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Introduction

Fuzzy theory plays an essential role in science and engineering. Several problems arise in
a variety of scientific domains, including engineering, biological, and physical problems.
Fuzzy integral and integro-differential equations can be used to model these situations. It

is necessary to solve many fuzzy integro-differential equations numerically.

To introduce novel computational approach on fuzzy triangular numbers for the pur-
pose of implementing fuzzy arithmetic calculus, the authors of [28] used the extension

principle approximation based on product and Lukasiewicz t-norms.

We are accustomed to working with differential equations, but as we already know,
they are not always difficult to train. Integral equations are a special variant of equation
that is distinguished by its ease of solution and greater relevance to design phenomena.
Integral equations are exciting in science. They are among mathematics’ most important
branches. They are known to impact various fields of applied mathematics and physics.
Indeed, most models developed from industrial engineering and anatomy and physiology
problems are best treated when presented as integral equations. Integral equation methods
are particularly well suited to solving infinite news problems or where the boundaries are

mobile or unknown. These methods are also exact.

Integral equations are equations in which the unknown function is placed under the

integral sign. These are their typical forms:

/Q (s, 9(r))dr = g(s)
ap(s)+ / (s, p(r))dr = g(s),

where ¢ is the unknown function, g is the known function called the right hand side and
(., .) is called the kernel.

Bernoulli applied integral equations for the first time around 1730 to examine the
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oscillations of a stretched cord. Nevertheless, Paul du Bois-Reymond was the first to use

the term integral equation in 1888.

Numerous technical and theoretical studies can be formulated using differential equa-
tions or integral equations, particularly the values specific to the thermoplastic or the
dynamics of structures. (see, [6, 7, 8, 16, 18, 19, 20, 44, 45, 46, 47, 48, 49, 50, 51, 52,
53, 54, 55, 56, 57, 58]). When integral equations are utilized, the boundary conditions
are taken into account. The domain of integral equations is meant to be broader than that
of differential equations. In fact, a differential equation containing an integral operation
would be an integro-differential equation only; the differentiation operation disappears in
front of the new operation, exactly in the same way that the solution of ordinary, algebraic,
or transcendental equations comes after the differentiation operation; there is no reason to

fear ambiguity.

In recent decades, the fields of fuzzy integral equations and fuzzy differential equa-
tions have grown rapidly. The fuzzy differential and integral equations are critical. In

control theory, they have significant theoretical and practical value.

The aim of [30] is to introduce a new computational strategy as well as a kernel that
reproduces the Hilbert space method is used to solve a system of fuzzy Volterra integro-
differential equations via the Gram-Schmidt orthogonalization process. The authors of
[78] exploited GH-differentiability of the first and second derivatives to convert a second-
order implicit form of nonlinear fuzzy Volterra integro-differential equation into four dif-

ferent types of nonlinear integral equations.

The paper [41] aims to demonstrate a differential arithmetic in a quasilinear metric
space. The authors applied derivative concepts in a more general way. In their paper,
the researchers presented a new method of computing derivatives for quasilinear metric

functions via the Hukuhara difference entirely.

The homotopy analysis approximation was proposed in [59] to solve a class of fuzzy
linear Fredholm integral problem. In [63], the authors show that there is only one and
unique solution to the fuzzy integral equation of Volterra type. The purpose of [25] is to
approach the solution of the fuzzy differential and integral equations with arbitrary ker-

nels. The authors used enough conditions to assure that the proposed methods converged.

The goal of [68] is to present a practical iterative procedure of successive approaches
for numerically solving fuzzy two-dimensional integral equations of Hammerstein type
using an ideal quadrature formula for Lipschitz-type fuzzy functions of two-dimensional
type. A nonlinear fuzzy Hammerstein integral equations of Volterra type with constant
delay has been examined in [69] by using Bernoulli wavelet approximation. A fuzzy

nonlinear Hammerstein integral equation of Fredholm type has been considered in [79]



by using an iterative numerical algorithm via the three-point quadrature formula.

The purpose of this thesis is to develop new methods for solving fuzzy integral and

integro-differential equations.

The following is how the thesis is structured: To begin, in the first chapter, we present

some fuzzy analysis concepts.

In Chapter 2, we demonstrate the existence of a solution for two classes of fuzzy
Fredholm integro-differential systems. First, we use fixed point theory, the successive it-
eration method, and Gronwall’s inequality to investigate a system of Volterra type integro-
differential equations. Second, we investigate a system of integro-differential equations

of the Fredholm type.

This third chapter presents and defends a practical method for solving fuzzy singular
integro-differential equations. First, we show that solutions to two types of fuzzy singu-
lar integro-differential equations exist and are unique using different techniques: Picard’s
theorem for logarithmic kernels and Arzela—Ascoli theorem for Cauchy ones. Then, using
airfoil polynomials, we present a collocation method for numerically solving the current
problems. We also look at the solutions to the approximate equations and introduce the
concept of error analysis. We obtain two systems of linear equations using new proce-
dures. These are the issues to be investigated. Finally, we use numerical examples to

demonstrate the precision of the proposed approach.

Various arithmetic operations on intuitionistic fuzzy numbers are discussed in Chapter
4. We present some arithmetic operations as well as some differentiability properties for
intuitionistic fuzzy functions. The average of (71, 72)-cut method is also used to define
the de-i-fuzzification of the corresponding intuitionistic fuzzy solution. We investigate

intuitionistic fuzzy integral equations.



Chapter 1
Fuzzy Analysis

This chapter provides basic mathematical background on fuzzy analysis concepts.

Given a reference set X, one can indicate which elements of X belong to a certain
class of X and which do not. This class is then a subset of X ( in the usual sense of set
theory), it is qualified as classical or ordinary in the sequel.

If the membership of certain elements of X to a class is not absolute, we can indicate to

what degree each element belongs to this class. This is then a fuzzy subset of X.

Definition 1.1 ([74, 75, 76]) A classical subset A of X is defined by a characteristic
function x 4 which takes the value 0 for the elements of X not belonging to A and the
value 1 for those which belong to A :

xa: X —[0,1].

A fuzzy subset A is a classical subset of X in the particular case where f 4 only takes

values equal to 0 or 1. A classical subset is therefore a particular case of a fuzzy subset.

The extreme cases of a fuzzy subset of X are respectively X itself, associated with
a membership function fx taking the value 1 for all elements of X, and the empty set,

associated with a membership function null on all X.

We often adopt tthe notation to represent the fuzzy subset A, which indicates for any
element x of X its degree f () of membership in A :

A= ZfA(x)/x, if X is finite,

reX



A:/fA(x)/x, if X isinfinite.

To be able to easily describe a fuzzy subset A of X, we use some of its characteristics,

essentially those which show to what extent it differs from a classical subset of X.

The first of these characteristics is the support of A, that is to say the set of elements
of X which belong, at least a little, to A. it is denoted supp(A) and it is the part of X on

which the membership function of A is not zero:

supp(A) = {x € X; fa(x) # 0}

The second characteristic of A is its height, denoted h(A), that is to say the strongest
degree with which an element of X belongs to A. It is the greatest value taken by its

membership function:

h(A) = sup f(a).

zeX

An important family of fuzzy subsets, which is used in possibility theory, corresponds
to those which are normalized, i.e. for which there exists at least one element of X
belonging absolutely ( with a degree 1) to A. More precisely, A is normalized if its height
h(A) is equal to 1.
The set of all elements belonging absolutely ( with degree 1 ) to A is called the kernel of
A and denoted ker(A) :

ker(A) = {z € X; fa(z) = 1}.

If A is an ordinary subset of X it is normalized and it is identical to its support and

its kernel.

A last characteristic of the fuzzy subset A of X ( when X is finite ) is its cardinality,
evaluating the global degree with which the elements of X belong to A. It is defined by:

If A is an ordinary subset of X its ccardinality is the number of elements that compose

it, according to the classical definition.

Let be consider the interval Z := [—1, 1].

Definition 1.2 ([76]) A fuzzy number p is a function from R to [0, 1] that meets the fol-
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lowing requirements:

(i) The function p is normal, in other words, 3ty € R : p(ty) = 1;

(ii) The function p is a convex fuzzy set, specifically,

Vs,t e R,VA€[0,1]: p(As+ (1—N\)t) >min{p(s),p(t)});

(iii) The function p is upper semi-continuous on R;

(iv) The closure {s € R : p(s) > 0} is a compact set.
Denoting by F the set of all fuzzy numbers.

Definition 1.3 ([76]) Given p € F, the r-cut of p is defined by

[plr ={s€R:p(s) >},

with

[po :=={s € R: p(s) > 0}.

We note that for all p1, po € F we have p; equal py if and only if [p1], = [p2],-

A fuzzy number can be represented as parametric form as follows:

[Pl = [p, 7]

for some two functions p,p : Z — R such that

1. The function P is a left continuous function bounded with a non-decreasing value;
2. The function p is a right continuous bounded function with a non-increasing value;

3.Vre€Z: p(r) <p(1).

For two arbitrary fuzzy numbers p; := [p1, p1] and ps := [p2, p2|, we define the following

arithmetic operations: addition, scalar product, respectively in the following manner

(prt+p2) =pr+p2, (p1+p2) =p1+02,
kp1 = kp1, kpr = kp, for k>0,
k_plzkﬂ, kpr = kpy for k <0.



Definition 1.4 ([74, 75, 76]) Let py := [p1, p1] and ps := [pa, 2] two fuzzy numbers. The
Hausdorff distance between p, and ps is determined by

D (p1,p2) = OigglmaXﬂ@(T) —pi(7)], [p2(7) — pi(7)]} -

Theorem 1.1 ([74, 75, 76]) The Hausdorf{f distance fulfills the following characteristics:

1. The metric space (F, D) is complete;

2. Vp1,p2,0 € F, D(p1+ 0,0+ p2) =D (p1,p2);

3. Vp1,p2, 01,02 € F,  D(p1+o01,p2+02) < D(p1,p2) + D (01,02);
4. Vo1, ps €F, D(p1+ p2,0) < D(p1,0) 4+ D(ps,0);

5. Vp1i,p2 € FokeER, D(kpy, kps) = |k|D (p1, p2);

6. Vp € F, ki, ky €R, with ki.ky >0, wehave D(kip,kop) = |k — ko|D(p,0),
where 0 := X{0}-

Denoting by [ the set of all fuzzy-number function over Z:

F:={p:7T— F}.

Definition 1.5 ([75, 79]) A function ¢ € F is called continuous in sy € L if,
Ve>030>0:D(p(s),p(s0)) <ec whenever s €L and |s— so| < 0.

If p is continuous at each sy € I, we call it fuzzy continuous on Z, we denote by Cy the

space of all such functions.

Remark 1.1 ([75, 79])

1. A function p € T is referred to as bounded fuzzy function if and only if there is

M > 0in order for all t € I, we have D(p(t),0) < M. We denote by By the space

of all such functions.

2. We note that Cy C By.
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3. For any ¢ € T, the functions ¢ _(.), pa(.) : Z — R are defined for all a € [0, 1].
These functions are said the left and right a—level functions of ¢.

Definition 1.6 ([13, 79]) Let p € By. Define the modulus of oscillation wz(yp,.) : Rt —
R* of o on T as follows

wr(p,d) :==sup{D(p(s),p(t)) :s,t € L :|s—t| <d}.

