge-

braic equation:
PooAg + A Poo + Pio(0) + Pjy(0) + o*E*E =0

Using (3.56) and (3.57) we obtain

a1-0.167 0402, as = 0.167 0402, a3 = 0.167 04a>

We deduce that :

Pyo = 0.167 040>
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Let us now calculate the stability radius associated to this system

P4, B) = sup ((6/0%) D Ple)D])
FPoo  Pou I
= s (a/V0 I o

Therefore

N|=

1 _1 _
ﬁ (0.16704) 2 (2)
V2

= 1.2234-—
Vo

r(4;(D, E))

Hence for any A such that ||A|| < 1.2234 (\/Q/\/é) , the system (3.49) is stable.
—0.1cosz1(t)

For A such that A (z(t))= and 6 = 1, we have ||AHsz <
—0.1 cos z2(t)

0.1 < (\/5/\/5) 1.2234, we deduce that system (3.49) is stable. We can show

the same result using the results of [76].

()



Chapter 4

Maximizing the stochastic
stability radius by state

feedback

4.1 Introduction

In this chapter we consider controlled stochastic systems described by Ito equa-

tions of the form

N
Az(t)dt + > Dil\; (Eia(t)) dw;(t) + Bu(t)dt, t € RT (4.1)

o€ H (42)

Q
8
=
S~—
I

8
—~
o
=

Il
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where u takes its values in the real separable Hilbert space Z, B € L(Z, H) and
the other operators are as in the previous Chapter. In addition we assume that
(A, B) is stabilizable. Our aim is to characterize the supremum of the stability

radii which can be achieved by linear state feedback u = Fx, where F' € L(H,

7). Let
_ F e L(H,Z); A+ BF is the infinitesimal generator of
‘F =
an exponentially stable semigroup Sg(t)
and define

79 (A (Dy, Bi)yew) = sup {r* (A+ BF;(Di, Ei),c); F e F}

We follow the approach developed in [22] to investigate this problem. For

all F € F, a € (0, —|—oo)N and € > 0 consider the Lyapunov inequality

2(P(A+ BF)z, z) + (E(a)z, E(a)z) +e* (Fx, Fx) <0, 2 € D(A) (4.3)
with
I—0%(0;/0;*) D;PD; =0, j€N (4.4)

where

N
(E(a)z, E(a)z) =Y _ o} (Biz, Ex)
i=1

4.2 Conditions of suboptimality

In order to establish conditions for the existence of suboptimal controllers u(t) =
Fz(t) such that F € F and 0 < (A+ BF;(D;, E;),.7), for o > 0, we need

the following lemmas.

7



This lemma is of technical interest.
Lemma 4.1 Let a € (0, co)” and e > 0. If there exists P € LT(H) such that
2(Pz, (A—e ?BB*P)z)+¢ *(PBB*Px, z)+
(E(a)z, E(a)x) <0,z € D(A) (4.5)
I-0;(c/a;)” DiPD; =0, j€N, (4.6)
then A. = A — e 2BB*P generates an exponentially stable semigroup and o <
rv (AE; (Du El)iEN)
Proof. Consider the initial value problem

4 p(t) = Aca(t)
z(0) = g

For zy € D(A.), V(z) = (z, Pz) is differentiable and
@V (x(t)) =2(PA.z,x)

From the inequality (4.5) we obtain

~2(PBB*Pz, z) — (E(a)z, E(a) )

&

o~
=
—~
~+
~—
~
IA

IN

—¢ 2(PBB*Px, x)

Thus

T T
/V ))dt < —¢ 2/ (PBB*Px(t), z(t))dt
0 0

Hence

V(z(T)) = V(x(0)) < —E_Q/IIB*Pw(t)Ilzdt
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Using the fact that P = 0 we get
T
g2 / | B* Px(t)||> dt < V(x), for all T > 0
0

Therefore
+o00
=2 [ 1B Pao)® dt < ko
0
which implies that B*Pz(t) € L? (R*, Z) . The solution z(t) of the system (4.7)

is given by
t

z(t) = S(t)zo — sfz/S(t — §)BB* Px(s)ds
0
We have

()]l 15(t)aol| + &2

IN

/t S(t — s)BB*Px(s)ds
0

IN

t
Me=t ||z + =2 M || B| / ¢=(=5) || B* Po(s)|| ds
0

from which we get

2

|z ()|

IA

t
IM? ||zo||* €2t + 274 M? || B|)? [/ e~ @=3) | B* Pa(s)|| ds]
0

IA

t

Kie=2t 1 K, / =2(0=) || B* Pay(s) | ds
0

where

Ky = 2M? ||zo|®, Ko =2e7*M?|B|?

It follows then that

+oo 5 +oo +oo t 9
/ ()2 dt < Ko / 2L K, / ( / ¢=24=5) || B* P (s)|| ds) dt
0 0 0

0

Thus

“+o0 9
/ lo(t)|2 dt
0

IA

+oo —+o0
K1 /2 + Ko / ( / ¢~29(=9) || B* Po(s) |2 dt) ds
0 s
+o0 +o0
K1 /2w + KQ/ | B*Pxz(s)|)? €2 (/ e_QWtdt) ds
0 s
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which implies that
e 2 Ky [t . 2
/ |z ()] dt < K1/2w+2—/ |B*Px(s)||” ds
0 w Jo

Since B* Pz (t) € L? (R, Z), we deduce that z(¢) belongs to the space L? (R*, H).

Now inequality (4.5) implies that
2(PA.z, z) + (E(a)z, E(a) ) < —e2||B*Px(t)||”
Therefore, we have

2(PA.x, z) + (E(a)z, E(a) z) <0
I—0%(0;/a;*) D;PD; =0, j €N
F.=-¢’B*PeF
Applying Corollary 3.6 we get that o < 1% (Ac; (D;, E;),cx) and if the inequal-
ity (4.6) is strict, we obtain o < 1% (Az; (D;, Ei);exr) - ®

The following lemma is of basic importance for the approach used to inves-

tigate the maximization problem.

Lemma 4.2 Let « € (0, +oo)N, e >0 and F € F. If the inequality (4.3) has a
solution Py € LY (H) satisfying condition (4.4), then Fy = —e 2B*Py € F and

o < ¥ (A+ BFy;(D;, E;);cw) - Moreover, there exists Py € LT (H) such that

2(P, (A+ BFy) x, z) + (E(a)x, E(a)z)+e 2 (PyBB*Pyx, ) =0, x € D(A)
I—0%(0;/a;*) D;PD; = 0, j € N

P =P
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Proof. For all z € D(A), we have
2(Py(A+ BF)z, z) + (BE(a)z, B(a) z) +&? (Fz, Fx)
= 2(PyAx, z) + (B(a)z, E(a)z) +2(PyBFx, x)+&* (Fx, Fz)
Set F! = e¢F 4+ ¢ 1B*Py. Then
(F'z,F'z) = e* (Fx, Fx)+(Fz, B*Pyx)+(B*Pyx, Fx)+e *(B*Pyx, B*Pyz)
Since Py is a solution of (4.3) it follows that
2(PyAz, z)+ (E(a)z, E(a)x) —e 2 (B*Pyx, B*Pyx) + (F'z, F'z) <0 (4.8)
Set Ag = A + BFy, where Fy = —e 2B*P,, then
2(PyAoz, x) = 2(PyAx, x) — 26 % (PyBB* Py, )
The inequality (4.8) implies that
2(PyAgz, 2) = — (E(a)z, E(a) ) — e 2 (PyBB*Pyx, x) — (F'z, F'x)

Thus

2(PyAoz, )+ 2 (PyBB*Pyz, z) + (E(a)z, B(a)z) <0 (4.9)

Applying Lemma 4.1 we conclude that Fy € F and o < r* (A, (Di, Ei)jew)-

Now since P, is a solution of the inequality (4.9), then it satisfies the following

inequality
2(PyAozx, ) + <E(a)x, E(a) x> <0
X E(a)
where F(a) = . By Corollary 3.6, there exists P; € LT (H) such
e~ 'B* P,
that

2 (P Aoz, ) + <E(a)x, E(a) m> =0
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with P; < Py. Therefore
2(P, Aoz, )+ % (x, A BB*Py z) + (E(a)x, B(a) z) = 0

and

I—0%(0;/a;*) D;PID; =0, j€N

Applying this lemma iteratively we show in the following theorem that there

exists P € LT (H) such that

2 (Az, Px) + (E(a)z, B()x) —e ?(x,PBB*Pz) = 0, ((SARE).)

x € D(A)

Y
<o
<.
m
=

I—0%(0;/a3) D;PD;

Theorem 4.3 Let F € F. Suppose that there exist a € (0, +oo)N and & >
0 such that the Lyapunov inequality (4.3) has a solution Py € LT (H) which
satisfies condition (4.4). Then the Riccati equation (SARE). has a solution

P e L*(H) satisfying

I-0%(0;/a;’) D;PD; =0, j€N
F.=-¢’B*PcF

o< (A- e *BB*P; (D, Ei)iew)

Proof. Applying the above lemma iteratively we construct a sequence of
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linear operators (Py),cx € LT (H) which satisfy
2 (Pyi1 Az, 2) + (E(Q)z, B(Q) 2) + ¢ % (x, P,BB*Py 2) =0, x € D(A)
I—0%(0;/a;®) D;PryaD; = 0, j €N
Pry1 2 Py
where P, is the solution of the inequality (4.3) and Ay = A — e~ 2BB*Py. Since
(Pr) e is a decreasing sequence and it is bounded from below by 0, the limit
as k — 400 exists (see [53]). Let P = kETooPk’ then
2(PA.x, ) + (BE(a)z, B(a) x) + ¢ 2 (x, PBB*P z) = 0, = € D(A)
I—-0%(0;/a;*) D;PD; =0, j€N
where A, = A— e ?BB*P. Using Lemma 4.1 we deduce that F. = —¢ 2B*P ¢
Fand o <r¥ (A—e2BB*P;(D;, E;), ). Finally since
2(PA.x, z) + (E(a)z, B(a) x) + ¢ 2 (x, PBB*P )
= 2(PAz, 2) + (E(a)z, E(a) z) — ¢ 2 (x, PBB*P x)
then P satisfies the Riccati equation (SARE).. m

Now we will use the above results to establish conditions for the existence

of suboptimal controllers.

Proposition 4.4 Let 0 > 0. Suppose that there exists F € F such that o <
rv (A + BF;(D;, Ei)ieﬁ) . Then there exist a € (0, oo)N, € > 0 such that the

Riccati equation (SARE). has a solution P € LY (H) satisfying
I—0%(0;/0;*) D;PD; =0, j €N
F.=—¢°B*PecF
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Proof. Since o < ¥ (A + BF; (D, Ei)ieﬁ)7 there exists ¢’ such that o <

o' <1 (A4 BF;(D;, E;);c7) - Hence there exists o € (0, +00)™ such that

—1/2
o < (] (0:/03) D3 P (@) D,
JEN
where P(«) is the solution of the equation
2(P(A+ BF)z, z)+ (E(a)z,E(a) ) =0, z € D(A).
Thus
—1/2
o < (max03/02) D3P (@) Dy
JEN
or
o> (max (6;/03) D; P (a) DjH)
JEN
Hence for all j € N, we have
07 > |[(6;/07) D} P () Dy|
from which we deduce that
I—0%(0;/e;*) D;P(a)D; -0, j €N,
This implies that
2 e ~
6, (0/;)> D} { / SH(O)E*(0)E()Sr(t)dt| D, < I, j € N
0

where Sp(t) is the semigroup generated by (A + BF). Let 8; = 0; (a/aj)2 and

Py the solution of the Lyapunov equation
2(PApz, )+ (Fx,F z) =0, x € D(A)
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For all € > 0 such that 2 < (1 — BM) /BM,, with M = max ||D;‘P (a) Dj| and
JEN

My = max HD;—‘PODJ'| , we have
jEN

£*Bmax || D; PyD;|| < 1 — fmax || D} P (a) Dj|
JEN JEN

It follows that

e’B||D; PoD;|| < 1— 8| D;P () Dj||, for all j € N.
Using the fact that
D:P(a)Dju, u DXPyD;u, u
125 (@) D, = sup D ) g 1y | = s P )
u#0 [ u#0 [

we get, for all j € N, that
|ul|* > B8 ((D;P(e) Dju, u) +e*(D;PyDju, u)), for all u # 0.

Thus

lul® > 8 (D5 (P () + e?Py) Dju, u), for all u # 0.

Set Pe = P(Ot) + 82P0. Then
|ul* > B(D;P.Dju, u), for all u # 0.

Hence

I —BD;P.D; = 0, for all j € N.

We deduce that there exists ¢ > 0 such that P. = 0 and

2(P.(A+ BF)z, z) + (z, (E*(a)E(a)+*F*F)z) =0,2 € D(A),

I-0;(c/a;)” DiP.D; = 0, j € N.
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Applying Theorem 4.3 to deduce that there exists X € L*(H) which satisfies

2 (Az, Xz)+ (E(a)z, E(a)r) —e 2 (z, XBB*X z) = 0,2 € D(A),

I-0;(c/a;)’ D;XD; =0, jEN.
and for which F. = - ?B*X € F. m

Proposition 4.5 Let o, € > 0. Suppose that the Riccati equation (SARE) . has
a solution P in LY (H) such that I — o (Hj/ajz) D;PD; = 0, 5 € N, for some

a € (0,+00)Y . Then F. = —e2B*P € F and o < ¥ (A+ BF.;(D;, Ei);cw) -
Proof. Since P is a solution of the Riccati equation (SARE) ., then

2(P(A-e?BB*P)z, z)+ (E(a)z, E(a) z)
+e72(x, PBB*P 2) =0, = € D(A),

I—0%(0;/a;*) D;PD; = 0, j€N.

From Lemma 4.1 we obtain F. = —e 2B*P € Fando < r¥ (A + BF., (D;, Ei)ieﬁ) .
]
As a consequence of the above propositions we characterize the supremal

achievable stability radius via the Riccati equation (SARE) . as follows.