If p € Cr, then wz(ip,0) is known as ¢’s uniform modulus of continuity.

Theorem 1.2 ([13, 79]) The modulus of continuity has the following properties:

1. Vs,t€T: D(p(s),p(t) < wrlep,|s —t);

2. The function wz(p,0) is increasing of d;

3. wr(p,0) =0;

4. 01,0, >0 wr(p, 01 + 63) < wzlp, 1) + wr(p, 8);
5.¥6>0Vn e N: wr(p,nd) < nwz(e,d),

6. VO, A>0: wr(p,N0) < (A + Dwz(p,d);

7. If T CI, thenws(p,d) < wz(p,d).

Definition 1.7 ([29, 23, 61]) Let f : [a,b] — F, for each partition P := {to, - ,t,} of
la, b] and for arbitrary &; € [t;—1,t;], 1 < i < n assume

Rp = Zf(&')(tz' —tio1),

b
/a flz)de = ilg}) Rp,
where

A :=max{|t; —t;_1|,i=1,--- ,n}

provided that this limit exists in the metric D.

If the fuzzy function f(.)is continuous in the metric D , its definite integral exists and

also,

(/abf(t;a)dt) :/abi(t;a)dt and (/abf(t; a)dt) :/:7@; a)dt.



Lemma 1.1 (/61, 74]) If f, g are Henstock integrable functions and if the function given
by D(f(.),g(.)) is Lebesgue integrable, then

D(FH) / F(t)dt., (FH) / g(t)dt) < (L) / D(f(t), g(t))dt.

Definition 1.8 (/13, 79]) For L > 0, a function [ : [a,b] — F is L—Lipschitz if

D(f(s), f(1)) < L|s — |
forany st € [a,b].

Now, we recall the Hukuhara difference (H-difference) definition given in [15]. To
this end, let p;,po € F. The H-difference has been introduced as a set o for which
p1 On p2 = 0 <= p1 = p2 + 0. The H-difference is unique, but it does not always exist
(a necessary condition for p; Sy po to exist is that p; contains a translate ¢ + ps of p2). A

generalization of the Hukuhara definition is intended to remedy this situation.

Definition 1.9 ([15, 75]) The generalized Hukuhara difference between two fuzzy num-

bers p1, ps € F is defined as follows: py Sy p2 = 0 <= (Z)pl =p2+0;
or(it)p2 = p1 + (—0).
In terms of the a—levels, we have [p1 Oy p2la = [min{pi(a) — pa(a), pr(a) —

p2(a)}, max{pi(a) — pa(), pi(a) — p2()}] and if the H-difference exists, then p1 O
P2 = p1 OgH p2; the conditions for the existence of 0 = p1 Oy p2 € F are
o(a) = pr(a) — pa() and 7(a) = pila) — Fa(e), ¥ € 0, 1]
case(i) =

with o(a) increasing, &(«) decreasing, o(a) < 7(a).

a(a) = pi(a) = pa(a) and o(a) = pi(a) = pa(@), ¥ € [0, 1];
case(ii) =
with o(a) increasing, («) decreasing, o(a) < 7 (a).
It is easy to show that (i) and (ii) are both valid if and only if o is a crisp number. In the
fuzzy case, it is possible that the gH-difference of two fuzzy numbers does not exist. To

address this shortcoming, a new difference between fuzzy numbers was proposed in [15].

Definition 1.10 ([42, 61]) Let f : [a,b] — F. Fix so € [a,b]. We say f is differentiable at
So, if there exists an element f' (so) € F such that, the Hukuhara difference (H- difference)
f(so+h)o f(s0), f(s0)© f(so— h) exist and the limits ( in the metric D ) presents as

follows:

f(s0+h)© f(s0) . f(s0) © f(s0—h) '
A = lim A = [ (s0)

h—0t

lim

h—0t+
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Definition 1.11 (/31]) Let f : (a,b) — F and s € (a,b). We say that f is strongly
generalized differentiable at sy, if there exists an element f'(sqg) € F, such that

(i) For all h > 0 sufficiently small, 3f(so + h) & f(s0), 3f(s0) © f(so — h)and the
following limits hold:

lim f(So + h) o f(So) — lim f(S[)) o £<80 — h) _ f/(SO)

h—0 h h—0

or

(ii) for all h > 0 sufficiently small, 3f(so) © f(so + h), If(so — h) © f(so) and the
following limits hold:

— lim f(SO_h>@f<SO> :f’(so)

h—0 —h

lim

h—0

f(s0) © f(s0+h)
“h

or

(iii) For all h > 0 sufficiently small, 3f(so + h) & f(s0), 3f(so —h) © f(so) and the
following limits hold:

lim f(s0+h)© f(s0) ~ lim f(s0—h)© f(s0) — /(s0)

h—0 h—0 —h

or

(iv) for all h > 0 sufficiently small, 3f(so) © f(so + h), If(s0) © f(so — h) and the

]111 1 f(S()) (SO ) }lll ) f(SO) i(s() ) ¢ (S(]).

Definition 1.12 Let f : (a,b) — F. We say f is (i)-differentiable on (a,b) if f is differ-
entiable in the sense (i) of Definition 1.11 and similarly for (ii), (iii) and (iv) differen-
tiability.

Theorem 1.3 ([13, 61]) Let f : [a,b] — F be a bounded and Henstock integrable func-

tion. Then for any partition a = sg < 1 < -+ < 8, = band (; € [s;_1, 8;], we have
b n n
D((FH)/ F)AE> (si—= i) f(G) <D (s = si-1)wis,y) (f 50— 5i1).
a i=1 i=1

Farticular election of the point (; leads to the following result.
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Here, we present the quadrature rules obtained in [13], which contain as particular

cases with the three point, middle point and trapezoidal rules.

Corollary 1.1 ([13, 61]) Let f : [a,b] — F be a bounded and Henstock integrable

function. Then:

1. D((FH) [ f(t)dt, (b — @) (™) < 5% (7, 52);
2. D((FH) [, f(t)dt, “52[f(a) + F()] < 5% (£, 452),

3. D((FH) [} f(t)dt, “52(f(a) + 4 (452) + F(B)]) < 3(b— a)wpap(f, 52

Let (X; D) be a metric space. Consider the operator 7' : X — X" and the following
fixed points set Fr of T’
Fr:={reX, T(z)=nx}.

Define the iterate operators of 1" as follows
T :=1Iy, T':=T, and T :=TT", forall n € N.
Following are the definitions for the Picard, c-Picard, and weakly Picard operators.
Definition 1.13 (/23]) We say that T' is Picard operator if there exists x* € X such that:
(a) Fr = {a*};
(b) The sequence (T™(x))nen converges to x*, for all xg € X.
Definition 1.14 (/23]) We say that 'T' is c-Picard operator if T' is Picard operator and

d(xz,z") < cd(xz,T(x)), forall x € X, with ¢> 0.

Definition 1.15 ([/23]) We say that T is weakly Picard operator if the sequence (T"(z))nen

converges to x for all x € X, moreover, the limit x is a fixed point of T'.

Theorem 1.4 (Contraction Principle).([23]) We assume that T : X — X is an a—contraction

(av < 1). Subject to these conditions, we have:

(i) Fr={a"};

(ii) z* = lim T"(xy), for all zq € X;
n—oo
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(iii) D(z*,T"(x0)) < 2= D(x0, T(70)).

11—«

Definition 1.16 (/4]) We assume that X is a Banach space. We say that 'l is compact, if it
maps bounded sets of X into relatively compact sets. Moreover, T' is said to be completely

continuous, if it is continuous and compact.

In the special case, where X = Cp; we use the Arzela-Ascoli’s Theorem to demonstrate

the compactness of 7.

Theorem 1.5 ([4]) A family of continuous functions on I is compact in Cy if and only if

it’s equicontinuous and uniformly bounded.
The Schauder’s fixed point Theorem is presented at the end of this section.

Theorem 1.6 ([4]) Let X be a Banach space with a closed convex subset IC. If T : X —
X is continuous and K = T (K) is compact, then T has a fixed point in K.



Chapter 2

On the existence and uniqueness of
solutions to two fuzzy

integro-differential systems

In recent decades, the fields of fuzzy integral equations and fuzzy differential equations
have grown rapidly. The fuzzy differential and integral equations are critical. In control

theory, they have significant theoretical and practical value.

In this chapter, we prove some results concerning the existence of a solution of two
classes of fuzzy Fredholm integro-differential systems. First we examine a system of
Volterra type integro-differential equations using fixed point theory, the successive iter-
ation method, and Gronwall’s inequality. Second, we investigate a system of Fredholm

type integro-differential equations.

Let us begin by recalling the concept of vector-valued metric spaces, (see [2]).
Let X be a nonempty set. A mapping D, : X x X — R is called a vector-valued metric

on X if the following conditions are satisfied:

1. Dy(z,y) =0, e Rl & o=y, forallz,y € X;
2. Dy(z,y) = Dy(y,z), forall z,y € X;

3. Dy(x,y) < Dy(x,2) + Dy(z,y), forall z,y, z € X;

The following are examples of vector-valued metrics:

Example 2.1 Let X := (C[a,b])? and D' : ((Cla,b])* x (Cla,b])?) — R2, defined

13
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forall = (x1,25),y = (y1,92) € (Cla,b])* by

D/(e3) = (g bea) = 0], o o) = 0] )

telab

Example 2.2 Let X := (Cla,b])? and A/ : ((Cla,b])? x (Cla,b])?) — R2, defined
by N'(z,vy) ((f |21 (t) — yi(t th) (f |22 (t) )|2dt>2>, forall z =

(r1,22),y = (y1,92) € (Cla,b])®. A nonempty set X endowed with a vector-valued
metric D' is also called a R}, —metric space and it is denoted by the pair (X, D").

The notions of convergent sequence, Cauchy sequence, completeness, open and closed

subset, etc. are similar to those described for conventional metric spaces.

2.1 Fuzzy Volterra integro-differential system

This section addresses the fuzzy Volterra integro-differential equation system of the form

U'(s) = F(s,U(s)) + [ K(s,t,U(0))dt, s €T = [a,0)], o)

U(CL) = Uo,

where the fuzzy functions are given by:

U'(s) == [uy(s), -+ ()],
U(s) = fui(s), - un(s)]",
K(s,t,U(t)) = [ki(s,t,ur(t), - un(t)), - kn(s,t,ur(t), - un(t)]",
F(s,U(s)) = [fils,sun(s),-- un(8)), -+, fuls,,wa(s), - s un(s))]T,
Ula) = [uon, - uon]’,

Furthermore, F', K are a known functions in C'(J x F", F") and C(J x J x F", F"),

respectively, while U is the unknown.

The purpose of this work is to prove that the problem (2.1) has a solution U &
CH(J,F™). In order to accomplish this goal, it is important to present some definitions
for the function U € C*(J, F").

Definition 2.1 . The function U is called a proper solution of (2.1) if it is either (i)

or (ii)-differentiable on J. Moreover, U’ is also a solution of (2.1).
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2. The function U is called a mixed solution of (2.1) if J is partitioned into a finite
number of nonempty sub-intervals such that on some of them, U is (i)-differentiable

and on remainders (ii)-differentiable and also it satisfies (2.1).