Corollary 4.6 We have

o > 0; There exist o € (0,+00)" and e >0
7 (A;(Diy Ei)iew) =5up s such that (SARE) _ has a solution P € LT (H)

with I — o2 (G’j/af) DiPD; =0 for all j € N
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4.3 Examples

Example 4.7 Consider the controlled heat equation corresponding to (3.24)
N
dz(t) = Az(t)dt + Y DA (Ei(2(t)))dw;(t) + Bu(t)dt, 0<xz<1, t>0

i=1

Z(O) =20

where B =1 and u(.) € L} (0, +o00; H)
Let oo € (0,+00)" and e > 0. The Riccati equation (SARE) . corresponding to
this system is
N
2(Az, P z) + Za? (z,2) —e 2 (P2, P 2) =0, z € D(A) (4.10)
i=1
Suppose we can express the solution P of (4.10) by
“+oo
Pz= Y Py(2,0,)0;, z€ H
n,j=1

Then since

Az = "X, (2,0,) By, 2z € D(A)

(4.10) becomes

400 too
23" AP (2, @) (2, 8) (Za)Z (2, @)

n,j=1 o
+o00 400

=72 30 D PusPy (e Ba) (5, @1) =0, = € D(4)
n,j=11=1

For z = ®,, k> 1, we get

N
2A\pPex + B — 2P =0, = (Za$> .

i=1
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Because we search for the solutions of (4.10) in L (H), we can assume P to be

of the form
—+oo

Pz = ZP’“ (z,®) @, z € H; where Py, = &* ()\k + \/Ak) and Ay, = )\i—&—s_zﬁ.
k=1

Now we show that I — o (Qj/aj2) P >0,Vj e {l,..,n}, for any o > 0. Let

z € H, we have
+oo
<(I — 0'2 (9j/0[j2) P) Z,Z> = Z (1 — 0'2 (9j/0¢j2) Pz) <Z7©7;>2
i=1
hence I — o2 (Hj/ozjz) P =0 if and only if 1 — o (Gj/osz) P, >0,Vi>1. Let
j€{l,..,n}, for alli > 1 we have
-1

1—0? (Hj/ajz) P>0so02<e? (a?/ﬂj) ()\1' + \/)\? + 525> , for any € > 0.

But

. (/\i—\//\f+5—26)
<Ai+\/A?+62ﬂ> =~ = <A\/m>

Thus

1— o2 (Gj/OéJ‘Q) P>0< o2 < /871 (Oé?/ej) (—)\Z + \/)\12 +€_2,8>

which implies that ¥ = +oo0.
This result can also be established directly as follows. Let Ay = A — vl

v > 0. we have
(Arz,2) = (A= AD)z,2) = (Az,2) = Mz, 2) < = ||2]|* = A 2]

thus (Axz,z) < — (72 + A) 2|, Vz € D(A). By Corollary 1 in [44], there exists

w > 0 such that |Sx(t)||> < exp (—wt), t > 0, hence Sy is exponentially stable.
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Therefore, proceeding as for Example 3.12 we can show that

) = min 2(y+72)

r(Ay; (Ds, Ei) nin 0.
JEN J

1=1,n
Now since {F,, = —yI, v > 0} C F, we have
sup {r*(Ay; (Di, Ei)jen), 7> 0} <79(A;(Ds, Ei)jew)

and this implies 1% (A; (D;, E;);c) = +00.

Example 4.8 Consider the controlled version of Example 3.13

dz(t) = A, z(t)dt + Z DA;(E;z(t))dw;(t) + Bu(t), v >0

i=1

0
where B = . Let

I
ICz{Fn:F,]: ( 0 —nI ) n>0}, and Ay = A, — BF,
Since KK C F then
sup {rw (A,,; (D, Ei)i:u) 0> o} <7 (Ao; (Diy Ei)y_ys)
From Ezample 3.13, we have
v (Agi (D Bi)iy ) = min {v/20/ /01, v/20/V/0a |

Thus
sup {min{v/20/v/01, Von/\/0:}} = 4o

Hence r9(Ao; (Di, Ei);cw) = +00.
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We will prove this result using Corollary 4.6. The Riccati equation (SARE)

for this example is

2
2(Ayz,P z) + Za? (Biz,Biz) — e % (P2,BB*P z) =0, z € D(A,). (4.11)

i=1

Suppose that a solution P of (4.11) can be expressed as

P P
P =

Py Py

Since P € LT(H) then Py and Py are self-adjoint and Py = PyA. Let z =

x
,x €D (A1/2) and y € L?(0,1), we will calculate each term of the

Y
Riccali equation (4.11). For the first term we have

Yy Pz + Py
(Ayz,Pz)y = ;

—Ax — vy Psx + Py "

- <A1/2y, AVE (P + P2y)> +{—Ar =y, Pow + Pay) 12 0.4

12(0,1)

= (Ay,P1x>L + (Ay, P2y>L2(071) — (Az, P3$>L2(0,1)

2(0,1)

=Y Ys Pay) r20,1) = (A%, Pay) 1201y = 7 s P3) 120 1)
The second term is equivalent to

2
Za? (Biz,Eiz) = aj <xa$>D(A1/2) + a3 <Z/7y>L2(0,1)
i=1

= a% (Az, $>L2(o,1) + 0‘% <y,y>L2(0,1)
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and the third term 1is

P11‘+P2y 0
(P2,BB*P z) = )

Pz + P4y P3.’,C+P4y
= (P3x + Pyy, P3v + Pyy)

(P3w, P3w) + 2 (P3z, Pyy) + (Pyy, Pay)
Hence the Riccati equation (4.11) is equivalent to

2 (Ay, Piz) 4+ 2 (Ay, Poy) — 2 (Ax, Psx) — 27 (y, Pyy)
_2’7 <y7 P3£C> -2 <A.’E, P4y> + Ck% <A£L’,£C> + Oé% <y7y>

—e 2 (Pyx, Psx) — 22 (Pyx, Pyy) — e~ 2 (Pyy, Pay) = 0
It follows that

2 (Ay, Piz) + 2 (P3y,y) — 2 (Az, Psz) — 2y (y, Pay)
27 (y, Psz) — 2 (Az, Py) + of (Az, x) + o3 (y,y)

—e7 %P3z, Pyx) — 2672 (Pyx, Pyy) — e 2 (Pyy, Pyy) = 0

For z = , x € D(A), we get
0
—2(Ax, P3x) + of (Azx,x) — e 2 (Psz, Psx) = 0 (4.12)
0
For z = , y € D(AY?), we get
Y
2(Psyy,y) — 27 (y, Pay) + a3 (y,y) — <2 (Pay, Pay) = 0 (4.13)
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It follows that

2 (Ay, Px)—2v (y, Psz)—2 (Azx, Pyy)—2c 2 (Psz, Pyy) = 0, For all (x,y) € D(A)xD(A'Y?)
(4.14)
Assume that we can represent the operators Py, Py, Py in the basis ®;(x) =

V2sin (miz) , as follows

+oo
Zﬁij (z, ®;) @

PlfL' =
4,7=0

Pz = Znij (z,®;)
4,7=0

P41‘ = 261] <ZE, (I>j>(1)
1,j=0

Let x € D(A), we have

—+o0
Psz = Z Mij (z, ®;)

i,j=0
—+o0
and since Ax = Y. — N\, (z,®,,) @, \, = —n272, n >0, it follows that
n=0
+oo
(Az, Psx) =Y —ny); (x, ®)) (z, ®;)
i,j=0

(Az, x) Z)\x@

<P3:L. P31’ Z nzkn'LJ €T, q) <£U,q)k>
i,J,k=0

Replacing these expressions in the equation (4.12) we obtain

—+oo
*22%‘%‘ (x, P, alz)\ z, ;) —e? Z NikMij (T, @) (x, @) =0
2,j=0 1,3,k=0

Forx =®,, n >0, we get
2nnn)‘n - Oé%)\n - 5722772'77,771'71 =0
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Let Py such that n,,, =0, for i # n, then n,,, satisfies
20 — N, —e 22, =0
The solutions of this equation are
n) = ¢ ()\ + \/A7L> 2 =¢ (/\ \/E) with A, = N2 — 7202\,
Since the solution P € LT (H), it follows that
= ¢? (/\n+\//T’n>,n21

Now we calculate Py. Let y € D (Al/Q) , we have

P3y = anz <y5 q)1> (I)i7 P4y7 Z 52] y7 Y, >
=0 4,7=0
and
<P4y7 P4y < Z 51] y, ®;, Z 51k y7 (pk > Z 671651_] y7 <y7 (I)k>
3,7=0 1,k=0 4,5,k=0

Replacing these expressions in the equation (4.13) we obtain

“+o0 +oo
22771'1' <y7 (I)i>2727 Z 57] <ya (I)j> <y7 (I)1>+O‘§Z <y7 (I)i 2 g2 Z 67k57] yv <y7 (I)k> =0
i=0 i,j=0 i=0 i,5,k=0

Forx = ®,, n > 1,we get

“+oo
20 — 2’76nn + Ol% - 57225i7151n =0
1=0

Let Py such that 6;, = 0, for i # n, then 0., satisfies
2 — 2Y0nm + a2 — 7202 =0
The solutions of this equation are
6 — (7 + \/AT{) 62 —¢ (,7 + \/ATQ with A, = v*+e~2 (2n,,, + a3)
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Since the solution P € LT (H), it follows that

+oo
Py=> ¢ (—7 + \/ATQ) (y, )
1=1

It remains to find Py. Let € D(A) x D(AY?), we have
Y
<Ay7 Plx Z/BZJA yv >
+oo
(Az, Pyy) = 25”)\ x, ®;) (y, i)
=0

+oo
(y, Psz) = <y2n z, ®;) > D i (@, i) (y, i)
=0

and
(Psx, Pyy) = Zn“ i (z, ©;) (y, @;)

Replacing these expressions in the equation (4.14) we obtain

+oo
_2262])‘ y7 1’ (I) _2’727711 T, q)><y7q>7,>
=0

,7=0
+oo too

+2Y " Siiki (@, ®) (y, ®i) — 2572 b (w, @) (y, ©)
=0 1=0

Forx=y=®,,n>1, we obtain
—2B,m A = 2 + 2000 An — 26720, 000 = 0
which implies that
Bon = — (Man — OnnAn + € *Npnbnn) /An,n > 1

Hence
—+o0

Pz = Z (_'7777m + dnndn — 6_277nn(57m) [An (@, @) P,

n=1
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We conclude that the solution P of the Riccati equation (4.11) is given by

P AP}
P
P, P,
where
+oo
Pz = Z (—777n 4+ A, — 6_2nn6n) [ An (2, @) Dy
n=1
—+oo
Pyx = Znn (z,®,) ®,, wheren, = c* ()\n + \/A;L> and N, = X2 — 7202\,
n=1

“+oo
Py = Zén (y, ®,,) ®,,, where §,, = &2 (’y + A;{) . and N = A*+e2 (2n,, + a3)

n=1

It remains to check that
I—0%(0;/a3) D;PD; =0,  je{l,2}

holds for some o > 0.

From the definitions of D;, P and ¢,, we see that this is equivalent to
e 2572 (Oz?/ej) +v>VA",, foraln>1andje {1,2}

Let o be so that e 204 (a?/@?) > a? + a3. Then

2

—2 4 4 /2 2 2

e %0 (aj/Gj)Zl+\/1+€_2(a2/_)\)a1+a2,
1 n

But
o = &2 (A + VA,
L+/1T+e2(al/ =) e
Thus
e 204 (a?/@?) > 2n,, + a3,
Hence

e 2072 (a?/ﬁj) +y > VAT,
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Now recalling Proposition 4.5 we obtain

\/519],—1 <a?/« [af + a%) <re (A% (Di,EZ-)i:LQ) , foralle >0

We conclude therefore that rv (Awi (D, Ei)i=1,2> = +o00.

96



Chapter 5

Stability radii of linear
systems subjected to

unbounded perturbations

5.1 Introduction

We recall that in Chapter 3 our basic model was

N
dz(t) = Az(t)dt+ Y  Dili (Eix(t) dwi(t), t >0

=1

1A, < o,i€N.
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where ((Di, E;) ieﬁ) is a given family of linear bounded operators. However, the
assumptions that D;, E; are bounded operators is very restrictive and does not
allow us to consider many examples of practical importance such that boundary
perturbations for systems described by partial differential equations. In this
chapter we will show how we can extend the theory of the Chapter 3 to a class
of unbounded perturbations.

Several works have been devoted to stochastic partial equations with noise
at the boundary (for instance see [47], [58], [16], [54], [29]). However there are
only few papers which deal with the stability of this class of systems.

Ichikawa [47] used an approach based on semigroup theory, to establish exis-
tence, uniquenesss and regularity results for parabolic equations with boundary
and pointwise noise. The stability of this class of systems was investigated in
[48], where he obtained an equivalence result between mean square stability and
the existence of the solution to a Lyapunov type equation.

Maslowski [58] considered a more general class of stochastic semilinear equa-
tion with boundary and pointwise noise. He adopted an approach similar to the
one in [48]. In contrast, the conditions on the noise terms are fairly general and
cover Wiener processes with values in the basic state space. He established an
existence and uniqueness theorem and studied the stability in the mean under
the assumption of compacity of A1

Our main objective in this chapter is to investigate the robustness of stability
for system (5.1) when A is subjected to stochastic structured unbounded pertur-

bations. We consider the case where A is the generator of an analytic semigroup
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and the perturbation are of single type. This abstract model covers the case of
parabolic equations with boundary and pointwise noise. We first establish an
existence and uniqueness theorem . This Theorem is proved by a standard fixed
point argument along the lines of some existing results (for instance, [46], [58]).
Then we investigate the robustness problem. We give some characterizations of
the stochastic stability radius. These characterizations are in terms of a Lya-
punov equation similar to the one of the bounded structure case and different
of the one used by [48]. These characterizations enable us to determine a lower
bound for the stability radius under perturbation of unbounded structure. The
central problem here is to construct the smallest destabilizing perturbation A.
Under an additional assumption we are able to prove that the lower bound is in
fact equal to the stability radius. In the end, we illustrate the theory by three
examples investigated by [48].

The chapter is divided into four sections. Section 1 is devoted to briefly
recalling some facts about fractional powers of closed operators which we shall
use throughout the chapter. Section 2 contains the system description and
some basic properties of the solution. In Section 3 we derive the main results
of this chapter. We give characterizations of the stability radius in terms of
the input -output map and the associated Lyapunov equation. These results
are the counterparts of those of the bounded structure case. In the last section
the applicability of the abstract conditions and results are illustrated by three

examples.
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5.2 Fractional powers of closed operators

In this section we recall the definition of analytic semigroups and some basic
properties of fractional powers of closed linear operators. The contain of this
section is taken mainly from [68], [11], [28], [13], [3].

For any w € R and 6 € ]0, 7/2[ we denote by S, ¢ the sector in C:
Sw, 0 ={A e C\{w}: 0 <lJarg(A\ —w)| <7}.