As in [5], we have the following Lemma:

Lemma 2.1 The problem (2.1) is equivalent to one of the following fuzzy integral equa-

tions system

(£1) t
U(s) =Uy +/F(t,U(t))dt+//K(t,T, U(r))drdt, s€ J,
if U is (i)-differentiable;
(E2)
U(s):Uo@(—l)/F( ))dt © (— //KtTU ))drdt s € T,
if U is (11)-differentiable;
(E3)

Us+ [ PULU®dE+ [ [ K(t 7, U()drdt, s € a0,
U(S) — a a a

U(c)@(—l)st(t,U( ydt e (— fftK t,7,U(7))drdt, s € [e,b],

[

if there exists a point ¢ € (a, b) such that U is (i)-differentiable on |a, c| and (ii)-differentiable

on [c,b].

Let us consider the nonlinear mappings A : C(J, F") — C(J,F"), corresponding with
(E1) in Lemma 2.1. Define

s

m@@y:%+/memﬁ+//K@ﬂﬂﬂmm,seJ

a

s t
where, (A®;) (s) = uo, —|—f fi(t, conO)dt4 [ [ kit T 01(T), - n(T))dTdt, i =
1,---.,n, with & = [<p1, ',<pn].
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Lemma 2.2 [f the valued functions K : J X J X F* = Fand F : J X F* — F" are

continuous and bounded. Then, A is compact.

Proof : Let ® be an arbitrary bounded set in C'(7, F"). We will prove that Ad is

relatively compact.

Since f; and k; are bounded, there exist M;, N; > 0 such that
D(filt,o1(t), -, pa(t)),0) < M;, forall teJ, i=1,---,n,
and
D(k;(t, 7, 01(7), - - ,<pn(7)),6) <N;, forall t,7eJ i=1,--- ,n.

Assume that s; > s5. So,

D ((A®1) (s1), (A1) (s2))
D, ((A®) (s1), (AD) (s2)) = :

D ((A(I)n) (31)7 (A‘I)n) (52))

s1 t

Dluo, + [ ity pr(8), -+ on(®)dt + [ [a(t,7,01(7), <+ pulr))drdt,

so t

U, + Sffl(‘s? Sol(t)v T >¢n<t>)dt + f f kl(t>7_7 901(7—)7 e 7§0n(7))d7dt)

s1 t

D(Uon + Tfn<tu ()01<t>7 T >¢n(t))dt + ffkn<t77-> 901(7-)7 e 7(pn(T))det7

so t

Uo,, + j?fn(tv (Pl(t)a e 790n(t))dt + f f k”(t’T’ QOI(T)? U 790n(7_))d7_dt)




2.1 — Fuzzy Volterra integro-differential system 17

IN

IN

IN

IN

|

DU At or(t), - on®)dt, | it or(8), - onlt))dt)

st so t

+D(f fD(kl(t7T7 901(7'), T 79071(7—))7 )det7 f fD(kl(ta T, 901(7—)7 T a(pn(T)))det)

a a

D(Sflfn(t7 Qpl(t)v"' a@n(t))dtv‘sffn(ta 901(t)7"' 790n(t))dt)

syt so t

+D(f fD(kTL(t?T7 901(7'), T 79071(7—))7 )det7 f fD(kn(tv T, 901<T)7 o 7()071(7)))d7dt)
DCF Aty or(®)s- - on(®)dts0) + D(J [ DUn(t, 7 01()s- - ion (7)), )drdt, 0)
DS fultsor(t), -+ on(0))d0,0) + DUJ | D{knlt, 7, 01(r), - oulr), )i, 0)

51 - s1t -

f D(fl(t7 Spl(t)v e ,gpn(t)), O)dt + f fD(D(kl(thv 801(7—)7 tee a@n(T))7 )det

!

?D(fn(t7 Sol(t)v"‘ 7<pn(t))76)dt+ ffD(D(kn(th) 901(7—)7"' 79071(7—))7 )det

52 S2 a

(81 —SQ)Ml (81 —32)(b—a)N1
: + :
(s1 — s2) M, (s1 —s2)(b—a)N,

My N
M = : , and N = : .
M, Ny,
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We have to prove the uniformly boundedness of

Dluto, + [ i(toor(t). - vion®)dt + [ [ ba(t.7,01(7). -+ pn(r))drdt, 0)

a a

D(uon + f fn(tv ®1 (t)v e ,(pn(t))dt + f f kn(ta T, $1 (7—)7 T 7@”(7))d7dta 6)

a a

[ Dlatoy,0) + f DU (tor(t). - ()00t £ | [ D(ka(t. 7, p1(7), -+ pn(r), D)t
W

a a a

IN

D(ug,,0) +fSD(fn(t,<p1(t),--- ,gon(t)),())dt—i-jftD(kn(t, 7,01(7), -+, on(7)), 0)drdt

a

D(uo,,0) My N
< : + (b—a) : +(b—a)
D(uy,,,0) M, N,
< +(b—a)(M+(b—a)N)
where - -
D(uyp,,0) 0
W .= : , and 0, :=
D(ug,,0) 0

We will prove the following Theorem:

Theorem 2.1 Let f; : T x F*" — Fandk; : J X J X F" = F, foralli = 1,..,n
be bounded continuous functions. Then the problem (2.1) has at least a proper solution
which is (i)-differentiable on [J. Moreover, if f; and k; are Lipschitz continuous relative

to their last argument, for all i = 1,..,n, i.e. there exist the real numbers L;;, C;; >
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0 ¢,7=1,..,n,suchthat forall s,t € I, u;,,v; € F, 1 =1,..,n, we have
D(fi<87u17"' 7un)7fi(s7vla"' 7UTL> < LilD(ulvvl) +oe +L’mD<unavn)7

D(ki(s,t,uy, -+, up), ki(s,t,v1, -+ yv,) < CiaD(ug,v1) + -+ + Cin D(Up, vy).

Then, the proper solution of the problem (2.1) is unique on [J .
Proof : Let us define the closed and convex ball of C'(7, F").

B:={UeC(J,F"): 0,) W+ (b—a)(M+(b—a)N)}, where

Dy (U,
D; (U, 0 n) = sg; D, (U(s),()n)

From Lemma 2.2, we deduce the continuity and compactness of K : J x J X F" — F™.
In order to use Schauder’s fixed point Theorem, we have to show that AB C B.

Or equivalently,
Dy,(AU(5),0,) < W +(b—a) (M + (b—a)N), forall U € B.
So,
D*(AU,0,) < W 4 (b—a) (M + (b—a)N).

Thus, we conclude that AU € B.

From fixed point Theorem, A has at least one fixed point U, corrresponding to proper
solution of (2.1) .

We have to prove uniqueness of solution, let U,V € C(J,F") are two solutions of
(2.1). Then,

Dluo, + [ fr(tur(t), - un(O)dt + [ [ Ky (tmsun()s-- - wn(r))drd,

uo, +jf1(t,v1(t),--- ,vn(t))dt—kfsftkl(tm, v1(T), -+ ,vn(7))drds)

a a

D(uo, + jfn(tvul(t)a"' ,un(t))dtJrfftkn t, T ur (), un(7))drdt,

Uo,, +fsfn(t, vi(t), -+ un(t))dt + ffkn(t,T, v1(7), -+ ,vn(7))dTdl))
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DUt (8), - un(®), it o (D), va(8)l
<
fD(fn(t7 ul(t)a e vun(t))7 fn(t; vl(t)7 e ,’Un(t)))dt
F I DUt u1(7), -+ s un(F), k(b 7y 01(7), <+ m(7))) et
+
F I Dty r(7),- - un(7))s bty 7y 01 (), - on(7)))drdt
f il Ly D(uj(t),v;(t))dt fft f:l C1D(u;(7),v;(7))drdt
a j= a a jg=
< : 4
f‘é L D (£), v (£))dt i il Coy D(t5(7), v ()t
> Ly [ Dlus(t) (0t > Cuc [ [ Dluy(0), vy (1)) dedr
< +
5" Loy | D{u0), 0,0 3 Cuy | J Dlut),05(0) e
J= a j= a a
3> (L1s + Cuylb— ) [ Dus(t), vyt
7=1 a
< :
5 (Luy + Cuglb— a)) [ Dlu(t), vy(0))dt
7j=1 a
The Gronwall’s inequality for the relation
5 (L + Cuglb—a)) [ Dug(t), vy 0))de
7j=1 a
Dy(U(s),V(s)) < :
52 (Bj + Cogb— a)) [ Dl (1), w50
7j=1 a

implies that D, (U(s), V(s)) < 0 on the interval 7. Thus, U(s) = V(s),

forall s € J. O
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Theorem 2.2 Let f;, : J X F" — Fandk; : J X J X F" — F,i =

1,..,n be

bounded continuous and Lipschitz continuous functions as mentioned in Theorem 2.1. Let

the sequence U, : J — F" defined by Uy(s) = Uy and

Unﬂ(s)zvoe(—)/ F(t, Uy (1))t © (- //KtTU Vdrdt, neN.

Then, the problem (2.1) has a unique proper solution which is (ii)-differentiable on 7.

Furthermore, the successive iteration

UU(S) = Uo,

Uni1(s) = Uy © (=1). [T F(t,Un(t))dt © (—1). [ [T K(t, 7, Un(7))drdt,

uol Unl
converges to this solution, where Uy(s) = Uy = | , and U, =
Uuo,, Un,,
Proof : We have
Uty Uo,
Ul — 9 UO -
uln Uon
Hence
Dv (Ub UO) =

S

D(uol S (_1)ff1(t7u01(t)7 e ,Uon(t))dt@ (_1)

a

8 —u
R,

s

D(uon S (_1) ffn(t>u01(t)> e 7u0n(t))dt o (_1)

a

S —un
Qe

kl(t7 T, Uo, (7—)7 e

n (t, 7, up, (T), - -

9

(2.2)

ug,, (1))d7dt, ug,)

\

/
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13

D(k)l(t, uo, (T), s, U, (7‘)), )det

—
S
)
o
—~
~
I
2
=
:_/
<
S
3
—~
~
=z
(@)
=
~
8=
S

AN
4

3

D(ky(t,uo, (1), ,up, (7)),0)drdt

—
S
;H
PamnS
~
<
2
—~
~
N—
S
L
i\
~
N—
N—
(e}
SN—
QL
~
R —u
S o

IN

Mi(s —a) (S;f)Q Ny
: + : .
My (s — a) LN,

Moreover,

D(un1,(s), tn, (5))
D, (Un—l—l(s)a Un(s)) =

D(un+1n (S), Un,,, (5))

D(ug, © (=1) [ fr(t,un, (1), -+, un,, (t))dtS
(1) [ L kit 7ty (), -ty (7)) drdt,
up, © (_1) f; fl (t’ un—h(t)’ crr 5, Un-1, (t))dt@

(1) L2 [ ki (t, Ty 1, (7), -y un,, (7)) drdt)

IA

D(up, © (—1) f; fa(tun, (8), - up, ()dte
(=) L2 [ ket Tyt (T), -+t (7)) drdt,

uo,, © (_1) f; fn(ta Un—1, (t), tot ,unfln(t))dt@

(1) 2 [Tkt 7y o1, (T), -+ 1, (7))drTdt)
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IN

fas D(fn(t7un1(t)7 T 7unn(t))7 fn(t, Un—1, (t) o

f; D(fi(ts un, (), s un, (1)), fl(t7un—11(t)’ T 7un—1n(t)))dt )
oy Up—1, (2))dt

( faS fat D(kl(t7 T, Un,y (T)7 Ty Uny, (T)>v kl(tv T, Un—1, (7)7 Tty

Un_1, (7))drdt )
f f D(kn(t, 7, un, (T), - U, (7)), kn(t, T, wp—1,(7), - -+ s up—1, (7)))drdt

f ZLlj (un; (t), un—1,(t))dt f f ZCU (un, (), un—1,(7))drdt

< +
I il L Dt (£), 1, (£))dt I il Coi Dt (7), 11, (7)) drdt
3 Ly Do, (8, (1))
Dy(Uny1(s),Un(s)) <
; Ly; f D( un]( ) Up—1, (t))dt
i 1j f f D(un, (t), un—1,(t))dtdr
+
_znjl Croj [ [ D(un, (£), w1, (t))dtdr
Also,
3 (L + Cuy(b = @) [ Dlat, (1) 1, (1))
Dy(Uny1(s),Un(s)) < :
21( nj + Cnj(b—a)) [ D(un; (t), un—1,(t)))dt
iz
§1(L1J + C1j(b—a))” [(S( a)n)HMl + (S(ni);)+2 Nl]
<

n s—a n+1 s—a n+2
]gl(Lnj + Cnj(b—a))" [( (n-l-)l)! M, + ﬁNn}
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This shows that (U,),, is a Cauchy sequence in C'(J, F"). Thus, there exists U € C(J,F")
such that (Uy,),,q converges to U.

Now, we show that U is a solution of the problem (2.1). We have

D (ur(s) + (=1) 3 filtwr (), un ()t + (<1) [ [ ha (b0 (7), - (7)) drdt, wo, )
D(un(s) + (=1) f3 faltsus(2), - un(1)) dt+' D) L3 2 ka7 un (7), - s un(7)drdt, o, )
D<u1(3)+(—l)fasfl(t,ul(t),- un()dt + (—1) [2 [F k(6,7 ua (7). -+ n(T)))det,

Uni1, (5 V) [ Fit iy (), g ()t) + (=1) [ [ k(8,7 tty (7), -+ ,unn(r)))det
. D(un(s)+(—1)f;fn(t,u1(t),~ un()dt + (=1) [2 [F ket 7 ur(7), -+ un (7)) drat,

1, (8) + (=1) f2 sty (8), -+t ()t + (=1) [ [ Bt 7y, (7), -+, (7)) ) drt

D(ur(s), wns1, (5)) + [ D (At un (), (D), fi (35 (8), - yun, (1) )t +

J2 D (ka (b (7). s un (7)), k(670 (7), -+, (7)) )t

= .
D (n(s),uns1, () + J3 D(Faltur(®), - un(®), fultiwn, (), s, (8) )t +
S 2D (Fn(tmua (7), (7)), Kb 7t (7)., (7)) )t
D(m( )s Un+1, (8 ) N [LnD(m (1), unl(t)> —i—~~+L1nD(un(t),unn(t))}dt+
I [CnD(m(T), Un, (T)) +o ot CnnD(un<T), unn(ﬂ)} drdt
< .

D(un( )y Unt, )+f D[ nlD(ul(t)‘, Un, (t)) +-~-+Lnn<un(t),unn(t))]dt+

f f { nlD(ul )unl(T)>+'"+CnnD(un(T),Unn(T)):|det

The right-hand side tends to 0 as n — co. Hence,

—1)/(18fi(t,u1(t),- V)t + (— / / (6 (7). - un (7)) drdt = u,.
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The uniqueness is proven by using Gronwall’s inequality, which is similar to the proof of Theorem
2.1. l

Now, we prove the following Theorem:

Theorem 2.3 Let f; : T X F", Frandk; : T X T xXF" — F", i=1,---,n be bounded
continuous functions. Let U be a solution of the problem (2.1) on [a,c| which is (i)-
differentiable. Assume that the functions f; : [c,b] x F* — F and k; : [c, b] x [¢c, )] x F"* —
F, i = 1,..,n are Lipschitz continuous relative to their last argument. In addition, the

sequence

MM@):LmKMAXfF@U Vit © (— / /KtTU \)drdt
o //KtTU )drdt, neN

is well-defined. Then, the problem 2.1 has a mixed solution.

Proof : Because all of the conditions of Theorem 2.1 are satisfied on [a, |, there
exists a U solution to the problem (2.1) on [a, c|. We show that the introduced sequence

in the Theorem is a Cauchy sequence in C'([c, b], F").

D(u;,().w,)
D'(Ur(s), Uo(s)) = s .

D(u,, (), w, )

D<1_101@(*1)fcsf1(571_11(75)a" u,(B)dt o (=1) [ [ ki (t, 70, (1), _n(T))detvl;lol)

D (g, & (=1) J7 fals,uy(6), -+, (0)dt & (1) [ [2Fon(t, 70y (7), (7))t g )

J2 D(fi(t @) 0 (@).0)dt + [ [ D (ka(t.mu (7). 0, (7)), 0) dre

2D (Fultewa(t o 00)de 7 Dt 7). 0y 7)) 0) e

IN
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[2 Myt [ [} Nydrat
< : + :
[ Myt [ ¥ Nydrat
[ Myat [2 [¢ Nodrdt + [° [ Nydrdt
= : + :
[ Myt [ ¢ Nydrdt + [° [! Nydrdt
M (s —c) Ni(s —c)(c—a)+ Ni(s—¢)(t —¢)
< : + :
M, (s —c¢) Np(s—c)(c—a) + Ny(s —c)(t —c¢)
M + Ny (t — (l)
< : (s —c).
M, + Np(t —a)

We will continue this pattern for n € N, to obtain

D (Un+11 (8), Un,y (3))
D, (Un+1(5)7Un(8)) =
D (11, (5), i, (5)
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IN

IN

IN

D (w0, () © (1) [ frlts i, (), -+, (£)) )
o(-1) fcs fct ki(t, 7y un, (1), -+, up, (7))drdt,
U, (‘9) © (_1) j‘CS fl (t’ un—h(t)? Ty Un-1, (t))dt)

S(=1) [ [kt (bt (7). e, (7))t
D (u0,(5) & (=1) J7 fult,teny (8), -+ s un, () dE)
S(=1) [ [T kn(t, 7 un, (1), -+, un,, (7))drdt,

Uo,, (5) © <_1) fcs f’VI(t? Un—1, (t), T Up—1, (t))dt)

S(=1) [5 [ kot 7yt 1, (7), ,un_ln(T))det)

S D (it g (8, st (), ity (), e () )dtt
fcs fct D(kl(t7 Ty tny () s U, (7)), Kt (E, T un—1,(7), -+, un—1, (T)))det
12 D(faults s (), 10, (O, Fulty o, (), e, () )det

J2 2D (ot 7ty (7).t (7)), (b 7yt (7)1, (7)) )t

J2 (20D (s (8), w1, (0) + -+ LinD (1, (8), 1, (8)) e+
fcs fct [C’nD(um(T), Un—1, (7')) +---+CiD (Unn (7), un—1, (T))} drdt
JiD [LMD (un (t), tn—1, (t)) + - + Lyn D (unn (t), un—1, (ﬂ)} di+

I fct [C’nlD(um (T), Un—1, (7-)) +--+ CpnD <unn (1), un—ln(T)H drdt
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s [an(um (t), tn_1, (t)) oot LlnD<unn (t), tn_1, (t)) di+

Jo L :CllD(um(t),unfh(t)) et ClnD(unn(t),un,ln(t) :dth

DU(Un.H(S); Un(s))

IN

}

)
ij:LnlD(um(t),un_h(t)) +_'_+LmD(unn(t),un_ln(t)>:dt+

)

fct J2 :C”1D<um(t):un—11(t)) -+ CnnD<unn( )s un—1, (t) :dth

[Ln + Cri(b— a)} N D(mn(t), Uln,l(t)>dt +- 4 {Lm + O (b — a)} N D<unn (1), unn,1(t)):| dt

IN

.[Lnl + Ca(b— a)] N D(uln (1), uln_l(t))dt Fot [L,m 4 Cn(b— a)} I D<unn (t), unn_l(t))} dt

Also,

(M1 + Ny (b — a)) > i (Llj + C1;(b — a))n

(8 _ C)n-i—l

Dy (Upns1(8), Un(s)) NCESE

M, + N,(b— a)) 2?1 (Lnj + Cnj(b— a)>n

This proves that (Uy),,, is a Cauchy sequence in C([c,b], 7). Then, there exists U e
C([c, b], F™) such that (Uy),,~, converges to U.

We claim that U satisfies the integral equation:

U + (—1)( flt,ar(t), -, u dt+// 1t 711 (7), - U (7))drdt
o [ [ wenu. <>>d¢dt) U
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We have to prove

—1)(fcS At @), an )t + 7 [kt 7, a1 (7), - G (7))drdt+
i (s) [ J bt (7)o (r))drdt )
: + :
U () —1)([5 fa(t,ar(t), - an(t)dt + [7 fct kn(t, T, 01 (7), -+ U (7))dTdt+
J2 07 Bt mu (7). u (7))
1_101(0)
— : . (2.3)
l_lon(c)
To prove the assertion, we have
D(an(s) + (1) (S fultan (@), an(@)dt + 2 LRt man(0), o (7)) drdt+

J2 Skt m g (7)o, (r)drdt ) ug, ()

J2 Lkt 7y (7, () drdt)  ug, (€))

(f J: [CHD

IN

As n — 0o, the last term tends to zero. Consequently, U satisfies the (2.3) for all s € [e, b].

D(an(s) + (=D 2 St (t), - an(@)dt + [2 [ alt,7 0 (7), -

(1))drdt+

D( ), tng, (8 ) ( s [LllD(ul um(t))+---+L1nD(an(7),unn(t))}dt+
(1 y Uy (T ) -+ CipD (n(T),unn(T))}det
D(n(5) 1, (5)) + (L2 [t D100 0s ) - LD (00, )

(f f [ n1D<U1 )Um(T))+"'+CnnD<ﬂn(T),unn(T))}det

g
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2.2 Fuzzy Fredholm integro-differential system

This section examines the fuzzy Fredholm integro-differential system of the form:

1
P'(s) — /\/ K(s,t)®(t)dt = G(s), —-1<s<1, (2.4
-1
where
CI)/(S) = [Soll(s)? : 780/71,(8)]157
(I)(S) = [@1(8)7 73071(8)]'5’
K(s,t) = [kij(s,t)]; 4,7=1,---,n,
G(S) = [gl(s>7 7gn<8)]t7
subject to
wi(—=1) = ¢g;, forall i=1,--- n.
Theorem 2.4 Assume that
Ve, >0, 36 > 0, Vs, 5 € [a,b] with |s1—ss| < 6 D(ki;(t,7)p;(7),0) < %z ~ 1,

!
Vi=1, .n, Jo; > 0: D(gi(t),0) < %
and
Vi=1,--,n, IMy; >0 D(ki;(t, 7);(7), kij(t, 7)Y;(7)) < MiyD*(p5,%5), =1,

Then, the problem (2.4) has a unique continuous solution ®* € (C(Z))", where
©*(s) = [pi(s), - en(s)]

Proof : The system (2.4) reads as

(

£i(s) = A z S s (s, E)ps (E)dt = g (s),

ils) — Az S Fens (5, )05 (1)t = ga(s).