Definition 5.1 We call a linear operator A in a Hilbert space H a sectorial
operator if it is closed densely defined operator such that, for some 6 in (0, g)

and some M > 1 and a real w, the sector S, ¢ is in the resolvant set of A and

M
||R()\,A)H S m fOT’ all A c Sw7 0

A particular important class of strongly continuous semigroups is analytic

semigroups

Definition 5.2 An analytic semigroup on a Hilbert space H is a family of con-

tinuous linear operators on H, (S(t)),, satisfying
1. S(O) =1 and S(tl +t2) = S(tl)S(tg) for all ti, to > 0.
2. The map t — S(t)z is real analytic on 0 <t < oo for each z € H.

3. lim S(t)z = z for all z € H.

t—0t

We have the following relation ship between analytic semigroups and secto-

rial operators obtained from [11].
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Theorem 5.3 1. If (—A) is a sectorial operator, then A is the infinitesimal

generator of an analytic semigroup (S(t)),»q. where

L s
Q 27rz'/e (A, )7>’€2,7r
Ye,0
whith
Ve = VZGU’Y;OUV‘S’@,
72:’9 = {ZGC:Z2W+T€ii0’T25},
Wo = {2€Ciz=w+res, |y <0}

2. If A generates an analytic semigroup, then (—A) is sectorial.

Assume that (—A) is a sectorial operator and Re(a(—A)) > 0.

Definition 5.4 For a > 0, the bounded linear operator (—A)~ " is defined as

follows

(=N “R(\, A)d\, t>0, z € H, (5.2)

We shall denote by (—A)” the inverse of (—A)™® and by D ((—A)“) its

domain.

Definition 5.5 The operators (—A)® are called fractional powers of (—A).

In the next theorem we collect some simple properties of (—A)® .

Theorem 5.6 We have:

1. (=A)? is a closed operator with domain D((—A)*) =rg((—A)~%).
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2. a> B >0 implies D((—A)®) c D((—A)").
3. D((—=A)*) = H for every a > 0.
4. If a, B are real then
(—A)* 7 = (-4)* (-4)
on D((—A)") where v = max (o, B8, a+ f).

We conclude this section with some results relating (—A)® and the analytic

semigroup S(t).
Theorem 5.7 Assume that there exists 6 > 0 such that Re(o(—A)) > > 0.
1. S(t) : H — D((—A)?) for everyt >0 and a > 0.
2. For every x € D((—A)®) we have
Sit)(—A)*z=(—A)*St)z, t >0 (5.3)
8. For a > 0 there exists M, such that
[(—A)* S| < Mut=%e™% ¢t >0. (5.4)
4. Let 0 < a <1 and there exist C, > 0 such that

|S(t)x — z|| < Cot® ||A%||, for any x € D((—A)") (5.5)

5.3 System description

Let A be the infinitesimal generator of an analytic semigroup (S(t)),5, on the

real separable Hilbert space H. We assume that the semigroup (S(t));5, is
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exponentially stable. Then, the fractional powers (—A)*, 0 < a < 1, are well
defined. We want to consider perturbations of the operator A which have an
unbounded structure.

We will consider infinite dimensional uncertain systems described by Ito

equations of the form

da(t) = Ax(t)dt + DA (Bx(t)) dw(t), ¢ > 0,[|All,,, <o  (5.6)

x(0) = wmy, zo€ H
where:

1. Dis alinear operator: U — H, (D is generally unbounded as an operator
from U to H), such that (—A)™" D € L(U, H) for some fixed v, 0 < v < 1,

where U is a real separable Hilbert space.

2. Ee L(D ((—A)5) ,Y) with & < min {1/2 — 7, 1/2}, such that E (—A)’ €

L(H,Y), where Y is a real separable Hilbert space.
3. AeLip(Y,U).

4. (w(t))ier, is a real Wiener process on a probability space (2, F, u) with

variance 6.

5.3.1 Existence and uniqueness

In this theorem we establish the existence and uniqueness of the solution to the

problem (5.6).
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Theorem 5.8 For any T > 0, there exists a unique mild solution of the equa-

tion (5.6) in C ([0, T]; L*(Q, H)) satisfying the initial condition z(0) = xo.

Proof. The proof is based on the classical fixed point theorem for contrac-

tions. Set

E:(C([Oa T];LQ (Q, H))

and define the corresponding norm by

2

]y = < sup 5||33(t)||2> < 4.
t€[0,T)

The solution of the system (5.6) is formally given by:

x(t) = S(t)zo + /0 S(t—s)DA (E(z(s)))dw(s)
We have
#(t) = S+ / S(t—5) (~A) (=A) 7 DA (B (=4)" (=)’ (a(s) ) Jdu(s)
= St)zo+ /0/ S(t—s)(—A)" DA (E (—A)° x(s)) dw(s)
where D = (—A)"D € L(U, H) and E = E (—A)~° € L(H, Y). It follows that

(=AY &(t) = (—A) S(t)wo+(—A)° / S(t=s) (~4)" DA (E(=4)° (a(s))) duw(s)

By setting z(t) = (—A)5 x(t) we obtain:

2(t) = S(t)z0 + /0 S(t—s) (=4)° (~4)" DA (E(2(5)) ) du(s)

which yields
t

2(t) = S()z0 + | S(t—s)(—A)* DA (E(z(s))) duw(s) (5.7)

0
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where o = 6 + 7.
In order to establish existence and uniqueness for (5.7), we establish the

existence and uniqueness for (5.6). We proceed in three steps.

Stepl Let I' : ¥ — ¥ be the mapping defined as:

t

D) (1) = 80zt | S(t=5) (-4)° DA (E (z(s))) dw(s), te 0, T], z € %.

At first we show that T is well defined as a mapping ¥ — X. Let z(.) € &

)

we have:

T (2) (t) :S(t)zo+/0 S(t — ) (—A)* DA (E(z(s))) duw(s)

Since (S(t));>( is an analytic exponentially stable semigroup there exist

positive constants, M, M, «, and w such that
ISE)| < Me ", t>0, w>0and [|A*S(t)|| < Mot e “".

Now since D = (=A) "D € L(U, H) and E = E(-A)"° € L(H, Y),
there exist constants M~ and My such that
[ = 60 18], <0
L(U,H) L(H,Y)

From a version of Burkholder-Davis-Gundy inequality we have that

t ~ ~ 2
EILEROI < [1S@al*+C [ &S5 (41" ba (E:() [ ds, €> 0

0

By Lipschitzianity of A we obtain

t
EILEOI” < MPe " a0+ CMAPMEMER? [ (¢ 5)72 e 2 (|1(s)|) s
0
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It follows that

t
EITE®IF < M2 |z|® + M’ / (t=8)*" e 208 (|l2(s)| ) ds, M’ >0

IN

t
22 a4 20 sup £ (Ja)7) ) [ (e 07 e s
selo, T] 0
But

t
%0 9wt 1 _
/ (t _ S) 2 e 2w(t S)dS < -4t 2a
o 1-2

— a0

Therefore

M —oa
EIT) ) < M2 0] + sup € (|lz(s)) | 72
1=2a \ s¢po, 1]
We conclude that I' is well defined on X.

Step 2 Now we show that I' maps ¥ into ¥. For h € [0, T], t € [0, T — h] we

have
t+h - .
D)t +h) —T()() = S(t+h)zo+/0 S(t+h—s)(—A)* DA (E(z(s))) duw(s)
—S(t)z0 — /0 S(t — ) (—A)* DA (E(z(s))) duw(s)
= S(t+h)z — S(t)20
+/O S(t+h—s)(—A)* DA (E(z(s))) duw(s)
t+h o
+/t S(t+h—s)(—A)* DA (E(z(s))) duw(s)
— | S(t—s)(—A)* DA (E<z(s))) duw(s)
0
Hence
T(2)(t+h) =T(2)(t) = (S{t+h)z— S(t)zo)
+/0 (S(t+h—s)— S(t —s)) (—A)* DA (E(z(s))) duw(s)

+ /;Hh S(t+h—s)(—A)* DA (E(z(s))) dw(s)
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From a version of Burkholder-Davis-Gundy inequality, there exist positive

constants C, C’ such that

EIN)(E+h) =TE®I* < (SE+h)z0 — S(t)z0)]” (5-8)

2

+C /t £ H (t+h—s)=S(t—s)) (~4)" DA (E(=(s))) H ds
+c /W e[t +n—5) (~4)" Da (Ba(s)) Hst
Since S(t) is strongly continuous we have
Jim [[(S(E+h)zo = S(8)2)]| =0 (5.9)
Now, since
(S(t+h—s)—S(t—s)) (—A)* DA (E<z(s)))
= (S(h) —I)(—A)* S(t — s)DA (E(z(s)))

It follows that
/ .
0
< st - DI [ -4 ste - 915 (EG)

Using (5.4), there exist M’ > 0 such that

(S(t+h— )~ 5(t — ) (~4)* DA (B((9))) H2 ds

2
ds

/tg H (t+h—s) = S(t—5)) (—A)* DA (E(x( )))HQdS

IN

M (S H/ (t— 572 e 2Cg (|l2(s)|) ds, M’ > 0.

IN

M) = DI sup & (I12(5)]1) / (t—s) 2 e 20 ds, M’ > 0,

s€[0,T]
But

t
1
—2a  —2w(t—s) 12«
t— ds < ———T
A (t—s) e s< 100
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It follows that

t - - 2
/SH(S(tJrhfs)fS(tfs))(fA)aDA (E(z(s)))” 45.10)
0

M’ 2 2\ p1-2 /
-1 T M .
= 19 1(S(h) i Ses[l(l)%]g (”Z(S)H ) ) >0

For the last term on the right-hand side of (5.8), we obtain from (5.4)
t+h . . 2
/ &St +n—s)(~4) DA (Ex(s)) | ds
t

t+h
< M sup & <||z(s)|\2) / (t+h—s) 2 e 20h=s)qs M’ > 0.
s€[0,T] t

But
1

t+h
/ (t +h— 8)72(1 e—2w(t+h—s)ds < 17
t

hl—2a
— 2«

It follows then that

2
!

£ sup £ (Hz(s)||2> pi-2a

T 1=2a,¢00,1
(5.11)

t+h o
/t S(t+ h— ) (~4)* DA (B(zs(s) ) du(s)

From (5.9), (5.10) and the estimate (5.11) we deduce that
lim €0+ ) - TEI =0, te o, 7]

In order to prove the left continuity of I'(z) we have, for all h € [0, ¢],
te€h, T)
L)t —h)=T(z)(t) = (S(E—h)z —S(t)z0) (5.12)
t—h ~ s~
+ /O (S(t—h—s)— S(t — s)) (—A)* DA (E(z(s))) duw(s)
— | S(t—s)(—A)* DA (E(z(s))) duw(s)
t—h
By the strong continuity of the semigroup S(t) we have

Jim [[(S(t = h)zo = S(t)z0)[| = 0 (5.13)
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For the second term of the right-hand side of (5.12) we have

t—h
/ (S(t—h—s) — S(t — ) (—A)* DA (E(z(s))) duw(s)
0

t—h
= —(S(h)-1) /0 S(t —h—s) (—A)* DA (E(Z(S))) dw(s)

It follows that

2

&

t—h ~ ~
/ (S(t—h—s)— S(t —s)) (—A)* DA (E(z(s))) duw(s)
0

~ t—h - ~ 2
< CIl(S(h) — )| / £||s—n—s)(~a)" DA (E(=(s)) | ds
Using (5.4), we get
t—h . - 2
/ € HS(t —5) (—A)" DA (E(2(5))) H ds
0

t—h

< M’/ (t—h—5) 2@ g~ 2w(t=h=s)g (||z(s)H2) ds, M' >0

0
We deduce that there is a constant M such that

t—h ~ ~
3 /0 (S(t—h—s)— S(t —s)) (—A)* DA (E(z(s))) dw(6)

M//
<
- 1 -2«

o

S(h) = D|* sup & (||z(s)|?) T" 2
IS = DI” sup & (J(:)1)

Now for the last term of the right-hand side of (5.12) we have

t 2

3 S(t —h—s) (—A)* DA (E(z(s))) duw(s)

t—h

o /;h £ HS(t —h—s) (~4)" DA (E(=(s)) H2 ds

IA

IA

t
/ (t —h—s) 2 e 20(t=h=s) gy
t—h

M’ sup & (J12(5)])
s€[0,T

But

t
/ (t —h— S)iza e—2w(t—h—s)d8 < #hl—&x
t—h 1

— 2«
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Hence
2
M/
< h'=2% sup 8( z(s 2)
S R (CO

(5.15)

&

/H S(t—h—s)(—A)* DA (E(zg(sm dw(s)

From (5.13), (5.14) and (5.15) it follows that
Jim ET(2)(8) — T(2)(t — m|* =0, telo, T]

step 3 It remains to verify that I' : ¥ — X is a contraction. Let z; and 2z

be arbitrary processes from X; then
T(2(t) — T(2a(t)) = /0 S(t —s) (—A)* DA <E(Zl(s)) duw(s)
_/ S(t = ) (~4)* DA (E(zas) ) du(s)
0

t

St —s)(=A)*D (A (E(z1(s)) = A (E(22(s) ) ) dw(s)
| (& (Bta) - & (Eat0))
Using the Burkholder-Davis-Gundy inequality, there exists Cy > 0 such

that

t ~ ~ - 2
£ (IP®) - Te®)I) < € [ 156 -9 € ||D (A (B (1(9) - & (E (al) )| as
0
Using the fact that De L(U, H) and the Lipschitzianity of A we get

< <||F(zl(t)) - r(z2(t))||2) <G /Ot &Mgf{?g H (E (21(s)) — E(ZQ(S))) H2 ds

Now since E € L(H, Y), it follows that

2

& <||F(z1(t)) - F(ZQ(t))HQ) < M2K2C, /Ot %Mge (Hz1(s) - Z2(S)H2) ds

We deduce that

e(IrG0) - TemIF) < 6 [ e (1) - 2 ds 27 >0
< SSE(I)I,)T](‘: (||21(s) - 22(8)||2> /Ot @i\/g)zads
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Hence

1—2a

£ (IP(a(0) ~ Do) ) < M'T—

sup € (|la1(s) — 2(5)]°)

QX s5¢(0,T)

We conclude that there exists a constant M (T") such that

sup € (IP(:1(8) = D)) < M) sup € ([la(s) = 22(5)1°)

s€[0,T] selo,T

Therefore I' is contractive for enough small 7" > 0. For large T" we can
proceed in a usual way by considering the equation on intervals, [O, T } ,

[i 2T} ,...with T enough small.

5.4 Characterizations of the stability radius

In this section we extend some results of Chapter 3 to the unbounded structure

case.