\
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Hence
( n
fi @y (t)dt — A 21 f_sl f_ll ki (t, 7)p;(T)drdt = f a1 (t
J:
\ J=
and hence

©1(8) = wo1 + A Zl I f_ll ki (8, 7)gj(T)drdt + [°) g1 (t)dt
]:

(2.5)

Puls) = Pon +A 2 I ki (8,7 (T)drdt + [ ga(t)dt.
J:

\
The system (2.4) is equivalent to

s

s 1
O(s) = Oy + )\/ K(t,7)<1>(7)d7dt+/ G(t)dt, —-1<s<1.
~1.J-1

-1

Letting

s

(AD)(s) := Do + )\/S 1 K(t,7)<1>(7)d7dt+/ G(t)dt, —1<s<1,

-1J-1 -1

where

(

(Ap1)(s) = po1 + A il fjl f_ll Kyt T)‘Pj(T)det + f_sl gi(t)dt

(Aen)(s) = pon + A EZJl Iy 2 e (8 7) s (7)drdt + [ g8,

\

We consider the metric D, : F" x F" — R, where

D(1(s), ¥1(s))
Dy(®(s), ¥(s)) = |

D(en(s), ¥n(s))
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We have to prove that A((C(Z))") C (C(Z))™. To this aim, for all &, ¥ € (C(Z))", and

s1,89 € Z, with s; > so, we have

D((A¢)1(s1), (Ap)1(s2))
D, ((AD)(s1), (AD)(s2)) = .

D((Ap)n(s1), (Ap)n(s2))

D(por + A [ 1 k(8,7 (T)drdt + [* g1 (1),
j=1

©o1 + A ZO I22 [1 key(t, m)y()drdt + [ gi(t)dt)
j:

j=

+4§ﬁw1@wﬂ%mwﬁam%mm

DY 5 [1 kit m) gy (r)drdt + [ g (t)dt, 0)
j=1

DN 34 [y g7y (P)rdt + [ g, (1)1, )

A il fszl f—11 D(ky;(t, 7);(7), (~))de15 + f:; D(gi(t), ())dt

IN

A Z; fss; f_ll D (ki (t, T)p;(7), 0)drdt + fss; D(ga(t). 0)dt

IN
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61 61
< A +
!/
€n €,
< Xe+é€,
where
t
€ [617 7€n] )
/ / nt
€ =1, €]

Thus, the operator A is uniformly continuous. It follows A((C(Z))") C (C(Z))™.

Now, we will examine the continuous of A on (C(Z))". Let ®,¥ € (C(Z))", s € T.
In fact,

D((Ag1)(s), (Av)(s))
D,((A®)(s), (AT)(s)) = .

D((Apn)(s), (Athn)(s))

D(SOOI + )\ Z fjl fjl k’lj(t, T)QOj(T)det + fjl gl(t)dt,
j=1

o X3 I [ kgt ) (e + [ g (2)d

D(pon + A Zl [, [ (8, T (T)drdt + [°) ga(t)dt,
=

o+ A S [ b7 ()t 7, g (0)d)

A il S22 DOyt 7) (), e (8,7 (7)drdt

IN

A z 2L Dy (b, 7)5(7), s (£, 7Y (7).
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My - My, D*(@lﬂﬂl)
D’;(A@,A\Il) < 2)\I : :

Mnl o Mnn D*((pn, Q/Jn)
Thus, A is continuous.

Now, in order to prove the compactness of the operator A, we use the Arzela-Ascoli
theorem.

Let I := {@im,n € N; Vi = 1,---  n} be abounded set of (C'(Z))" with the constant

C.
So,Vi=1,---,n, 3¢; > 0;Ym € N,||@im(.)||r < ¢, where
q)m - [90177“ to 7Q0nm]ta and
i ()]l 7 D(gi,0)
@ ()]0 = : = Dy(Pp, 0n) = : :
| in (|7 D(im,0)
and hence
D(0, (A1m)(s))
Dy(0, (A®y,)(s)) = :
D(0, (Anm)(s))
D(C)a $Yo1 + A Z fjl f_ll klj(t7 T)@jm(T)det + fjl gl(t)dt)
j=1
D(67 Pon + A 231 fjl f,ll knj(ta T)(pjm(T>det + fjl gn(t)dt>
j=
D(67 ()001) + A Z fjl fjl D<(~)7 klj(tv T)Spjm(T»det + fjl D(Ov gl<t))dt)
j=1
<

D(0, pon) + A il 21 J2 DO ko (8, 7)oy (7)) drdt + [*) D(O, ga (1)) dt)
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j=1

<
D(0, pon) + 4N Y 2 4252
j=1
D(0, ¢ € €,
- Do) ) oy [ @ L2
—_ . ~ 5 6 /
D(07§00n) €n €n

Thus, A(F') is bounded.

We prove that A(F') is equicontinuous, that is
Ve > 036 > 0; Vsy,50 €L, AD,, € A(F) : |s1—s2| <8 = D' (Ad,,(51), AV, (s2)) < €.

In the same manner as previously, it follows that A(F’) is equicontinuous. Therefore,
according to the Arzela-Ascoli, A is compact, and so that A from (C(Z))™ into itself is

completely continuous.

According to Schauder fixed point Theorem the system (2.4) has a continuous solu-
tion. 0



Chapter 3

Two classes of fuzzy singular

integro-differential equations

3.1 Introduction

Many studies discuss numerical methods for solving differential and integro-differential
problems (see, [26, 27, 34, 35, 36]). More recently, reference [48] investigated the ap-
proximate solution of Cauchy integro-differential equations using the Legendre projection
approximation. The reference [49] describes a collocation approach for solving logarith-
mic singular integro-differential equations utilizing airfoil polynomials. Refer to [50] as
well. The fundamental idea driving [52] is to use the Kulkarni approach in combination
with Legendre polynomials rather than piecewise ones to extend and improve the results
of [47, 51].

Motivated by the above reasons, this work aims to consider two classes of fuzzy
integro-differential equations, the fuzzy logarithmic integro-differential equation, and the
fuzzy Cauchy one respectively. Firstly, we clearly show that solutions to these equa-
tions exist and are unique. We use Picard’s theorem for the logarithmic fuzzy integro-
differential equation, while Arzela—Ascoli theorem for the Cauchy one. Secondly, we
introduce a collocation method to solve the considered equations via airfoil polynomi-
als numerically. Also, we show that there are solutions to approximation concerns and

provide error analysis.

36
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3.2 Airfoil polynomials

We recall that in steady or unsteady subsonic flow, the so-referred as airfoil polynomials
are utilized as expansion functions to calculate the pressure on an airfoil. These polyno-
mials play a pivotal part in approximation theory, including in the solution of integral and
integro-differential equations.

The intention of [49] is to establish a collocation method via airfoil polynomials for the
approximate solution of integro-differential equations with a logarithmic kernel in the
classical situation. We demonstrated the existence of a solution to the approximation
equation and conducted an error analysis. This section extends the method and employs
a new procedure to numerically solve two classes of fuzzy singular integro-differential

equations: logarithmic fuzzy integro-differential equations and Cauchy ons.

The airfoil polynomials ¢,, and u,, of the first and second kind, respectively, are defined

as follows

~ cos[(n + 1) arccos 7]

o (r) = _sin[(n + 3)arccos 7]

Un(T> =

cos(1 arccos 7) sin(3 arccos )

3.3 Logarithmic Fuzzy Fredholm integro-differential equa-

tion

Given a real constant A and a fuzzy continuous function g, consider the problem of deter-

mining a fuzzy function ¢ that satisfies the equation bellow.

, e
©)(s) — ;515 ei(t)In]s —t|dt = gi(s), @(—1)=0, —-1<s<1. (3.1
-1

The above equation is called the fuzzy Fredholm integro-differential equation with a log-
arithmic kernel. We assume A is negative real throughout the paper. The other case will
be treated similarly. The solution to (3.1) exists and is unique, as demonstrated in the
following Theorem, which is based on Picard’s Theorem. In [61], an overview of the key

results of this Theorem can be found.
Theorem 3.1 Assume that for equation (3.1) the following assumptions hold:

H1. There exists M > 0: D(p(7)In|t — 7|,9(7)In|t — 7|) < MD*(p,%) forall

t,r €1 and @, € F,with |\ < J7;

H2. Ve >0, 30 > 0, Vsy,50 € T with|s) — s3] <6: forallt € T, D(g(t),0) < <5
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H3. D(o(t)In|t — 7|,0) < &, forall ¢ €F.

The problem (3.1) then has a continuous solution ¢; € Cr(I) that is unique. Moreover,

D(p;(s), pin(s)) < (

mD (1,0, ¢11)5

where p, ,, is the approximate solution obtained through successive approaches with @; o =
©i1(—1) =0 and
D™ (10, 1,1) = sup D(io(s), pra(s))-

seT

Proof : Equation (3.1) reads as

A =2 ®nls—tldt = als).

This shows that

s )\ S 1
wi(s) = / gi(t)dt + — / 55 oi(T)In|t — 7|dTdt.
-1 T™J-1J-1

Letting

(Apr)(s) = /1 gl(t>dt+%/s1 51{1 o(7) In |t — 7|drdt.
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We have to prove that A(Cr(Z)) C Cr(Z). For all ¢; € Cp(Z), and s1, 5o € Z, we have

DA e = b [Cawar 2 ("4 awm - i

82 s2 1
/ gl(t)dt+3/ §£ o) Int — rdrt)
—1 T™J1Ja
S92 )\ S2 1
= D(/ gl(t)dt+—/ 515 (7)) In |t — 7|dTdt
-1 T™J-1J-1
S1 )\ S1 1
+ / gl(t)dt+—/ 56 oi(7) In |t — 7|d7dt,
52
/ g(t)dt + — / 55 ©i(7)In | t—7‘|d7‘dt>
= D(/ ai(t)dt + — / 515 (1) In |t — 7|d7dt, 0)
s2

A
/ D(gu(t), D)t + 2 |/ 55090, Pin [t — 7|, 0)drdt
52

Al
e+ —e¢
T

’

< €.

IN

IN

Thus, the operator A, is uniformly continuous. It follows A(Cr(Z)) C Cr(Z).

We now study the continuous of A on Cr(Z). For this purpose, let ¢,1 € Cr(Z),

s € 1, we have
D((Ap)(s), (Av)(s)) = D(/ qt)ydt + = /_155_1 ) n |t — 7|drdt, /_Slgl(t)dt
+ i/_ b w(T)ln\t—T\det)

A
- || /515 ln]t—7|d7dt/ §1§ W(r ln\t—r|drdt>
-1J-1

W/ §£ Pt — 7], () In |t — |)drdt.

IN

Hence

D*(Ap, AY) < 2m(5+1)MD*(g0,¢)

T
4|\
< Plpe
4|\
< caD*(p,1), where cy:= LM

(e
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Thus, A is an c4 contraction.