Lemma 5.9 Let

y(t) = ES(t)xg+ E ; S(t — s)Dv(s)dw(s) (5.16)

where v € L2 (RY, L2 (Q, U)) and zg € H. Then

5(@@mi)Eﬂwmmi+9[f60ﬁwasﬂmaﬁw@

2
)ds, t>0
Y

where E = E(—A)™° and D = (—A)™" D. Moreover, y(.) € L (RT, L2 (Q, Y))

and

2
1yllzz

[ e (ool e

+oo
/ 1ES(8)aol% dt + 0

0 0

—+oo

& (<DU($), ]BDU(S)>) ds
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where P € L(H) is a self-adjoint nonnegative operator satisfying
2 <15x,Ax> + (Bz, Ex) = 0,z € D(A) (5.17)

Proof. We have

E / S(t— s)Dv(s)dw(s) = E / (—A) 2 (—A)° S(t — 5) (—A)” (—=A) "7 Do(s)dw(s)
0 0

B /O (=AY S(t — s) (—A)" Do(s)duw(s)

t
/ BS(t — 5) (A Du(s)duw(s)
0
Hence
t t _
E/ S(t — s)Du(s)dw(s) = / ES(t —s) (—A)”" Dv(s)dw(s)
0 0
Therefore
t
y(t) = ES(t)zo + / ES(t —s) (—A)" Dv(s)dw(s)
0
Since D and E are linear bounded operators the proof of the first statement of

this Lemma is similar to the one of Lemma (3.2). For the second statement, we

have

/ e (o) - / Bl devo / ” / & (IBS(t - Dol ) dct
(5.18)

The first term of the R.H.S of (5.18) is equivalent to
2 = 5 2
|BS@oll} = || (=4)° Sty
Since E € L(H,Y), there exists Mz > 0, such that
IES(D)zoly < MFt™* e |||
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Therefore
+o0 5 5 +o0
/ | ES(t)wo|y dt < MZ ||xo]| / t 2072t gy
0 0
and since § < %, it follows that
o0 9
/ |ES(t)xo|ly dt < +o00
0
For the second term of the R.H.S. of (5.18) we obtain from the Fubini theorem
“+o0 t
Lohe
0 0
+oo

/ </S+°°5 HES(t —5) (—=A)" 5U(S)Hidt> ds

“+oo

£ (/:Oo <5v(s), S*(t—5) (—A)*) B*E (=A) S(t — s)f)v(s)>H dt) ds

— O/Oog (<f7v(s), (/:OO S§*(t—s) (A E*E (—A)* S(t — s)dt) ﬁv(s)>H> ds

Using the fact that D = A7D, it follows that

705 (<5u<s>7 ( /s+oo (U= 8) (—A)) BB (A)" St — s)dt) ij(s)>H> s

“+o0

/5 <<(—A)7 Du(s), (/:OO S*(t—s) (A E*E (—A)* S(t — s)dt) (=AY Dv(s)>H> ds

ES(t — s) (—A)* ﬁv(s)Hi dsdt

(=)

Il
+ o

= £ < . ’ > ds
o/ ( (57— 5) ((-A)7) ((~A))" B*E (~A)" (~4) 77 (¢ — s)dt) Dos) )
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and since E = E (—A)° and o = § + v, we get

“+oo
I

Du(s), >
dt
0 < (S s7t =) ((=A)77) (=A)") BB (=) (~A)7 S(t — s)ds) Du(s) )

- 705 < Dole) > ds
i (S 5t = 9)B*ES(t = s)dt) Do(s)

Set

L o
Pz = / S*(r)E*ES(r)zdr, z€ H
0

We show that P is a bounded operator. Let z € H, we have

<]32’, Z> = </0+°° S*(r) ((—A)fv)* (—A)*)" E*E (—A)* ((_A)*v> S(?‘)zdr,z>
</0+oo 5°() ((-4)')" BB (-A) S(r)zar. <)

Thus
<15z, z> - /O+°° <E(—A)6S(r)z, E(—A)55(r)z> dr (5.19)
Hence
(P2, z) < My HEHZ </O+OO er;wdr> 1212
Therefore

- “+o0 6720.)7‘ 5
(Ps, =) < Mjty? ( / %dr) H
0 71

Since & < 1/2, the integral (f0+°° e;z:T dr) is bounded. We deduce then that

P e L(H)

Since

+oo t
Loel
0 0

“+0o0

BS(t — 5) (—A)® Do(s)|| dsdt /5(<Dv(5), ﬁDv(s)>) dt
0
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It follows that

[ (worr)a= [ imswetao |

+oo

& (<Dv(s), ]SDv(s)>) ds

As in Chapter 3 we consider the input-output linear map
L:L%(RY, L2(Q, U)) — L2 (R*, L2(Q, Y))

defined by

(Lv)(t) = E / S(t — s)Dv(s)dw(s) (5.20)

0

By the previous lemma, Lv € L2 (R*, L?(Q, Y)) forallv € L2 (RT, L2 (Q, U)).

Lemma 5.10 The linear map L defined by (5.20) has the operator norm

1
2

B ((9 HD* [/O+°O S*(t)E*ES(t)dt] DH) )
>%

|7

- (orro

where P satisfies (5.17).

Proof. Let v € L2 (RT, L?(Q, U)). By the previous Lemma we have

“+o0

/5"(Ev)(t)”2dt:0/(J+OO5 (<Dv(s),ﬁpv(s)>) ds
0

Now we have:

+oo

- /EH(EU)(t)Hth

0

= 9/0+OOS (<Dv(s),1’5Dv(s)>) ds
9/0+OO ¢ (| o B o)1) as
o[ pBo| /Om £ (Io(s))) ds

|1

2
L

IN

IN
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It follows that

~ |2 ~ +oo
HLv’ < GHD*PDH/ & (Ilu(s)I?) ds
L 0
Hence
~ 112 ~ 9
'Lv gGHD*PD‘ o2
Lz &
Therefore
~ 2
P
| HQLw < GHD*PD , for all v € L2 (RT, L2(Q, U))
v L2

which implies that
1
2], = (e flo-Pof])”
L
Now, we will show that there exists v € L2 (R, L? (€, U)) such that
~ ~ 3
2], = (e]}=-22])
L,
which is equivalent to

6’/0+005 (<Dv(s),J5Dv(s)>) ds — (9 HD*JBDH)%

Now suppose that

7, = (s o 2770),) = )l

We define v; as follows

v1(t) = B()vo, where B(.) € L* (RT, R) and 1B 2@+, oy =1
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Then

+oo
E. = £ 2d
Ol = [ el
+oo 5
= [ 15l as

+oo
= ol / 18(s)|12 ds

Therefore
2 2
o1 ()lIzz = [lvoll” =1

and

2 e >
L2, = 9/ & ({ Dur(s), PDu(s))) ds
o= o) £ )
+o0 -
= 0 (<ﬁ(s)v0,D*PDvo>) ds
0
~ Foo 5
— 9 HD*PDH/ 18(s)|? ds
0
~ o0|p*Pp||
Which concludes the proof. m
In the following theorem we give an important characterization of the sta-
bility radius 7 (A; (D, E)) in terms of the solution of the Lyapunov equation

(5.17).
Theorem 5.11 Suppose that there exists P € LT (H) satisfying

2 <ﬁx, Am> + (Ez, Ex) = 0, z € D(A) (5.21)

I—0%*D*PD + 0 (5.22)

Then r (A; (D, E)) > o.
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Proof. Let A € Lip(Y, U) such that [[Af,,, < o, and suppose that

P e L*(H) is such that (5.21) and (5.22) hold. Let z(t) such that
t
x(t) = S(t)xo + / S(t— s)DA (E(z(s)) dw(s)
0
set y(t) = Fz(t) and u(t) = A (y(t)), t > 0. We have
¢
y(t) = ES(t)zo + E/ S(t — s)Du(s)dw(s), t > 0. (5.23)
0
For every T > 0, define the truncations ur € L2 (R*, L? (2, U)) by

u(t) = A(y(h) ift [0, T],

ur(t) =
0 ift>T,
Then
2 oo 2
farliiy = [ Qo)) a
r 2
- [ etuena
r 2
= [ euaumn a
2 T 2
< 8l [ (EluolR)
0
Hence
2 2 T 2
Jurliy < 1N, [ € Clutol)*a (5.24)

Now define yr as the output of the system (A; (D, E)) generated by the input

up with initial condition x(0) = x¢. Then

yr(t) = ES(t)zo + Lur(t), t > 0. (5.25)
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From (5.23)-(5.25), we get

T 3
< / 5||y<t>||2dt>
0

IN

lyrllL:

IN

|ES@)zoll + ||| lur

Thus

(/Ts ok dt) © < B8Ol + IZ] 120, (/Ts (y)1)* dt) " 5.20)
0 0

Condition (5.22) implies that
1- 0% |D"PD|| >0
Thus
0|p"Pp| <02
By the previous lemma, it follows that
12
|2 <o~

Now since [|Al| ., < o, the operator LA is a contraction on L2 (R, L?(, Y))

with BZHZH IAl,, < 1. From (5.26) we get that

T 3
(/ g IIy(t)IIZdt> < (1=B)""|ES(t)zo| for all T >0,
0

Therefore y € L2 (RT, L*(Q, Y)) and u = A(y) € L% (RT, L*(, U)). By
Lemma 5.9, the solution z(.) of (5.6) belongs to L2 (RT, L?(Q, H)). We con-
clude then that r (4; (D, E)) > 0. =

As a consequence of this theorem we have the following corollary which

enables us to obtain a lower bound for the stability radius.
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Corollary 5.12 Suppose that there exists P e L*(H) a solution of the Lya-
punov equation (5.17). Then,

P (4:(D, E)) > (s]|p*Po]) (5.27)

Proof. If HD*ﬁDH — 0, then I — 020D*PD = 0, for all o > 0. From the
above Theorem, it follows that r* (A; (D, E)) > o, for all ¢ > 0. From which
we deduce that v (4; (D, E)) = 4oc.

<D*ﬁDu, u>

If HD*lBDH = 0, we obtain from the fact that HD*]SD‘ = Sup—m—"
u#0

~ -1 -
[u]|* — HD*PDH <D*PDu, u> >0, foralueU

Hence
9 - —1/2\ 2 -
[lu]|” — ((9 HD*PDH) > 0 <D*PDu7 u> >0, foralue U

By the previous Theorem we deduce that

_1
2

r (4(D, B)) = (o]0 PD))

We will show that the equality holds in (5.27) when E is a bounded operator.

Proposition 5.13 Assume that E is a bounded operator. If there exists P €
LY (H) a solution of the Lyapunov equation (5.17), then
~ -3

™ (A; (D, E)) = (9HD*PDH) (5.28)

Proof. From the above Corollary, it remains to show that ' (A4; (D, E)) <

_1
2

(0 HD*JBDH) . Let ug € U with ||up|| = 1 such that
HD*ﬁDH - <D*ﬁDuo, u0> —k (5.29)
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1. If Kk = 0 then D*PD = 0. It follows from the above corollary that

r* (A; (D, E)) = 0.
2. Suppose now that x # 0. Define the perturbation A as follows
Aly) = (0r) " yllwo, y €Y

Then [[All,, = (05)"*? . We will show that for this A the system (5.6)
cannot be stable. Assume that this is not the case. The solution z(.) of

(5.6) satisfies
t
z(t) = S(t)zo +/ S(t — s)DA (Ex(s)) dw(s), t > 0.
0
Set y = Ex, then y € L2 (R, L?(Q, Y)). We have

yt) = ES({t)xo+ E/o S(t—s)DA (y(s))dw(s), t >0

ES(t)azo + (9&)1/2E/0t8(t—s)Duo ly(s)|| dw(s), t >0

By applying Lemma 5.9 to this equation we obtain

/ T ey de / T IES @0l dt
0 0
+oo
_1 -~
=070 [ & (Duolly(s)l. PDuo (o)) ds
/O IES(E)z0|? dt

~ o0 2
17! (o, DPDw) [ € (o)) ds

From (5.29) we get

/0 £ ly(t)|2 dt = / | ES()o|® dt + / £ lly(s)|2 ds
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This identity implies that [, | ES(t)xo||> dt = 0. From (5.19) we have

(Puo, z0) = /Om (B (-2 S(s)zo, B(~4)" S(s)zo) ds

o0 9
= /0 IES(s)xo||? ds (5.30)

We deduce then that P = 0, which implies that «x = HD*]SDH = 0.

Therefore the stochastic system (5.6) can not be L2-stable. We conclude

that

1a = (JopBo]) " = v (410, 2)

5.5 Examples

Example 5.14 ([48]) Consider the parabolic equation with Newman boundary
condition
Oy(z, t)/0t = y(x, t)/0z* — y(z,t), z € [0, 1], t € [0, T

y(z, 0) = yo(w),

(0, 1)/0x = —c(f,y(z,t) w(t), dy(1, t)/0x =0, c€R, fe L?(0,1)
(5.31)

To put the problem (5.31) into the abstract setting we introduce the self-adjoint
operator Ah = % — h in the Hilbert space H = L*(0,1)) with

2
D(A) = {z € Ly(0, 1), % € Ly(0, 1), % =0atz=0, 1}

The operator A generates an analytic semigroup S(t) (see [44]). The eigenvalues

of A are A\, = — (1 —1—71271'2)7 and eigenvectors are @, = %cosmrm, n>1
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wo = 1. Let N (Newman map) be the map Lo({0, 1}) — L2(0,1) defined by
y = Ng where y is the solution of

Jy

Ay=0, =(0) =g, ==(1)=0
y=0, o) =g, L)
Now define the operator
Du= A*Nu
Let ® € D(A), we have
(Du, cI))LQ((], 1y = (Nu, Aq))L?(O, 1)

1 920 1
/ONu(x)@(x)dx—/O Nu(z)®(z)dx

We obtain from the Green’s formula:

(Du, @)oo, 1) = Nu() 90 (1) = Nu(0) 52 (0)

[ ONu@) 92 [ N @)
R s = [ Nu@w@)

1 1
—A 8]\:;;(33)22)(:5)(1:1:—/0 Nu(x)®(x)dx

Applying again the Green’s formula we obtain

1 ONu(x) 0P ONwu(l) ONu(0) 1 82Nu(a:)
/o Oz a(x)dx - O ®(1) - o ‘I’(O)—/O W(I)(x)dx
~ @) - [ TN ()

0

From which we obtain

1 92 Nl 1
(Du, ®) 1200, 1y = —u(x)CP(O)—i-/O %@(m)dm—/o Nu(z)®(x)dx
L (02 Nu(z
= —u(z)§"P(x) +A (82;2() - Nu(:z:)) O(z)dx

1
()0 B (z) — / (ANu(z), B(z)) d

0

123



where § is the Dirac Delta function at zero. But since ANwu = 0 it follows that

(Du, q>>L2(o, n == (6u(x), (b(m»[,?(o, 1)

We deduce that D € L (R,H‘é_‘ (0, 1)) is defined by Du = —du. Setting

Ez=(f, z), A=k e R, We can present (5.31) as follows

dz(t) = Az(t)dt + DAE(z(t))dw(t)
(5.32)

z(0) = 2o

1

Since o = v+ 6 = i +35 < %, Jor € such that 0 < € < 3, then there ewists

a unique solution of (5.32). In order to get an explicit formula for the stability

radius we need at first to solve the following Lyapunov equation
2 <ﬁz, Az> +(Ez,Ez) =0, z € D(A) (5.33)

Suppose we can express the solution P of (5.33) by

“+o0

n,j=0

Then since
+oo
Az = Z)\n (z,0,) ¥n, 2 € D(A)

n=0

It follows that

<132,Az> = <+f Py (z,0:) ¢, iokn <z,s0n>son>

%,,j=0 n=0

+oo
= Z Pzn>\n <Za<pn>2

7,,m=0
Now since
“+o0
<f7 Z> = <fv Z<Za§0n> (pn>

n=0

+oo

= D (zel) (f en)
n=0
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It follows that

(Bz,Ez) = [{f, 2)°

Equation (5.33) becomes

+oo +oo 2
2 Z Pindn (z,0,)° + (Z (z,0,) ([, gon)> =0, z € D(A)

i,n=0 n=0

Assume that Py, =0 for i #mn. For z = ¢, k > 0, we get
2\ P + (f, o1)” =0

Therefore

P = —{f, )% /2M

We deduce that the solution of (5.33) is given by
Pz= ZPk (z,04) 01, 2 € H; where Py = (f, ©)° /2 (1+k*7%), k> 1.

k=0

For all w € U we have

HD*ﬁDH = sup <D*ﬁDu7 u>

uelU
But
<D*?Du, u> - <13Du, Du>
Since
+oo +oo
Du = Z(DUWQ%:Z(%(;*@Q%
k=0 k=0
+o0o 1 +oo
= =) us)pp(0)p, = ——= ) u(s)y
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and

+oo

PDu = ZPMDU#PQ%
k=0

LS
= ——= ) Pu(s)pp
V25

It follows that

(D*PDu, u) = <—2Pk ¢k,—ﬁ;u(8)%

+oo
5 <Z Pau(s)pn, Y u(s)son>
k=0

n=0
+oo +oo
= | ZZP]G Pk> (pn
k=0n=0
we get than
(D*PDu, u) |u )|? ZPk

From which we deduce that

- - 1+
HD PD‘ %1:81 <D PDu, u> : ;Pk
But

+oo +o0 2

> h- Y e

k=0 k=0
If we assume that (f, @) =1, for any k € N, then (5.84) yields

+oo

1 1 1
P, ————— = —+ —coth(1) ~ 0. 2
E e = E 21+ k2) 4+4cot() 0.578 26
Thus
L~ 11
HD PDH - (8 +3 coth(1)> ~ 0.28913
Therefore

- -1/2
(A, D, E) = HD*PDH ~ 1.8597
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We conclude that for all ¢* < 3.4587, the system (5.31) is stable. This bound

is larger than 3/2 obtained by Ichikawa in [48].

Example 5.15 Consider the stochastic parabolic equation

dy(z,t) = [0%y(w,t)/02?] dt + cb(z)y(&y, t)dw(t), 0 <z, & < 1.

y(,0) = yo(z), y(0,t) =y(1, t) = 0.
(5.35)

In this example we take H = L? (0, 1) and A = d?/dx?, D(A) = H} (0, 1) N
H2(0,1),D=be L2(0, 1), A=ccR and E € L(H%+€(0, 1), R), such
that Ez = z(§,). In the abstract form, the system (5.85) can be presented as

follows
dz(t) = Az(t)dt + DA (Ez(t)) dw(t)
(5.36a)
Z(O) = 20
For this system, we have v =0 and § = i—i— 5, € >0, so there exists € > 0 such

that a < % We deduce that equation (5.36a) has a unique solution.

Now we solve the Lyapunov equation
2 <13z,Az> (B2, E2) = 0,2 € D(A). (5.37)
As in the above example we can show that

<]5z,Az> = +i:’° Pink, (2,9,

i,,m=1
where &, and v,, are, respectively, the eigenvalues and the eigenvectors of the

operator A. They are given by [8]
¢, =—n’n% o, (x) = V2sin(nmz), n>1
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For the second term of the Lyapunov equation (5.37) we have
(Ez, Ez) = |2(&)I”
Equation (5.37) is then equivalent to

+oo
2 Z Pznfn (szn>2 + |Z(§0)|2 =0

i,,n=1

Assume that Py, =0 for i #mn. For z =1, k> 1, we get

2P&, + Wk(fo)‘z =0
From which we obtain
Py = — [, (&0)1* /2¢5,

We deduce that the solution of (5.37) is given by

+oo

Pz=Y"Pulz) by, 2 € Hy where Py = [y, (&)* /2k>7%, k> 1.
k=1
We have
D*PD =P
To obtain a sufficient condition for stability we assume ||b|| = 1. Then

+oo +oo . 2
= sl - |\/§sm(k7r§0)|
o7 Pof, =[P = 3R = 30

Since |ﬁsin(mr§0)| < /2, for all k € N*, we obtain

~ R |
i) <5
k=1

k22
But
e N - |
k?r?2  n2 k2 6
k=1 k=1



~ ~ -1
We deduce that HD*PDH < 1/6, and thus HD*PDH > 6. Hence if 2 < 6,
~ -1
then c® < ”D*PDH < (1% (A4, D, E))* from which we conclude that the

system (5.35) is stable The same result was obtained by Ichikawa in [48].

Example 5.16 Consider the stochastic parabolic equation

dy(z,t) = [0%y(w,t)/022] dt + cb(z — &) (f,y) dw(t), 0 <=, £<1, feL?(0,1).

y((L’,O) = yO(m)a y(oat) = y(]-v t) =0.
(5.38)

In this case we take H = L?(0, 1) and A = d*/dx?, D(A) = H} (0, 1) N
H?(0, 1), Du = 8¢u, where d¢ is the Dirac Delta function at & and Ez = (f, z),
A=ceR. ThenD ¢ L(R,H*%*E (0, 1)) ,e>0and E € L(H,R). In the

abstract form, the problem (5.38) can be formulated as follows

dz(t) = Az(t) + DAE(2(t))dw(t)
(5.39)
2(0) = zo
For this system, we have v = %—i— 5,€>0, and 6 = 0, so there exists € > 0 such
that o < % We deduce that equation (5.839) has a unique solution.

In order to get an explicit formula for the stability radius we solve at first

the following Lyapunov equation
2 <ﬁz,Az> +(Ez,Ez) =0,z € D(A). (5.40)

As in Example (5.15) we obtain
Pz =" Py (2,9) 1y, 2 € H; where P, = (f, v;)" /2k*7* k> 1.

k=1

here &, and v, are, respectively, the eigenvalues and the eigenvectors of the
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operator A. They are given by [8]
¢, = —n’n?, ¢, (x) = V2sin(nrzx), n>1
For all w € U we have

HD*!SD” = sup <D"‘1’:—V’Du7 u>

uelU
But
<D*]5Du, u> = <]3Du, Du>
Since
+oo
Du = Z (Du, ) Py,
k=1
+oo
= V2 (Z sin(lmf)zbk) u(s)
k=1
and
“+ o0
PDu = Y Pi(Du,vy)
k=1
“+o0
= V2 (Z Py sin(kﬂf)wk> u(s)
k=1
It follows that
+0o0 +oo

<D*ﬁDu, u> =2 |u(s)? Z Z sin(nmé) Py (Y, V)

k=1n=1

we get that
~ too
<D*PDu, u> = 2Ju(s) Y sin®(kn) Py
k=1

From which we deduce that

“+o0
HD*PDH = sup <D*PDu, u> =23 sin?(kné) P
Jlull=1 =
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But

Zbln (km&)P Zsln (k&) J;k;/)k2> (5.41)

If we assume that (f, 1) =1, for any k € N, then (5.41) yields

+oo 1

+oo +oo
1
in2 = in2 _— < _—
> sin?(kn) Py ;:fm (k78) 575 szzl T

We have
S
2k272 12
k=1
Thus
~ 1
|pP] <5
6

We deduce that

~-1/2
(A, D, E) = HD*PDH >6

Hence if ¢* < 6, the system (5.38) is stable. The same result was obtained by

Ichikawa in [48]. In the particular case & = %, we obtain

oo - 5 s

But
=1 kr 1 <X 1 o ((n+1)7
S (5) = w2 g (U
)2n
- sz (2n +1)?
Hence

|D*PD| = 0.125
In this case the stability radius is given by

" (A; D, E) = HD*ZBDH_E ~ 2.8284
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Chapter 6

Conclusion

Motivated by many applications in control engineering, problems of robust sta-
bility of dynamic systems have attracted a lot of attention of researchers during
the last twenty years. In the study of these problems, the notion of stabil-
ity radius was proved to be a very effective tool. In this thesis, we have used
the framework of stability radii to investigate the problems of robust stability
and robust stabilization for linear deterministic systems on real Hilbert spaces
which are subjected to Lipschitzian stochastic structured multi-perturbations.
Naturally, the research in this area is not completed by this thesis and several

interesting open problems remain.
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6.1 Summary of the obtained results

First we considered the case where the operators describing the structure of the
perturbations are bounded. We established, by adapting the approach used in
[39], characterizations of the stability radius in terms of a Lyapunov equation
and the corresponding inequalities. These characterizations are used to obtain
a computational formula for this radius.

In order to improve the stability margin, we studied the problem of maximiz-
ing the stability radius with respect to state feedback. We established conditions
for the existence of suboptimal controllers in terms of a Riccati equation. We
showed also how the supremal stability radius can be determined in terms of
this equation.

Our last contribution concerns the robustness of stability in the case where
the operators structure are unbounded. This case is more important in the
applications because it covers the case of partial differential equations with
boundary and pointwise noise. We showed how we can generalize the results
established in the bounded case for this case. We characterized the stability
radius in terms of a Lyapunov equation similar to the one used in the bounded
case. These characterizations enables us to determine a lower bound for the
stability radius. It is shown, under an additional assumption, that this lower
bound is equal to the stability radius.

Several examples are given in the thesis which illustrate the different results

obtained.
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6.2 Open problems
In this section we discuss some open problems, which appear to be interesting.

1. Since time delays are encountered in various physical and engineering sys-
tems, robust stability problems of linear time-delay systems have received
much attention. In Chapter 3, we illustrated the calculus of the stability
radius for the class of delay systems. We considered just the one and two
dimensional cases. It is important to establish formula for computing the
corresponding stability radius. We notice that the problem of comput-
ing the stability radius for linear time-delay systems under deterministic
multi-perturbations has just been solved recently in [43] and only for pos-

itive systems.

2. The problem of maximizing the stability radius is studied assuming that
the full state is available for measurement. However, for some control
systems this may not be a valid hypothesis. Therefore, it would be inter-
esting to consider the problem of optimizing the stability radius by static

or dynamic output feedback.

3. In the case where the operators structure are unbounded, there seems to

be many interesting open problems.

(a) In this case, we have obtained just a lower bound for the stability
radius. We believe that we can obtain a result similar to the bounded

case. However, this requires an investigation.
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(b) Tt would be interesting to generalize the obtained results for the multi-

peturbations case.

(¢) The results of Chapter 5 are established assuming that the semi-
group describing the dynamics is analytic. A study which drops this
hypothesis is desirable.

(d) The maximization problem has not been considered. This can be an

area for future research.

4. In the case of stochastic systems with Markov jump perturbations, some
estimations on the stability radius are given in [20]. It seems to be inter-

esting to generalize there results to infinite dimensional systems.

This seems to be an appropriate end of this thesis but not of the research.
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Appendix A

In this appendix we give some results, established in [17], concerning the reso-
lution of the Lyapunov equation for delay systems.

Let b be a positive number and 61, ..., 0, be real numbers satisfying
—b=0L<Op_1<..<0,<6y=0

Consider the linear delay differential equation

@it — Aga(t) + Zk:lAia:(t +6;)
x(0) =, (A.1)
(@) =h(0), —b<6<0.
where A; € L(RY), i = 1,...,k, r € RN and h € L? (—b, 0; R"). Taking the

space H = M> (—b, 0; RN) =RN x L? (—b, 0; RN) endowed with the inner

product

0) () 0
(e z’>H—< e I >—[<y<o>, JO)+ [ (wl0), ) ao
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and the new state z(t) = in H, it can be shown [10] that the
z(t+0)
operator
k
y(0) Agy(0) + > Aiy(6:)
Az=A = i=1
d
y fTZ

with domain

D(A) = ; y, abs. cont. and y € L* (—b, 0; RY)

generates a strongly continuous semigroup in H. The System (A.1) can be for-

mulated as the abstract differential equation

z(t) = Az(t),
(A.2)
z(0) = 2o

on the state space H.

We have the following definition of the L?—stability.
Definition A.1 The system (A.1) is said to be L?—stable if

lim (2(s), 2(s))y ds < o0,

t—oo Jg
where z(s) is the solution of the system (A.2).
We have the following conditions for L?—stability, established in [17].

Theorem A.2 Let Q = 0 in L( RYN). The following statements are equivalent.

1. The system (A.1) is L*>—stable.
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2. There exists a nonnegative self-adjoint operator P € L(H) such that
(Az, PZ')+ (Pz, A2')+ <z, @z’> =0, forall 2,2 € D(A) (A.3)

~ Yo
where Qz = (Qyo, 0); for z = € RN x L? (b, 0; RY).
Y1
3. There exists an o < 0 such that the spectrum o(A) of A lies entirely in
{Ae C/ReA < a}, where 0(A) = {\ € C/det A(X\) =0} and det A(X) is
the determinant of the matriz
k
AN) =M — Ag — ZAiewi.
i=1

Let ®(t) be the semigroup generated by A. By [17], the semigroup ®(t)

Yo
satisfy the following identity for all z = in H
Y1
[@(t)2], = 2°(t)yo + @' (t)y1- (A.4)
where
0
O (t)y, = / O (t, a)yi(a)do (A.5)
—b
and
k OOt —a+0,)A;, t=a—0,>0
o (t,a) = Z (A.6)
=11 0 , otherwise

In the following proposition, established in [17], we give a characterization of

the solution of the Lyapunov equation (A.3) in terms of ®(t) .