By the contraction principle, the operator A has a unique fixed point ¢*, then (3.1) has
a unique continuous solution. Because A is a ¢4 — Picard operator, it has a unique fixed

point ¢*, and equation (3.1) has a unique continuous solution. Consequently,

(2
D(o[(s), o1n(s)) < TD*(SDI,O, P11)-

3.4 The approximate solution

We assume that the fuzzy numbers ¢ and g can be represented as parametric forms as

follows:

SOT,I(S) = [(pl(‘g? 7)7@(87 T)]a

gT,l(5> = [2(57 7—)7@(57 T)]
We recall that
era(s) =@ (s,7), %0 (s, 7)].

Equation (3.1) can be rewritten in the following form

)\ 1
o (s,7) — ;&lg ot 7)In|s —t|dt = gi(s,7), —1<s<I, (3.2)

A
ol(s,7) — ;55 o(t,7)In|s — t|dt = gi(s,7), —1<s<]1. 3.3)
—1

In order to simplify the above integrals, it is tempting to study the sign of the kernel
k(s,t) :=In|s — t| for two cases as follows:

For s > 0, we have

k(s,t) >0 for te]—1,s—1];
k(s,t) <0 for te€]s—1,s[U]s,1];
k(s,t) =0 for t=s—1.
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For s < 0, we have

k(s,t) >0 for te€]s+1,1[;
k(s,t) <0 for te]—1,s[Us, s+ 1];
k(s,t)=0 for t=s+1.

As in [1], letting

¢ @(57 7—) + ﬂ(S, T) d @(Sa 7-) - ﬂ(sv T)
LPZ(S,T) = 9 Pl (877-) = 9 )

gr(s, 1) := gi(s.7) ;—ﬂ(s’ﬂ’ gld<8 7) = gi(s,7) ;Q(S,T)'

Lemma 3.1 For s €0, 1], equation (3.1) can be rewritten as follows:

Opi(s,m) A [1 . — g
T % %1 2 (t; T) In |S t|dt =g (87 7-)7 (34)

d 1 2\ 1
Opi(s,7) _ éyﬁ ot 7)In|s — t|dt + —A/ @i (t,7)In|s — t|dt
T J T Js—1

= gld(s, 7). (3.5)

Proof : We have

901(577—) = 90l0<377_) - Qpld(S?T)a @(577—) = 9016(87 T) + @?(877_);

gl(sa T) - glc(87 T) - g;i(87 T)a E(Sa T) - glc(s’ T) + gld(s’ T)'

Substituting this into (3.2) and (3.3) respectively, leads to the system

o CS,T 5 d577_ A s—1 .
wz(;s ) _ 901658 ) _ ;/1 (L, 7) — (L, 7)] In |s — t]dt

)\ 1
- —§l§ (@i (t, ) + @i (t, 7)) In|s — t]dt

T Js—1

= glc(su 7-) - gld(87 7—)7 (36)
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8g0§(3,7) 8()021(5’7-) )\/5—1 ]
J— J— C l .
s | s = L)+l ] s - dar

)\ 1
- 24 [t~ gtt,m) mls -t
s—1

= g/(s,7)+ gld(s, 7). (3.7

By adding the two equations (3.6) and (3.7) together, we get (3.4). Again, by subtracting
the (3.6) from the (3.7) we obtain (3.5). ]

Lemma 3.2 For s €| — 1,0], equation (3.1) can be rewritten as follows:

0p5(s,7) A (1 . .
5 %§£1¢l(t,7)ln|s t|dt = g; (s, 1), (3.8)

a d b 1 2 !
eilsT) A 55 St )l —tldt — 2 [ gt ) Ins — el
Js i T Js+1

= gl(s, 7). (3.9)

Proof : Proceeding as the first case, we obtain the system

0ps(s, T Opd(s, T N .
Wlégs )_ Splégs ) _ }551 [(pl(t,T)—l-gO?(t,T)}1n|5_t’dt

)\ 1
= 2 Tetten) - e ] s - dat

T Js+1
= gi(s,7) = g/(s,7), (3.10)

(i (t,7) = @ (t,7)] Ins — t]dt

0s 0s T

8906(3,7)+8<,0§i(5,7) B )\§£5+1

1

A 1
- —/ (i (t,7) + @ (t,7)] In|s — t|dt

T Js+1
= g/(s,7) + g (s, 7). (3.11)

Hence, equation (3.8) follows by adding the two equations (3.10) and (3.11) together.
Equation (3.9) succeeds by subtracting the (3.10) from the (3.11). O

We will propose an approximate solution for equation (3.1) via the approximate so-
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lutions for equations (3.4), (3.5), (3.8) and (3.9) respectively. For this purpose, we will

introduce an approximation using the airfoil polynomials of the first kind %,, as

n

Pinls,m) = w(s) Y airti(s),

=0

Qpin(sa T) = (,U(S> Z bi,Tti(s)a
=0

where

Following ([22]), the formula

(1 4+ )i(s) = (i + )ui(s) — i)

gives
) 5 e futontsr+ 22 [ D - o]
a(pf’gi&ﬂ - 1:0 bZT{WI(S)tl(S) * ;}fl {(2 * %>u1(s) _tZ(S)} }

We recall that (cf. [22]),

1 1 1 t Ui—l(s)'—ui(s) + ui(s)—'ui+1(8) lfz O
—§£ V(b Ins — t]dt = 2 20+1) 70
mIa Vit —In2—s otherwise.

For s €]0, 1], by using (3.12), we get

ag, Af(s) + > af, Af (s) = g(s,7),

b5 B (5) + S0 (1B (5) = gi(5.7).

(3.12)
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with
A3 (6) = S gt s lua(s) = tals)] + A (12 4 5):
By (s) := Ad(s) + % /1 w(t)to(t)In|s — t|dt;
o 1 w(s) [,. 1 1
A7) i= St o (04 ute) - 5160
ui-1(s) —ui(s) | wuils) —uipa(s) ] |
_A{ 2 TSN y

B (s) := Af(s) + % /_1 w(t)t;(t) In]s — t|dt.

For s €] — 1, 0], again, by using (3.12), we get

%#“(%+Za”1() 9i(s,7),

%T()+Z@T1U=%@J%

with
B ()= A5(9) = = [ wto(t)nfs — st
A3(6) = S gt + g s lua(s) = a(s)] = A (2 4 5):
B (s) = A= (s) — % /Hw(t)ti(t) In|s — t|dt:
gy ] W) T L — Les
A7(5) 1= st 4 2 [ D) - 3160
ui1(8) —ui(s) | ui(s) — uiga(s)
*A{ 2 L TFRY }

The collocation method leads to the following linear systems:
For s €]0, 1], we obtain

CLOTA+<S])+ZCL:_TA:_( ) glc<8j77-)7

%3W%+ZW3ﬂ) 9i(s4:7),
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For s €] — 1, 0], we have

ag, A (S;)+Za” i (s5) = gi(s;,7),

bo,- B (8;)+Zb” By (s;) = g{'(s;, 7).

3.5 Cauchy Fuzzy Fredholm integro-differential equation

Let us consider the problem of finding a fuzzy function ¢, such that

1
¢;<s>—3§z§ 2 (), 1) =g, —l<s<1, (13

TmJ_8—1

where ) is a know negative constant and g. is a given a fuzzy function.

This equation called Cauchy Fuzzy Fredholm integro-differential equation.

Theorem 3.2 Suppose that:

H4. There exists M. > 0: D(% () w?) < M.D*(p, ) forall t,7 € Z and
@, € F, with [A| < 737

H5. Ve >0, 36 >0, Vs1,50 € T with|s) — 89| <9: forallt € T, D(g.(t),0) < €

H6. D(¥20) < £.

Then, problem (3.13) has a unique continuous solution ¢} € Cy(Z) . Moreover,

()

1— Ry,

T

D(QOZ(S)?SOC,W,(S)) S D*(§00,07§0c,1)7

where ., is the approximate solution obtained through successive approaches with

Ve = (—1) = 0and

D (SOC,O, 90c,1) = sup D(@c,o(S), Pe,1 (5))

seT

Proof : Equation (3.13) reads as

s s 1 s
/ A (D)t — 2 / 7§ 2elT) 1rar — / g(t)dt.
1 Tm) ) t—T 1
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This shows that

)\ S 1 . S
©c(8) = peo + —/ 35 Mdet + / ge(t)dt.
TJaJat—"T -1

Letting

Acp(8) = oo+ = /55% ddt+/ ge(t)dt.

We have to prove that A.(Cr(Z)) C Cp(Z). To this goal, for all ¢ € Cp(Z), and s1, 59 € Z,

we have

D(Acp(s1), Acpl(s2)) = D(peo+ > / 95 % g+ /_Slgc@)dt,soc,o

1

S2 1 S2
©c(T)
= D drdt t)dt
( /1 flt—TT +/1gC()

s1 1 51 52 1
/ 55 PelT >d7'dt+/ ge(t)dt, i/ 56 SOC(T)det
s Jat—T s2 m) ) t—7
S92 >

ge(t)dt

+
\>1|>/

-1

_ (/yﬁl _Tjd dt+/:gc(t)dt,())

< W/ 55 ( 2e(7) )d dt+/881D(gc(.),6)dt
< o (52—31)1) (f_(TT)o) + (52— 51)

< m€+€

< ;

Thus, the operator A, is uniformly continuous. It follows A.(Cr(Z)) C Cr(Z).

We now study the continuous of A, on Cr(Z).
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Let ,1 € Cp(Z), s € Z. We have

D(Aep(), A() = Do+ / s [ gt e

+ / 75 d dt+/_slgc(t)dt)
|A|/ 55 <t_73,fg> drdt
|)\|M/ §1§ D* (¢, ) drdt

2|7r|(s+1)M D* (ip,4)

4IA|

IN

IN

IN

IN

— M.D" (¢,1) .

Thus, A, is continuous.

Now, in order to demonstrate the compactness of the operator A., we use the Arzela-

Ascoli theorem.

Le G := {p,, n € N} be abounded set of Cp(Z).

Hence
Vn e N, |lon(.)||lg < K, for some positive constant K,
and hence
| Acon(s)llg = (0 Acipn(s
< ,soco+ / ;5 enlr) 4 dt+/ gc(t)dt>
aJat—71 -1
<

0, ¢eo) / /D()t_T)

< D(0, 90c0)+u2< + 1o, 27

drdt+/ D(0, g(t))dt

\]

~—

)+ (5 + 1)D(0, ge(t))

2
< D(0,pe0) + 15 425 = a,

so that A.(G) is bounded.

We prove that A.(G) is equicontinuous, that is
Ve > 0386 > 0; Vs, 82 €Z, Acpn € Ac(G) 1 |s1—52] <6 = D((Aepn)(51), (Aepn)(s2)) < e.

Similarly as above, it follows that A.(G) is equicontinuous. Consequently, following

Arzela-Ascoli theorem A, is compact, so that A, from Cr(Z) into itself is completely
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continuous.

According to Schauder fixed point theorem equation (3.13) has a unique continuous

solution. U]

3.6 The approximate solution

We assume that the fuzzy numbers ¢ and g can be represented as parametric forms as

follows:

pre(s) = [pe(s, 1), Pe(s, )],

gr,c(s) = [gc(sv T)»E(Sa 7_)]

We recall that
@, (8) = [@(5,7),@c (5,7)].

Problem (3.13) can be rewritten in the following form

0s T

0 c\S, A ! (T
ﬂ( 7—)_ % ¢S<7Z)dt:&(8’7)’ —1<s<1,
-1_2=v

9 - —Ldt =G.(s,7), —1l<s<l.

1 S—1

0Pc(s,7) A 551 oe(t, T)

It follows that

Opc(s,7) A ygs pe(t,7) A ?§1 Pe(t,7)

o S mmdt =~ T = ge(s ), (3.14)

1 s—1 s s—1

— s — 1
0P.(s,T) B é% Spc(tﬂ')dt _ é% mdt =e(s,7). (3.15)

0s w). 4 s—t s s—t
In order to obtain an explicit system of equations, let us putting

@(577—> +ﬂ<577—> d @(877) _ﬂ<577—>

©i(s,T) == 5 . pi(s,T) = 5
c %(377)+&(377) d %(577_) _&(377_)
go(s,T) := 5 . ge(s,T) = 5 )
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This Theorem makes it legitimate to apply the collocation method.

Theorem 3.3 The problem (3.13) can be rewritten in the following form:

Ope(s,7) A

0s

Oge(s, ) ﬁyg

0s T

Proof : We have

b oe(t, )

Tt = gf
- 9ge(s,7),

dt +

@c(s,7) = (s, 7) — (s, 7),

gC(Sv T) - 95(87 T) - 95(37 T)?

2 1 d
24 2D s,
™ S

s—t

Bo(s,7) = @i(s,7) + @2(s, T);

9e(5,7) = gi(5,7) + g2 (s, 7).

Substituting this into (3.14) and (3.15) respectively, yields

Opls,7) _ 0pi(s, 7)

O0s

é /S ng(t77—) B ()Og(t77-> dt

™) s—1
A yg it ) + ol T)
T J s—1

95(877) - gg(svT)7

[ en e,
m -1 S _t

1, c . Ad
A et et
T J s—1

9e(s,7) + g2(s,7),

(3.16)

(3.17)

(3.18)

(3.19)

By adding the two equations (3.18) and (3.19) together, we get (3.16). Again, by subtract-
ing the (3.18) from the (3.19) we obtain (3.17).

OJ

We’ll use the approximate solutions for equations (3.16) and (3.17) to give an ap-

proach solution to the equation (3.13). To this end, the airfoil polynomials of the first kind

t,, will be used to build an approximation as follows.

n

Pon(8:7) = w(s) Y cirtils),

1=0
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QOCTLST Zd”t

By using the formula (cf. [22]),

yg 1+ttt
1— t—s

we get

a w(s;) 1

Zdiﬂ—{w,(‘sj)ti(‘sj) g s; [+ 2

Jualss) — ()] + ()

s Sj—t

2N [ w(t)t(t
+ —55 Mdt}:gg<3]’,7—>, j=0,1,...,n.
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3.7 Convergence Analysis
In this section, we prove the convergence analysis of the current approximations. To

accomplish this, we rewrite the obtained equations in operator forms.

Let us define the following operators:

Vs =2 [ etmnls—tlae
Vo)) == [ olt)n]s = jar
ep)ls) = 2 Ay

Lemma 3.3 Assume that
Ir >0, VseI; D((Vy)(s),0) <,

then V' is compact from (Cy(ZI), F) into itself.

Proof : We have

D*(Vyp,0) = supD (Ve)(s), 6)

sel

so that V' is bounded.
Also,

D)) (ve)s) = ([ etvar, [ wio)
| Dl vy

IN
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Hence

D*((Ve), (V) < (s+1)D*(p,0)
2D*(p,v)

Q.

IA

A

Thus, V is continuous.

Letting
Q:={p € (Cp(Z),F); IN >0 D(p(s),0) <A; forall scT}.

We show that V() is equicontinuous,
S1 52
DVl Viels) = D[ ottt [ ptja
-1 -1

< o(f etnar+ | oty [ el

1

-1
< / D(p(t),0)dt — 0 as sy — 51,
s2

so that 1/(£2) is equicontinuous.

We prove that V' (£2) is bounded.

D*((Vp),0) = sup D(/_s ©(t)dt,0)

seET 1

IN

sup /_51 D(p(t),0)dt

sel

94,

IN

so that V' (2) is bounded.

We conclude that V' is compact from Cr(Z) into itself by applying the Arzela-Ascoli
Theorem. 0

Suggest hat functions eg, €1, €3, . . ., e, in C°(Z) subject to
€;(sk) = Ojik-

Let us consider the projection operators 7,, from C°(Z) into the space of continuous func-
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tions by

Define the operators

B., = Vm,1,, B.: =V,
By, =V, B :=VI,
Sem =V Ve,  Se:=VV,
S, =VmV~, S =VV~,

In
St =vm, V", Sri=VvVt

In

Consider the following approximate equations:

{ (plcn - Blncpfn - Vglc7
gpln Blngpln+sln¢cn_VglCl7

{ Pin — Bl,n@in - Vglc7
cp;i,n + Bl,n‘pld,n - S;nSOg,n = Vgld7

and
{ sz,n - BC,TLSOZ,VL - Vgg?
Soc n Bc,nQOin + Sc,ngog,n - Vgg

Theorem 3.4 Assume that gf, g%, g, g% € Cr(Z). There exist a positive constants
d+ _d—
VLN Ve vﬁ, such that

65n(o) = @5 Dloe < A B = Bun) @57 oo

et (o) = el < 3| (B = Bun) = (S = St )¢t )|
letn(om) =il < 5 ((S7 = 800 — (Bi- Bl,n>)<,ol <.,T>HOO,
I6(7) = 2Tl < A2 (Be = Be) 9505 oo

It m) =06 Dloe < 3| ((Be = Bew) = (e = Se) )7 |,

oo

for n large enough.
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Proof : We recall that ||m,¢0 — ||, — 0, for all ¢ € Cg(Z). Since V is compact, it
is clear that B, is compact. It is well-known that the inverse operator (I — B, n) exists

and is uniformly bounded for n large enough.

On the other hand,
0i (1) = i) = Vi, m) + Bigi(, 7)] = [Vgi (o 7) + Bin@in(-7)]
= [Blgplc(a T) - Bl,ngolc,n(v 7—)}
= [(Bi= Bin)¥i(,7) = Binl@in (1) — 1) (., 7)] -
This leads to

(I = Bin)(@i(7) = ¢in( 7)) = (Bi—= Bia)ei(,7),

so that
0i(7) = @in(7) = (L= Bua) ™ (B = Bua)ei(,7)].
Consequently
1in(7) =i Tlle < A(Br = Bin) @i (5 7)lloos
where

v = sup H(I - Bl,n)iln’
n>N

which is finite. The other outcomes can be demonstrated in a similar manner to the one

described above. O

Letting

Riw = | (B = B = (87 = 55))et )|
R = | (7 =800 = (Bi= Bu) )i
RE = maX{RdJr Rd }

In
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Theorem 3.5 The following estimate hold

le, (. 7) =2, (oo < AFNH(Br = Brn) 91 (Tl + R,

1B, 7) = BinlTlloe < Al (Br = Bia) ¢illso + RiL,

(oo

IN

Vel (Be = Bun) 2 7)1
((Be = Baw) = (e = Sem)) 67|

||£c('> T) - £

c,n

+ A

IN

Vel (Be = Bew) 02(- 7)lloo
d <(Bc — Bep) — (Se — Sc,n))@?(w T)H 5

(e}

1B 7) = el T)lloo

for n large enough.

Proof : To provide the desired results, we take into account that

le, (1) =@, (llee = (@i () = @ (7)) = (i 7) = 91 7)) oo
< @i 1) = @il Dlloo + 167 () = @ (T lloos
”@l('ﬂ-)_@l,n(‘ﬂ_)”m = H (Qolc( )+90(7T>) (Qpln( )_’_(P;i,n('?T)) Hoo
< i 7) = @i Dlloo + 167 7) = 61 (T oo
and
lo.(o7) =@, Dl = 1190 T) = 2o 7) = (9en(T) = 0en( 7)) s
< i) = @l Dlloo + 105 ( ) P () loos
1Be(s7) = Pen(s oo = (06 7) + 025 7)) = (960 (57) + 92, (T)) lloo
< el 1) = Penlo Mlloo 2L T) = 98, T) oo
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Letting
dinlpre) = Al (Bi= Bun) @i ()l + Ri
@ (@er) = AN (Be = Ben) @i )low + 7| (Be = Ban) = (Sc = o)) 920, 7)|

oo

We can now state the key result of convergence analysis is the following corollary.

Corollary 3.1 The following estimate hold

D* (Spla Spl,n) S sup {dl,n<90l,7')} s

D* (‘Pm SOC,n) < sup {dc,n(wci)} )

for n large enough.

Proof :
Since
max {|i(5,7) = 0, (.7 [Buls.7) = a5, 7)| | < o).
and since
mac {|g,(5,7) = ¢, (57| [Bel5:7) = Ben(5:7)| | < denler).
we get

sup D (‘Pl<5)u Spl,n(s)) < dl,ﬂ(‘Pl,T)a
—1<s<1
sup D (¢.(s), Soc,n(s)) < dc,n(900,7)~

—1<s<1

Consequently, we obtain the required estimates. 0
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3.8 Numerical examples

We give numerical results of two cases, selected integro-differential equations, solved by
the methods of this work in this section to highlight the performance of our methods. Each
table in these numerical computations displays the numerical error of our approximation.

Letting

En(T) = |9f(s5,7) — 5, (s5,7)| and & (1) = |¢f(s5,7) — &f (55, 7)

Y

and

gcc,n(T) = ’902(8]'77-) - (pg,n(sja 77-)| and gg,n<7—> = }QDE(Sj,T) - @g,n<‘9j77>

)

Example 1

To begin, let’s look at the logarithmic fuzzy Fredholm integro-differential equation (??)
with A = —1 and ¢;(., 7) such that

pi(s,7) = [(s* = 1), (2= 7)(s* = 1)].
It follows that
©f(s,7) = (s> —1) and ¢f(s,7) = (1 —7)(s* —1).

The numerical results for Example 1 are listed in Table (3.1) for 7 = 0.1.

n gla,ln (T) glc,n(T) glc,ln (T) + glc,n (T)
15 | 4.248e-3 | 4.727e-3 8.975e-3
25 | 1.622e-3 | 1.802e-3 3.425e-3
35 | 9.184e-4 | 1.019e-3 1.938e-3
45 | 5.056e-4 | 5.637e-4 1.069¢e-3
55 | 4.017e-4 | 4.448e-4 0.846e-4
65 | 2.576e-4 | 3.200e-4 5.776e-4
75 | 3.780e-4 | 4.100e-4 7.880e-4
85 | 2.400e-4 | 3.880e-4 6.280e-4
100 | 1.900e-4 | 2.400e-4 4.300e-4

Table 3.1: Example 1
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Example 2

The following Cauchy Fuzzy Fredholm integro-differential equation is the subject of the

second example. Here, A = —1 and the function g.(., 7) was chosen in such a way that
pels,7) =[1(5° = 5), (2= 7)(s° — 5)].
This implies that
©(s,7) = (s> —5) and @%(s,7) = (1 —7)(s> - 5).