Proposition A.3 If the Lyapunov equation (A.3) has a nonnegative solution

in L(H), it is unique and for all z, 2’ in H

(Pz,2) g = /+OO <@(t)z,@¢(t)z'> dt; z, 2 € H
0
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More characterizations of the solution P will be given in the following the-

orem.

Theorem A.4 Let P = 0 in L(H) be the solution of the Lyapunov equation

(A.3). It is completely characterized by its matrix of operators

FPoo  Pou N ) N N
) POO € L(R )7P01€L(L (76707R)7R)5

Py P
Py € L(RY, L?(=b, 0; RY)), Py € L(L*(-b, 0; RY)).
Pyo is characterized by the equation
PooAo + A5 Poo + Pio(0) + Pio(0)" +Q =0, Pyo = (Poo)” = 0. (A7)
Py is characterized in the following way:

(Proy°) (@) = Pro(a)y’, y° € RY (A.8)

where the map

o — Pio(a) : [=b, 0] — L(RY) (A.9)

is piecewise absolutely continuous with jumps at o = 0; of height Af Py, i =

1,....k — 1. Moreover the map (A.9) is itself characterized by the differential

equation
dPyg = . )
don (O() = Plo(Oz)Ao + ZA’ PO()(S(OZ — 0,) + Pn(Oz, 0), ae. 1 [—b, 0} s
i=1
Pio(=b) = A} Poo, (A.10)

where §(a — 0;) is the §-function at o = 0;.
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Py1 is obtained from Py :

0
Poy' =/ Pio(e)*y" (a)der, y* € L* (—b, 0; RY). (A.11)
—b

Py1 is characterized in the following way:

0

(Puy') (a) = / Pui(a, B)y(B)dB, (A12)

—b

where the map
(@, B) = Pula, B):[=b, 0] x [=b, 0] — L(RY) (A.13)

is piecewise absolutely continuous in each variable with jumps of height A Py (8)" at
a=0;,t=1,...k—1 (resp. Pio(a)Aj at §=0;,j=1,...k—1). Moreover

the map Pi1(«, B) is the solution of

o 9 — -
(8(1 + 8[3) Pyy(a, B) = ;A;‘kplo (B)" (e — 0;) + ;Plo (@) 4i6(5 = 6;)
(A.14)

with boundary conditions
P11 (=b, B) =A;Pio(B)", Pi1(a,—b ) = Pio () Ay, (A.15)

and symmetry property Pi1 (o, B) = P11 (8, a)”.
The solution of the above differential system is

Pio(a—B—0)Ag, a>f
Py (o, B) = (A.16)

AZPlo(B—Oé—b)*, Ot<6

k-1 AfPpo(B—a+6;)", —b<B—a+0b; 0, <«
>

=11 0, otherwise

il Piola=B8+0;)4;, —b<a—-B+0; 0; <p
+>

=110, otherwise
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In order to show how we can get equation ( A.7) and the differential equations
( A.10) and (A.14) we will give a detailed proof of this theorem similar to the
one given in [17].

Proof. The proof will be decomposed in three parts. In the first part we
use the proposition (A.3) to study Pyo and the kernels P (@) and Pi1(«, 8) of
the operators Py and Py;. In the second part we use the results of the first one
to derive equation (A.7) and the differential equations for Pjo (o) and Piq(a,
B). Explicit expression of Pi1(«, ) in terms of Pig () is given in the third part.

Part1. By proposition (A.3) we have

+o00
(Pz,2') g = /0 (®(t)z,QP(t)2') dt, z,2" € H.

ho fo
(i) Let z = and 2/ = such that hg, fo € RY. Then
0 0
Poo  Por ho Jo +oo ~
< , :/ <<I>0(t)h0,Q<I>0(t)f0>dt
Py P 0 0 0

H
which implies that

(ho, Poo fo) = <ho, ( /O o <I>°<t)*@<1>°<t)dt> fo> , for all hg, fo in R™.

We deduce that Poy = ( JoFee cI»O(t)*Q@O(t)dt) .

0 Jo
(ii) Let z = and 2’ = such that hy € L? (=b, 0; RY) and
hi 0
fo€ RY. Then
F oo
< 00 Po1 0 7 fo > _ /+ (@ (e, QB0 o)
Py Pry hy 0 u 0
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Since ®!(t)h1 = [°, ®'(t,@)hi(a)da, it follows that

< Forh) o > _ /0*°°< /Z <I>1(t,a)h1(0¢)d0l7@‘Po(t)fo>dt

P11k 0 .

which yields

(Porha, fo) = /0 < (/O+OO q>°(t)*é*q>1(t,a)dt) hi(a), fo>da.

—b

Using (A.11) we obtain

</Ob Pro()* b (@)da, f0> _ </1 (/Om <I>O(t)*Q*<I>1(t,a)dt> hi () dar, f0>

from which we deduce that
+oo
Pufa)= [ #(t.0) Qe )
0
We now substitute for ®*(¢, o) the expression
k POt —a+0,)A;, t>a—0;>0

> (A.17)

=1 0, otherwise

Af [0 30(t — a +0,)*QP°(t)dt, 0, <
=1 0 , 0, >«
From this expression we see that Pjp(a) has jumpsat « =0;,i=1,....k—

1, of respective heights A} Pyo. Moreover Pig(—b) = Aj Poo.

(iii) Let z = 0 and 2/ = 0 such that hi, fi € L? (—b, 0; RN).
h1 fi
Then
POO P01 0 0 +oo
< , > :/ (@' (t)h1, QP (t) f1) dt.
Py Py h fo)too
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In view of (A.5)

< e >:/o+m</_i@1(t’a)hl(a>dw /_i¢1(ta5)f1(ﬂ)d5>dt

Pllhl fl
H

which implies that

(Pubs, s, = [ 0 (/ 0 (/ - B (0, Q 0 (0)dt ) (o, 1i(9) ) o

—b —b

hence

0
[ (Puln) (5). (o) ds

-/ b (f b ([ @wnraw o) mede £6)as

using (A.12) we obtain that

/ </ Puls. a)iufa)d, fi (s) ) ds
- /b</b (/om ‘1’1“’5)*@‘1’1“’@“) ha(a)da, f1(5>>dﬁ.

which yields for all Ay and f; in L2 (—b, 0; RN)

([ e i s
} /—Z </—Ob </o+oo s )*Q*@(t’o‘)@ I (a)day f1(6)> dj.

we deduce that

+oo
Pu(B, a) = /O (1, )" Q" (¢, o)dt

Which implies that

* oo 1 * 1
Pu(B, o) = / (1, 0)" Q@ (1, B)dt.

0
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Now we use (A.17) to express Pji(a, B) in terms of ®°.

@
Il
-
<.
Il
-

TRl K A0t —a+0,)", t=>a—0; >0
Pll(aaﬂ) =
o |=1] 0 , otherwise
| &E POt —B+0,)A;, t=B—-0;>0
xQ |3 e ! dt
=110 , otherwise
Kok | ATt —a+6,)* Q0 (t—B+0,)A;, t=a—0,20,t=5—0; >0
:zz/ dt
0

0 , otherwise

S5, dtATRO(t — a+ 0;) QPO (t — B+ 0,)A;, a—0; > B —0; >0

[

= éﬁ:l /jjj dtA; Pt —a+0,)* QP (t —B+0,)A;, B—0;>a—0;>0
0 , otherwise
[, dtAr et — o+ 6;)
QPO(t— B+ 0,)A;, B—0; —a+0,<0 B=0; ey
ijl é s dt, B=0;—a+0;>0 o
0 , B <0;
0 ,a<b;

Given «, Pi1(«, 8) has jumps at 5 =6;, j = 1...,k — 1, of height

i SIS dtATRO(t — ot 0;)°QE (1) A), a > 6 Pt
= Iol) Ay

i=1 0 , a0 < 0;
It follows that Pi1(co, —=b) = Pyg(a)Ag. Now given 3, Pi1(«, ) has jumps at

a=26;,1=1..,k—1, of height

b T At AT OO (1) QPO (t — B+ 0,)A;, B >0,
"y i 3145, B2 U . .
’ = A P1o(D)

Jj=1 0 ,ﬁ<0j
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Moreover,

Pi(=b, B) =)

and

k

oy, dLATRO(£) QO — B+ 0;)A;, B > 6,
Jj=1 0

, B<0;

P11(—b7 5) = AZPM)(ﬁ)*

We now express Pi1(«, 8) in terms of Pjg(.). We have

25 dtATO(E — o+ 0:;)* QD0 (t — B+ 0,) A,
k B—0;—a+0;<0 »a=0;
k Z 76
Pry(a, B) = Zl =t 0 , otherwise
=
0 ,a<b;
0 B <0
07 7ﬂ_0j_a+9i<0
k S dtAz @0t — o+ 0,)*Q , B>,
k Z , & > 91
t; = Ut —p+0;)A; ,B—0;—a+0;>0
0 , B<0;
0 , o < 92
o0, —p, QAT (t —a+ B —0; +0,)*Q
k
i ; A, —a+B-0;+0,<0, a0, B=0
=1 0 , otherwise
0 B < b
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+o0o * *
Bt 616, dtAF0(1)*Q
k
k > Ut—f+a—0;+0;), —f+a—0;+0,<0,8=6;, ,a=0
+> J=1
=t 0 , otherwise
0 ) a<9i

Part2 m tnis part we derive equations (A.7), (A.10), (A.14).
1. Our start point is the Lyapunov equation (A.3).

(Az, P2y g + (Pz, AZ)y + <z, sz'>H =0, z, 2 € D(A)

ho fo
Let z, z’ € D(A) such that z = , 2 = with hg = h(0)
h f
and fo = f(0). We have
k
Aoho + >° Aih(6;) Poo  Pou Jo
(Az, PZ)yy = i=1 ;
dh Py Py f

k
<tho + ZAih(ei); Pyo fo + P01f>

i=1

0
+/ <j§(9)7 (Profo+ Puif) (9)> df
b
k
= (Aoho, Poofo) + (Aoho, Porf) + <2Aih(9i)7 Poofo>
i=1

0

k
+<ZAih(9i)v P01f> +/<le(9)» (P1ofo) (9)>d9

—b

+7<2”;<9>, (Puf) ) do

—b
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Similarly we obtain for the second term of the Lyapunov equation (A.3).

k
<P2a AZI>H = <P()ohm Aof()> + <P00h0» ZAzf(az)> + <P()1h, A0f0>
i=1
0

k
+<P01h7 ZAif(ei)>+/<(P10h0) (9), 32(9)>d9

—b
+7 <(P11h) (9), Z{;(G)> de
—b

The third term is

- ho Qfo
(2 Q7) = < : > = (ho, Qfo)
h 0

The Lyapunov equation (A.3) is then equivalent to
k
(Aoho, Poofo) + (Aoho, Prof) + <2Aih(9i)a P1of>
i=1

k k
+ <2Aih(0i)a P00f0> + <P00h0, ZAif(ai)>
i=1 i=1
0 0

[ (GO, o @)+ [ (Fo. Pun©)anas

7 <(P11h) ), %(0)> do + 7 <(P1oho) ), %(9)> do

—b —b
k

+{ Poih, ZAif(ei)> + (Pooho, Aof)
=1

+ (Poth, Aofo) + (ho, Qfo) =0
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Using (A.11) and (A.12), equation (A.18) yields
k
(Aoho, Poofo) + <ZAih(9i)v P00f0>
i=1

+ <A0ho, /j) P{‘O(a)f(a)da> + <§2Aih(6i)7 /j) Pl*o(a)f(a)da>

0 0

+/b<32(a), Plo(Oé)fo> da+/b<gz(a), /ZPH(Q’ ﬁ)f(ﬁ)d/3> o

k
+ (Pooho, Aofo) + <Pooh07 > Aif (6 )>
i=1
0 0

k
+ < / Piy(@)h(a)da, A f0> + < / Py(a)h(a)da, Y A; f(@i)>
i=1

—b —-b
0
df
+ [ { Pro(®)ho, 2(6) ) do
J(ra 50
0 0 df
+ < Pu (B, @) h(a)da, (5)> dB + (ho, @fo) =0 (A.19)
I Z

Let

ho (1+n%), —2<p<o.
hn(e): 0( b) n

0, otherwise,

where n is chosen in such a way such that n > b67 . Then
B (0) — ho and h,, — 0 in L*(—b, O;RN).

n—-+o0o

Let f; be chosen in such a way that

supp fi C (05, 6;—1) U (01,0].
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Let h = hy, and f = f; in (A.19):

N <A°h°’ </99 /el>P10 )il >
+7<LZ}ZL(Q)’P10(O‘)fi(O)>da

01

0
dh,, 6 0
+9/ <da(a)’ </91 +/91> Pll(avﬁ)fi(ﬁ)dﬂ> da (A.20)

0
+ (Pooho, Ao fi(0)) + </P1*0( Yhn (Of)daaAofi(O)>

(LD
(/: : /9> </P11 B, &) hn(a)da, é(ﬁ)>d5+<ho,in(0)>:O

Since a — Py1(a), o« — Pii(a, B) and a — Pi1(8, «) are absolutely con-

tinuous in (0;, 0;—1) and (#1, 0) we can now integrate by parts. Equation
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(A.20) now reduces to

0; 1
(Aoho, Poofi(0 <th0, (/9 /9 )Pw ) fila >
0i 1
+ (ho, P10(0)f, <h0, </0 /9)1311 0, a) fi(a >

- /9 (@), Prola) £(0)) dac+ (Pooho, Aofi(0))

) /90 <h“(0‘)7 ( /: + /:) Pu<a7ﬁ>fi</3>d5> da

0
+ </Pf‘o(a)hn(a)da, AOfi(O)> + (P10(0)ho, £i(0))

01

+/0<P11(0 a)hn(a), fi(0)) do — (/90+/ ) <d$0( ) n(o)afi(a)>da
(/{: o /91> </dP11 a)h (oz)da,fi(ﬁ)>dﬁ+<ho,in(0)> =0

Given any g in L* (—b,0; RY),

0
V (hn(0), 9(0)) df

b

(A.21)

< hnllz (-0, &3y 190 L2 (b0, ®YY

and since lirf [hallp2(—p0, gy = 0 it follows that
0
lim [ (hn(6), 9(6))d0 =0

n—-+o0o
—b

Taking the limit of equation (A.21) as n goes to infinity, we obtain

0; 1
(Aoho, Poofi(0 <A0h0, </9¢ /01> Ply(a)fi(a >
0; 1
+ (ho, Pi10(0) <h0, (/0 /9)1311 0, @) fila >

+ (Pooho, Aofi(0)) + (Po(0)ho, fi(0)) (A.22)

(7 ) (4 s -
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Let
fo(l+m%), =t<o<o
fi(0) = fm(0) = ;
0, otherwise

where m is chosen in such a way that m > bf;'. When we take the limit

of equation (A.22) as m goes to infinity we obtain
((PooAo + P10(0)" + AgFPoo + P1o(0) + Q) ho, fo) =0
for all hg and fp in RY.

2. To obtain (A.10) in the open interval (6;, 6;_1) we choose f; such that

supp fi C (0;,0;—1) . Then equation (A.22) yields

0;_1 0i 1
<tho,/9‘ Pfo(a)fi(a)da> + <ho,/9‘ P11(0,04)fi(01)d04>

- /eeil <d20 (@) ho, fi(a)> da=0

i

which implies that

0i_1

01
/9 (Pro(a)* Aoho, £ ()da) + / (P (0, 0)" ho, fi(a)da)

7 01

/:H <d01:)140 () ho, fi(a)> doo=0

%

Therefore

/(:il <<P10 () Ao+ P (0, )" = (d(io (a))*> ho, fi(Oé)> da=0

By density of the set of absolutely continuous maps with support in

(0;,0;_1) in L? (91-, 0;_1; RN) and the propriety

Py (a, 8)" = P11 (B, @),
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the above equation yields for all kg in RV

dP,
(— dOlzo (Oé) + Pio (a) Ao+ Pn(a, 0)) ho=0

almost everywhere in (0;,6;_1) .
. To obtain (A.14) in the region
{(a, B) € [=b, 0] x [=b, O]/ v € (6i; 0in), B € (5, 0;-1)}
we choose
h = h;, supp h; C (0;, 0;—1),
f= [ supp f; C (0}, 6;-1)

and substitute in (A.22 ) which reduces to the following expression:

0i—1

1 0,1
/ <CZZ§ (O‘)’/ Pll(avﬁ)fjl(ﬁ)dﬂ> da (A.23)

9,
0; J

01
’ 0;_1 dfl
o) hH(a)do, =L =

J

The two terms can be integrated by parts:

i—1 L 6,1
/ <(gzi<a>’ /, Pn(mﬁ)f}(ﬁ)dﬁ>da

0, 1
:7/ <h}(a),/0. £P11(a,5)f31(5)dﬂ> do

and

/QHP (8, )bt (@)da, 2. (8) Y ap
o g

- / <885Pu(ﬁ7a)h%(a)da,f}(ﬂ)>dﬂ
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Equation (A.23) takes the form

0;_1

0, 1
/ <h$<a>, /| £P11(a7ﬁ)fj-l(ﬂ)dﬁ>da

0, /

+/ /Q%%WﬂW%Mwﬁm>w=o

which implies that

:/ | </99 ((Zrata) w16 dﬂ) do

0i1 [0

[ ] (gt )da | a5 —o

0i 0j

Using the property Pij (o, 8) = P11 (3, «)” it follows that

:/ (/: <(<8aapu(a,ﬂ)>* + <§3P“(a’ﬁ))*> hi(c), fj(5)> dﬁ) da =0

i

Now using the density argument we obtain

0 * 0 *
(80[1311(04 5)) + <%P11(0475)> =0
from which it follows that

%Pu(a,ﬁ) + %Pu(a,ﬂ) =0

for all most all (v, 5) in (6;, 6;—1) % (85, 8;-1).

Part3. we now solve equation (A.14) with boundary conditions (A.15).

We let 7 = a — 8 and consider two cases. First let b > 7 > 0; then
b<B<0=7n-b<a<0
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If we change the variable 5 to n = a — 3, equation (A.14) becomes

d
d—PHoz a—n) ZAPNCV n)* 6(a—0 —|—ZP10 ) Aid(e —m — ;)

This last equation can be integrated from 7 — b to « :
Pu(a, a—n) = Pu(n—>5, —b)

Al AiPo(a—n)", n-b<0; <a

=110, otherwise

Ll Pio(n+0;)A;, n—b<n+0; <«

J=1 0, otherwise

Finally for a > 3,

Pii(a, B) = Pio(a—p3-0)A;x

k-1 Plo(Oz—B—f—@j)Aj, 9j <p

=110 , otherwise

k-1 Afplo(ﬂ_@+91)*a _bgﬁ_a+9“ 91<Oé
>

=110 , otherwise

= Plo(a—ﬁ—b)Ak
k-1 Plo(Ot—ﬁ—f'ej)Aj, 0j<ﬁ, —bSOé—ﬁ—F@j

otherwise

k-1 A;‘Plo(,é’—oz—i—ﬂi)*, —bSﬁ—O&-F@,’, 91‘<Oé

J=1 0 , otherwise
Notice that in the above expression for Pi; (e, () all terms but the first are

symmetrical. Hence for a < 8 we shall obtain the same expression with the
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exception of the first term which will be equal to

AZPH) (a — ﬁ — b)*

But
BH—H>1 Pig (0 — 3 = b) Ap = Pro (=) Ay = A}, Poo Ay
asp
and

B@QAZPIU (Ck — 6 — b)* = AZPIO (—b)* = AZPOOAI@

B<a

imply that this first is continuous at (@, «), —b < a < 60—y, This makes it

possible to write the first term as follows:

PlO(Oéf/B*b)Akaa Z /8

AZPlO(afﬁfb)*, « < B

This yields identity (A.16). m
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Appendix B

In this part, we give a proof to Lemma 3.7, similar to the one given in [39]. At
first we recall some basic definitions from the Graphs Theory.
Let V a set of points which shall be considered to be connected in some

fashion. We call V' the vertex set and the elements v € V are vertices.

Definition B.1 A graph G = G (V') with the vertex set V is a family of asso-
ctations or pairing

E=(a,b), a,beV (B.1)

which indicates which vertices shall be considered to be connected. Fach defined
couple (B.1) is called an edge of the graph; the vertices a and b are called the

endpoints of the edge E.

In the applications a graph is usually interpreted as a network in which the
vertices of G are nodes or junctions.

In the definition (B.1) of an edge one may or may not take into account the
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order in which the two endpoints occur. If the order is immaterial
E = (a,b) = (b,a)

we say that F is undirected edge. On the other hand, if the order is to be taken
into consideration we shall call E' a directed edge. A gragh is called undirected

when every edge is undirected, while in a directed graph all edges are directed.

Definition B.2 A sequence of edges in G is any finite or infinite series of edges
S=(., Ey, E1,.... Ep,...)

such that consecutive edges F;_1 and E; always have a common point.

Definition B.3 A sequence of edges is a path when no edge appears more than
once in it. A non-cyclic path is called a simple path or an arc if none of its

vertices 1s traversed more than once.

Definition B.4 A directed graph G is said to be strongly connected if every

node of G is connected to every distinct node of G by a direct path in G.

Let

fle) = maxfi(a),  fi(a) = )"

JEN

N s 2
Z(l> Hij s aE(0,00

«
i=1 J

where, for all i, j € N, the operator H;; € L(U;) is defined by

+oo
HZ‘jUj = Hj o D;S*(t)EZ*EZS(t)Dju]df

where the operators S(t), (Ei7Di)i:1,N and 6;, 1 = 1,..., N, are defined as in

Chapter 3.
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Set

N 2
Q5 N
a) = maxf;(a), a) = — | Hil|, ae(0,00)" .
sl =maxpi), e = |32 (55) Hols @< 0.)
Set
N o\2
(L= inf a)= inf max =\ H;, B.2
B2 et = B ;(oa) ’ (52)

Let Y the directed graph with node set N = {1,..., N} and set of directed arcs
0 ={(i.j) e N's Hy #0}

Theorem B.5 Suppose that Y is strongly connected. Then there exists a subset

J C N and a vector & € (0, oo)N satisfying f(&) = fi, and

Sy - |5

i=1 J ieJ J

N d 2
2 (&) m

In order to prove this theorem we need the following lemmas.

=n ifjed

< [ ifjeN\J

Lemma B.6 Suppose that (o) is a sequence in ST = {a € (0,00)" ;s |lal| = 1}

keN
and (f (ak))keN is bounded. If j € N can be reached from i € N via a direct
path in Y, then

lim of =0= lim af =0 (B.3)

k—+o0 k—4o00

Proof. It suffices to prove (B.3) for the case where (7,7) € ©. Since

J

2
k
f(@¥) = f () > (Z;) | Hijll

it follows that



from which we obtain the desired result. m

Applying this lemma we obtain the following existence result.

Proposition B.7 Suppose that Y is strongly connected. Then there exists & €

Sf such that

f(a) = j

Proof. Since

flra) = f(a), a € (0,00)Y, 7> 0

it suffices to consider f on Sf . Let (ak) be a minimizing sequence for f on

k>0
S J+V which converge toward some limit & in the closure of S f . We have only to
show that & € Sﬁ', ie., & > 0 for all i € N. But if we assume that 6 = 0 for
some j € N, then since(f (o/“)) is bounded and j can be reached from every
i € N via a direct path in T, we must have & = 0 by the previous lemma. On

the other hand & # 0 because (ak) k>0 18 a sequence in Siv . The contradiction

shows that &; >0 foralli € N. m
Lemma B.8 Suppose Hy, Hy € L (U), and r1 < ry are such that
[Ho + riHal| = |[Ho + roHi |

Then

[Ho +rHy|| = |[Holl, 0 <7 <7
Proof. Let v € U, ||v|]| = 1, be such that

|Ho + 1 Ha|| = ((Ho + 71 H1) v,v)
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Then
<(H0 +T’1H1)’U,’0> S <(H0 +7‘2H1)U7U> S ||H0 +7’2H1H = <(H0 +T1H1)U,U>

It follows that

((Ho + r1Hy)v,v) = ((Ho + roHy) v,v)

which implies that (Hqyv,v) = 0. So
[Ho + roHy || = (Hov,v) < ||Holl

But » — ||Ho + rH;|| is increasing and hence the result follows. m

Proof of Theorem B.5. By proposition B.7 there is a vector w € (0, oo)N

such that

2
wj .
max E (Z> Hi;|| =0
jEN || = \Wj
I liew M

Among all these minimizing vectors we choose one, denoted by w, for which the

number of j € N satisfying

is minimal. Let J be the set of these j € N. Then

Z(é’])?ﬂj <p, jJENNJT (B.4)
€N

For r € [0,1], define &(r) € (0,00)™ by setting wi(r) = w; if j € J and
@;(r) =ra; if j € N\J. For r sufficiently close to one, say r € [f, 1] with # < r,
the inequalities (B.4) still hold when @ is replaced by w(r). For these r :

(J:)Z(T) 2 (Z)Z 2 (I)Z 2 " X
SE) g ) e s (@) e se
1EN : :

@3 (r) i€J iEN\J
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But by the minimality assumption on J, none of the above inequalities can

N2
be strict for € [#,1]. Applying Lemma B.8 with Hy = > (%) H;; and
ieJ

N2
H = ) (:’—J) H;; we conclude that

iEN\J
wi(r) ? @i \? . .
Z o Hij|| = Z — | Hy||\=p, rel01], jeJ (B5)
e wj(r) : Wi
iEN iced

Setting &; = W;(r), i € N, we obtain the desired result from (B.4) and (B.5). m

In the case where T is not strongly connected, we introduce the following
notations. Let Cy, k = 1,..., K, be the node sets of the strongly connected
components of T ordered in such a way that for 1< h < k < K there is no

directed arc (i, )€ © such that i € C, j € Cy. Then, for all h, k € K

h<k= (i€ Cyand jeC,= H;; =0) (B.6)

Since N = U Cy, it follows from (B.6) that

keK
N N2 N o\ 2
A , N
f(a) = max max E — | H;;|| = max max E E — ) Hij||, a€(0,00)".
RER JECk |Ii N\ k€K J€Ck |10 jcc, \ Y

The next theorem shows that problem (B.2) can be solved by restricting our con-

siderations to the strongly connected components of Y. We denote by (0, oo)c’“

the set (0,00)* = {(¢), aj € (0, o0) for all j € Cy}.

2
a)’ i,

(aj , k€ K. Then
1€Cl

Theorem B.9 Let y, = min  min
a€(0,00)k JECK

fb = max/iy,
keK

Moreover, zfl;: satisfies pr;, = maxyy, there ewist a subset J C C} and for every
kER
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5> 0, a vector o € (0,00)" such that

N s 2
Z(af) Hy|l < p+9d, jEN.
i=1 J
(07} 2 (07} 2
) (J) Hy|| = Z(J) Hij|| = p, je T
iecy N 7 ieg N

For the proof we need the following lemmas. For every € > 0 we define the
set

X(s):{aE(O,OO)N; VEke K—1: iEC’k/\jECkszi<s}
J

Lemma B.10 Suppose that, for each k € K, a positive vector w* € (07oo)ok

is given. Choose vy, > 0 for all k € K such that

?é%)lfrk(Wk)i < jerréikrilrk_ﬂ(wkﬂ)j, k=1,..,K —1.
and define a € (0,00)" by
ai:rkaK_k(wk)i7 ke K, ieCy.
Then
a€ X(e) and Vi, j € Cy z—; = E(i:)); (B.7)

Lemma B.11 Given a family of vectors w* € (0, oo)ck , k € K, satisfying

5 (&)

1€Cl

=, keR. (B.8)

max
J€CK

there exists, for every § > 0, a vector a € (0, oo)N such that

i (W)

aj  (wh);

fla) < maxuy, +6 and Vk € K, Vi, j € C}, :
keK
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Proof. Suppose that w® € (0,00)%* , k € K, satisfy (B.8), and let § > 0.
Then

max max
keK JE€Ck

> (&)

1€C

N

For every € > 0, there exist, by Lemma B.10, a vector « = « (g) € (0,00)" such

that (B.7) is satisfied. It follows that

k 2
= max max (@ ()i g
flale)) = keK J€CK hguezch ((a (5))J> Hij
k—1 2
max max (r(e)): || + max
<m |23 (G, ) 7]+

But for all £ € (0,1) we have

a(g);
a(e),

1€Ch, j€Ck, and h < k = <e

Choosing ¢ € (0, 1) such that

maXx max

<4
keK J€CkK

k—1
> D Sy

h=1i€C}

we obtain

/(@ (e)) < maxpy + 6
keK

This concludes the proof. m
Proof of Theorem B.9. By proposition B.7 there exists a family of
vectors w®, k € K, satisfying (B.8). Hence by Lemma B.11 for § > 0 there

exists o € (0,00)" such that

f (@) < maxpy, + 0
keK

But for every a € (0,00)"

35 ()

h=1ieC},

f(a) = max max

AX I > max max
keK J€Ck

> maxjyi
AX I < Maxjiy
keK J€Ch

keK

(67} 2
1
ieCh @
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since f = inf f(a), we conclude that i = maxu,. The second part of
a€e(0,00)N keK
Theorem B.9 follows from this and Theorem B.5. m

Combining Theorem B.9 and Theorem B.5, we obtain Lemma 3.7.

164



Bibliography

1]

N. U. Ahmed, Stability of a class of stochastic distributed parameter sys-
tems with random boundary conditions, Journal of Mathematical Analysis

and Applications, 92, 274-298, 1983.

S.Albeverio and A. Rozanov, On stochastic evolution equations with sto-

chastic boundary conditions, Theory Probab. Appl., 38(1), 1-14, 1991

A. Bensoussan, G. Da Prato, M. C. Delfour, S. K. Mitter, Representation
and Control of Infinite Dimensional Systems,volume 1, Systems & Control:

Foundations & Applications, Birkhiduser Boston 1992.

S. K. Biswas and N. U. Ahmed, Stabilization of systems governed by the
wave equation in the presence of distributed white noise, IEEE Trans. Au-

tom. Control 30, 1043-1045, 1985.

V. A. Brusin and V. A. Ugrinovskii, Absolute stability approach to sto-
chastic stability of infinite-dimensional nonlinear systems, Automatica 31,

1453-1458, 1995.

165



[6]

[10]

[12]

[13]

[14]

Gu. Chen, Go. Chen and S. Hsu, Linear Stochastic Control Systems, CRC

Press, 1995.

R. F. Curtain, Stability of stochastic differential equation, J. Math. Analy-

sis and Appl.79, 352-369, 1981.

R. F. Curtain and A. J. Pritchard, Infinite-Dimensional Linear Systems
Theory, Lecture Notes in Control and Information Sciences. Vol. 8, Springer

Verlag, Berlin, 1978.

R. F. Curtain and L. Rodman, Comparison theorems for infinite dimen-

sional Riccati equations, Systems Contr. Lett. 15, 153-159, 1990.

R. F. Curtain and H. J. Zwart, An Introduction to Infinite-Dimensional Lin-
ear Systems Theory, Texts in Applied Math., Springer-Verlag, New York,

1995.

D. Henry, Geometric Theory of Semilinear Parabolic Equations, Lecture

Notes in Mathematics, Springer- verlag, Berlin 1981.

R. Datko, Extending a theorem of Liapunov to Hilbert space, J. Math.

Anal., Appl., 32, 610-616, 1970.

G. Da Prato and J. Zabczyk, Stochastic Equations in Infinite Dimensions,
Encyclopedia of Mathematics and its Applications, Cambridge University

Press, 1992.

G. Da Prato and J. Zabczyk, Evolution equations with white-noise bound-

ary conditions, Stochastics and Stochastics Reports 42, 167-182, 1993.

166



[15]

[16]

[17]

[19]

[20]

G. Da Prato and A. Lunardi, Maximal regularity for stochastic convolutions

in L? spaces, Rend. Mat. Acc. Lincei, 9(9) 25-29, 1998.

A. Debussche, M. Fuhrman, G. Tessitore, Optimal control of a stochastic
heat equation with boundary-noise and boundary -control, ESAIM Control,

Optimization and Calculus of Variations, 13, 1, 178-205, 2007.

M. Delfour, C. McCalla and S. Mitter, Stability and the infinite-time
quadratic cost problem for linear hereditary differential systems, STAM

J. Control, 13, 48-88, 1975.

J. Doyle, K, Glover, P. P. Khargonekar, and B. Francis, State space so-
lutions to standard Hy and H., control problems, IEEE Trans. Automat.

Control, AC-34, 831-847, 1989.

V. Dragan, T. Morozan, Stability and robust stabilization to linear sto-
chastic systems described by differential equations with Markov jumping

and multiplicative white noise, Stoch. Anal., Appl., 20(1), 33-82, 2003.

V. Dragan, T. Morozan and A.M. Stoica, Mathematical Methods in Robust

Control of Linear Stochastic Systems, Springer, 2006.

A. El Bouhtouri and A. J. Pritchard, Stability radii of linear systems with
respect to stochastic perturbations, Systems and Control Lett. 19, 29-33,

1992.

A. El Bouhtouri and A. J. Pritchard, A Riccati equation approach to max-

imizing the stability radius of a linear system by state feedback under

167



23]

[24]

[26]

[28]

[29]

strucured stochastic Lipschitzian perturbations, Systems and Control Lett.

21, 475-484, 1993.

A. El Bouhtouri, D. Hinrichsen, On the disturbance attenuation problem
for a wide class of time invariant linear stochastic systems, Report Nr.377,

Institute fiir Dynamische systeme, Universtéit Bremen, 1996.

A. El Bouhtouri, D. Hinrichsen and A. J. Pritchard, H* type control for
discrete-time stochastic systems, Report Nr.424, Institute fiir Dynamische

systeme, Universtit Bremen, 1998.

A. El Bouhtouri, D. Hinrichsen and A. J. Pritchard, Stability radii of
discrete-time stochastic systems with respect to blockdiagonal perturba-

tions, Automatica 36, 1033-1040, 2000.

L. El Gaoui, State-feedback control, of systems with multiplicative noise

via linear matrix inequalities, Systems Control Lett., 24, 223-228, 1995.

P. Gahinet and P. Apkarian, A linear matrix inequality approach to H>°

control, Internat..J. Robust & Nonlinear Control, 4, 421-448, 1994.

K. J. Engel and R. Nagel, One-Parameter Semigroups for Linear Evolution

Equations, Graduate Texts in Mathematics, Springer-Verlag, Berlin, 2000.

F. Flandoli, Direct solution of a Riccati equation arising in a stochastic
control problem with control and observation on the boundary, Appl. Math.

Optim., 14, 107-129, 1986.

168



[30]

[31]

[32]

[34]

[36]

B. Francis, A course in H,, Control Theory, Lecture Notes in Control and

Information Science, Springer-Verlag, Berlin, 1987.

M. D. Fragoso and O. L. V. Costa, A unified approach for stochastic and
mean square stability of continuous-time linear systems with Markovian
jumping parameters and additive disturbances, STAM J. Control Optim.

44(4), 1165-1191, 2005.

D. Hinrichsen and A. J. Pritchard, Real and complex stability radii: a
survey. In Control of Uncertain Systems (Edited by D. Hinrichsen and B.

Miértensoon), 119-162, Birkhéuser, Basel 1990.

D. Hinrichsen, A. Ilchmann, and A. J. Pritchard, Robustness of stability
of time-varying linear systems, Journal of Differential Equations, 82(2),

219-250, 1989.

D. Hinrichsen and A. J. Pritchard, Stability radii of linear systems, Systems

& Control Letters,7, 1-10, 1986.

D. Hinrichsen and A. J. Pritchard, Stability radius for structured pertur-
bations and the algebraic Riccati equation, Systems & Control Letters,8,

105-113, 1986.

D. Hinrichsen, A. J. Pritchard and S. Townely, Riccati equation approach
to maximizing the complex stability radius by state feedback, Internat.

Journ. Control, 769-794, 1990.

169



[37]

[39]

[40]

[43]

D. Hinrichsen and A. J. Pritchard, Robust stability of linear evolution

operators on Banach spaces, SIAM J. Control Optim. 32, 1503-1541, 1994.

D. Hinrichsen and A. J. Pritchard, Stability radii of infinite dimensional

systems with stochastic uncertainty, ECC Proceeding, 1995.

D. Hinrichsen and A. J. Pritchard, Stability radii of systems with stochastic
uncertainty and their optimization by output feedback, STAM J. Control

Optim., 34, 1972-1998, 1996.

D. Hinrichsen and A. J. Pritchard, Stochastic H>°, SIAM J. Control Op-

tim., 5, 1504-1538, 1998.

D. Hinrichsen and A. J. Pritchard, Mathematical Systems Theory I, Mod-
elling, State Space Analysis, Stability and Robustness, Texts in Applied

Mathematics, Springer-Verlag Berlin Heidelberg, 2005.

D. Hinrichsen and N. K. Son, Stability radii of linear discrete-time systems

and symplectic pencils. Int. J. Robust & Nonlinear Control, 1, 79-97, 1991.

P. Huu and A.Ngoc, Strong stability radii of positive linear time-delay

systems, Int. J. Robust & Nonlinear Control, 15, 459-472, 2005.

A. Ichikawa, Stability and optimal control of stochastic evolution equa-
tions, in Distributed Parameter Control Systems: Theory and Applications

(Edited by S. G. Tzafestas) Chapter 5, Pergamon Press, New York 1982.

A. Ichikawa, Stability of semilinear stochastic evolution equations, J. Math.

Anal. Appl., 90, 12-44. 1982.

170



[46]

[47]

[48]

[50]

[52]

A. Ichikawa, Absolute stability of a stochastic evolution equation, Stochas-

tics, 11, 143-158. 1983.

A. Ichikawa, A semigroup model for parabolic equations with boundary and
pointwise noise, In: Stochastic Space-Time Models and Limit Theorems,

D. Reidel Publishing Company, 81-94, 1985.

A. Ichikawa, Stability of parabolic equations with boundary and pointwise
noise, In: Stochastic differential systems, (Marseille-Luminy, 1984), Lecture
Notes in Control and Information Sciences, Vol.69, Springer-Verlag, Berlin,

55-66, 1985.

O. V. Iftime, A J-spectral factorization Approach to H,.-Control Problems,

Ph.D. thesis, University of Twente, 2002.

B. Jacob, A formula for the stability radius of time-varying systems, Journal

of Differential Equations, 142, 167-187, 1998.

M. Kada, Robustesse des systémes discrets, Theése de Magistére, Université

de Batna, 1998.

M. Kada, S. E. Rebiai, Stability radii of infinite dimensional systems with
stochastic uncertainty and their optimization, Int. J. Robust & Nonlinear

Control, 16, 819-841, 2006.

T. Kato, Perturbation Theory of Linear Operators, Springer-Verlag, Hei-

delberg, second edition, 1980.

171



[54]

[56]

[61]

J. U. Kim, A one-dimensional wave equation with white noise boundary

condition, Appl. Math. Optim., 54, 237-261, 2006.

I. Lasiecka, R. Triggiani, Control Theory For Partial Differential Equations:
Continuous and Approximation Theories, I: Abstract Parabolic
Systems, Encyclopedia of Mathematics and its Applications, Cambridge

University Press, 2000.

J. L. Lions & E. Magenes, Problémes aux limites non homogeénes et appli-

cations, Dunod, 1968.

K. Liu, Stability of Infinite Dimensional Stochastic Differential Equations

With Applications, Taylor & Group, LLC, 2006.

B. Maslowski, Stability of semilinear equations with boundary and point-

wise noise. Ann. Scuola Norm. Sup. Pisa Cl. Sci.22, 55-93, 1995.

K. M. Mikkola, Infinite-Dimensional Linear Systems, Optimal Control and
Algebraic Riccati Equations, Doctorat dissertation, Institute of Mathemat-

ics, Helsinki University of Technology, Espoo, Finland, 2002.

T. Morozan, Stability radii of some time-varying linear stochastic differen-

tial systems, Stoch. Anal. Appl., 15(3), 387-397, 1997.

T. Morozan, Parametrized Riccati equations for controlled linear differ-
ential systems with jump Markov perturbations, Stoch. Anal. Appl., 14,

661-682, 1998.

172



[62]

[64]

[66]

[68]

P. Ngoc and N. Son, Stability radii of linear systems under multi-
perturbations, Numerical Functional Analysis and optimization, 25, 221-

238, 2004.

A. J. Pritchard and S. Townely, A stability radius of infinite dimensional
systems, in Control of Distributed Parameter Systems (Edited by F. Kap-
pel), 272-291, Lecture Notes in Control and Information Science Vol.102,

Springer Verlag, Berlin 1987.

A. J. Pritchard and S. Townely, Robustness of linear systems. Journal of

Differential Equations, 77, 254-286, 1989.

A. J. Pritchard and S. Townely, Robustness optimization of uncertain
infinite-dimensional systems with unbounded inputs, IMA Journal of Math.

Control & Information, 8, 121-133, 1991.

A. J. Pritchard and S. Townely, Robustness of infinite dimensional systems,
Control Theory Centre, Report No.138, Department of Mathematics, Uni-

versity of Warwick, England, 1986.

A. J. Pritchard and J. Zabczyk, Stability and stabilization of infinite di-

mensional systems, STAM Review, 23, 25-52, 1981.

A. Pazy, Semigroups of Linear Operators and Applications to Partial Dif-

ferential Equations. Springer-Verlag, 1983.

173



[69]

[75]

L. Qiu, B. Bernhardsson, A. Rantzer, E. J. Davison, P. M., Young, and J. C.
Doyle, A formula for computation of the real stability radius, Automatica,

31, 879-890, 1995.

W. Rudin, Functional Analysis, McGraw-Hill, New York, 1973.

A. Sasane, Hankel Norm Approximation for Infinite-Dimensional Systems,
Lecture Notes in Control and Information Science, Vol. 277, Springer-

Verlag Berlin Heidelberg 2002.

A. A. Stoorvogel, The H,, Control Problems, Prentice Hal,New york, 1992.

V. A Ugrinovskii and I. R. Petersen, Absolute stabilization and minimax
optimal control of uncertain systems with stochastic uncertainty, STAM J.

Control. Optim., 37(4), 1089-1122, 1999.

B.A.M. van Keulen, H,.-control with measurement-feedack for Pritchard-
Salmon systems, w-9211, Mathematics Institute, University of Groningen,

The Netherlands,1992.

C. van Loan, How near is a stable matrix to an unstable matrix?, Contemp.

Math., 47, 465-478, 1985.

Z. Wang, H. SHU and X. LIU, Reliable stabilization of stochastic time-
delay systems with non linear disturbances. Int. jour. General systems 2005;

34, 523-535.

174



[77]

[80]

J. J. Willems and J. C. Willems, Feedback stabilizability of stochastic sys-
tems with state and control dependent noise, Automatica, 12, 277-283,

1976.

F. Wirth and D. Hinrichsen, On stability radii of infinite dimensional time-
varying discrete-time systems, IMA Journal of Mathematical and Infor-

mation, 11, 253-276, 1994.

W.Y Yan and J. Lam, On computation of the stability radius for nonlinearly

structured perturbations, Systems & Control Letters, 34, 273-280, 1998.

J. Zabczyk, Remarks on the algebraic Riccati equation in Hilbert spaces,

J. Appl. Math. Optimiz., 2, 251-258, 1976.

175