The method’s rate of convergence is shown in table (3.2) for 7 = 0.1. The results back up

the above-mentioned convergence features.

n | 8L | &) | €5+ E,(r)
20 | 4.436e-3 | 1.329¢-3 5.765¢e-3
30 | 2.214e-3 | 6.630¢e-4 2.877e-3
40 | 1.361e-3 | 4.049e-4 1.765e-3
50 | 9.550e-4 | 2.806e-4 1.235e-3
60 | 6.495e-4 | 1.933e-4 8.428e-4
70 | 5.312e-4 | 1.425¢e-4 6.737e-4
80 | 4.850e-4 | 1.270e-4 6.120e-4
90 | 3.080e-4 | 1.090e-4 4.170e-4
100 | 1.235e-4 | 8.990e-5 2.134e-4

Table 3.2: Example 2

3.9 Concluding remarks

To approximate two critical classes of fuzzy singular integro-differential equations with
a logarithmic kernel and a Cauchy one, an efficient collocation approach based on airfoil
polynomials was presented. Other types of equations can be generated and used with the
approach. By presenting actual computational approaches, this work will help clarify the
difference between theoretical fuzzy singular integro-differential equations research and

practical applications currently used in the design of different fuzzy quantum systems.



Chapter 4

Intuitionistic fuzzy integral equations

4.1 Introduction

In this chapter, the term intuitionistic fuzzy set, which is a generalization of the term fuzzy
set introduced by Zadeh [77, 76, 24, 38], is defined.

Nowadays, fuzzy theory and calculus are very popular topics. The papers [12, 72, 3]
discussed various results on intuitionistic fuzzy set theory. In [11], the authors discussed
intuitionistic fuzzy integrals. There are several literature sources where fuzzy integral
equations are solved, such as fuzzy Fredholm integral equation, (see, [25, 37, 25]) and

fuzzy Volterra integral equation, (see, [66, 67, 11])

Fuzzy set theory has long been used to handle fuzzy decision-making problems, but
many researchers have recently taken an interest in intuitionistic fuzzy set (IFS) theory and
applied it to the field of decision making. In cases where existing information is insuffi-
cient for the definition of an inexact concept using a conventional fuzzy set, the concept
of an intuitionistic fuzzy set can be viewed as an alternative approach to acknowledging a

fuzzy set.

Several authors consider intuitionistic fuzzy numbers in various articles and apply
them in various fields. However, the point is that they only considered the intuitionistic
fuzzy number with linear membership and nonmembership functions. However, this is

not always necessary.

In this chapter, we present the various arithmetic operations on intuitionistic fuzzy
numbers. We present all of the arithmetic operations as well as some properties of differ-
entiability for intuitionistic fuzzy functions. The de-i-fuzzification of the corresponding
intuitionistic fuzzy solution is also defined by the average of (7, 73)-cut method. We

examine an intuitionistic fuzzy integral equations.

59
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4.2 Intuitionistic fuzzy analysis

Let X be the universal set.

Definition 4.1 (/62]) An intuitionistic fuzzy set (IFS) A in X is defined by

A:={(s,p(s),0(s)), se€ X},

where the functions p(s), o(s) : X — [0, 1] represent respectively, the degree of member-
ship and degree of non-membership of the element s € X to the set A, which is a subset
of X, and for every s € X, 0 < p(s) + o(s) < 1.

For each IFS A in X, we will call

[I(s) =1 —p(s) — o(s)
the intuitionistic fuzzy index of s in A. It is evident that

0<I(s) <1, forall se€ X.

Definition 4.2 ([62],([43])) An intuitionistic fuzzy set A = {(s, p(s),0(s)), s € X}, of
the real line is called an intuitionistic fuzzy number (IFN) if:

(i) Ais IF-normal, i.e.there exist at least two points s, sy € X such that p(s) = 1 and
Q(SO) = ]-7

(ii) pisa Ais IF- convex, i.e. its membership function p is fuzzy convex, i.e.
p()\s +(1- )\)30) > min (p(s), p(so)> s,s0 € R, Ae0,1];
and its non-membership function o is fuzzy concave, i.e.

Q()\s + (1+ )\) Sp < max (Q(S), Q(so)) s,80 € R, A€ 0,1]

(iii) p is upper semi-continuous and o is lower semi-continuous;

(iv) suppA = {s € X, o(s) < 1} is bounded.
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4.2.1 Arithmetic operations on interval-valued intuitionistic fuzzy num-

bers

Let A = {[a1, as]; [}, ay]} and B = {[b1, bo]; [b}, b5} be two interval valued intuitionistic

fuzzy numbers. Then, the following are the various arithmetic operations:

1. Addition:
A + B = {[al + b17a2 + bQ]a [all + bllvaé + blﬂ}a

2. Substraction:

A — B = {[ay — by, a3 — by]; [a] — by, ay — by}

3. Multiplication:

A x B ={a; 8},
where
o = [min(albl, albg, CLle, agbg), maX(albl, ale, (lzbl, agbg)],
and
1= min (a4, aith, a5bl, ahth), masx(a} b, alth, asbh, aiph).
4. Division:

. a; a; G2 G2 ap a1 G2 G2
AB = {|: <_7_>_7_>7 (_7_7_7_>];
G by b b ) b by by

. (ay a) d a’2> (a’l ay al a’Qﬂ}
[mm<b’1’ A A A A A VA U A
5. Scalar multiplication: Let k£ € R. Then,

A = {[kay, kas); [ka!, kal]} if k>0,
| A{[kag, kai]; [kd), ka}]} if k< 0.

More information concerning the arithmetic operations on interval-valued intuitionistic

fuzzy numbers can be found in [73].
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4.2.2 Intuitionistic fuzzy numbers

Definition 4.3 ([43]) A set of (r1, r2)-cuts, generated by IFS A, where 11,15 € [0,1] is a
set of fixed numbers such that 1 + ro < 1 is defined as

Ary s = {(s,p(5), 0(s))s € X p(s) =11, 0(s) <795 71,75 € [0, 1]}

(r1,72)-cuts denoted by A,, ,, is defined as the crisp set of elements s wich belong to A,

at least to the degree r1 and which does belong A at most to the degree 5.

Denoting by F* the set of all intuitionistic fuzzy numbers.

Let z,y € F°, if there exists z € F' such that x = y + 2 then z is called Hukuhara
difference (H-difference) of x and y and is denoted by x © y.([17])

Definition 4.4 ([17]) Let f : (a,b) — F* and sy € [a,b]. We say that f is differentiable

at sy, if there exist an element f'(sq) € F', such that

1. Forall h > 0 sufficiently near to 0, there exist f(so+h)© f(so), f(s0)©f(so—h),

and the limits

lim f(So + h) o f(So) — lim f(So) o £(80 — h) _ f,<80)

h—0t+ h—0t

or

2. forall h < 0 sufficiently near to 0, there exist f(so+h)S f(s0), f(s0)© f(so—h),

and the limits

lim f(so+h)© f(s0) ~ lim

h—0— h—0—

f(s0)© f(so—h)
. = f (s0)-

in the case when f is intuitionistic fuzzy valued function, we have the following theorem

Theorem 4.1 ([17]) Let f : R — F' be a intuitionistic fuzzy valued function with

(r1, m9)—cut representation

Frowa(s) = {f(s,10), F(s,m2)} = {[f,(5,70), £, (s, m0) s [Fuls, 72), Fr(s,72)]},
foreach (ri,ry) € (0,1). Then we have the following

1. If f is differentiable in the first form (1) in Definition 4.4. Then

il(su rl)vi,,(sa 7’1) and 7[(57 T2)77r(57 TQ)
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are differentiable functions and

Fia(8) = {L£2(s,m0), £ (5,70)]; [Fu(s, 72), Fols )]}

2. If f is differentiable in the second form (2)in Definition 4.4. Then

il(57 Tl)vir(S’ 7“1) and 7[(37 r2>7?r(57 TQ)

are differentiable functions and

i (8) = {1 (5,70, Lo (5,70 [Fo(s.72), Fils )]}

Theorem 4.2 ([17]) Let f : R — F' be a intuitionistic fuzzy valued function with

(r1, m2)-cut representation

froaa(8) = {f(s,m1), F(s,m2)} = {[f (s,71), [ (s,70)]; [f1(s,72), [, (s,72)]},

foreach (ry,rs) € (0,1). Then we have the following:

1. If f and [’ are differentiable in the first form (1) or If [ and f' are differentiable in
the second form (2) in Definition 4.4. Then

/I

Trira(8) = LU (s, 0), £ o) [T (572), Fr(s,m2)]3 )

2. If f is differentiable in the first form (1) and [’ are differentiable in the second form
(2) or if f is differentiable in the second form (2) and f' are differentiable in the
first form (1) in Definition 4.4. Then

7,7"1,7“2(8) - {[i:<87 Tl)ﬂigl<s7 Tl)]; [7:(87 T2)772/(S7 TQ)]}‘

4.2.3 Generalized Hukuhara distance on intuitionistic fuzzy-valued

function

Definition 4.5 [60] Let

ey ey = {2(r1), T(r2)} = {{zi(r), 2, (r)]; [71(r2), T (r2)]}
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and
Yrowe = {y(r1),9(r2)} = {ly,(r1), 5, (r)]; [0(r2), 7, (r2)]}
two intuitionistic fuzzy numbers. The Hausdorff distance between intuitionistic fuzzy num-

bers is given by D' : F' x F' — R* U {0} as in

D'(z,y;7,7) = sup D(z(r1),y(r1);T(r2), 5(r2))

1,72

= supmax {[z(n) = g, ()], ]2, () = g, (00 [7(r2) = Glr2)], [2:(2) = 5,r2)1 |,

71,72

where D is Hausdorff metric and metric space (F*, D") is complete, separable, and lo-

cally compact, the following substances for metric D' are tenable:
1. Dz +w,y+w;T+2y+2) =D (z,4;7,7), forall z,y,T,j,w,z € F
2. Di(kz, ky; kz,ky) = |k|D" (z,y;Z,7), forall z,y,T,5€ F' k€ R;

3. D'z + x,,y, +y ;T + TG +7,) <D (zz,gl;@,?l) + D (£g5@>
forall &lagpzlayl?&wngragr € -Fi;

4. D'(2,9z,,y,9Y,; 19T, §,07,) < D’ (zbgl;fz,?z) +D <£QE§> as long
as r,;9%,, Y,y , oL, YOy, exists and for all Y, T 0 Y Ty Yy € F
4.2.4 Chebyshev polynomials

Definition 4.6 [71] Let x = cos(#), 6 € [0,7]. Then, the n-th degree Chebyshev poly-
nomial T,,(.),n € N, on [—1,1] is defined by the relation

T, (x) := cos(nB), or explicitly, T,(x) = cos(n arccos(z)).

The Chebyshev polynomials are orthogonal with respect to the weight function w(x) =

ﬁand the corresponding inner product.

< f,g>= /_ w(x)g(z)f(x)dx, where, f,ge€ L*(—1,1).

1

The well-known recursive formula
Toi1(x) =2XT,(x) = Tho1(z),n € N where To(x) =1, Ti(z) =z

is important for numerical computation of these polynomials. Since it is more convenient

to use range [0,T] than [—1, 1], we transform [0, T] into |—1, 1], using linear transfor-
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mation s = 2z — 1, where x € [0,T],s € [—1,1]. This leads to a shifted Chebyshev

polynomial (of the first kind) T (x) of degree n in x on [0, T] given by
T:(2) = T — 1)
z)=T,(=z—1),
" T

with the corresponding weight function w*(z) = w(Zz — 1).

Let u(z, y) be a bivariate function defined on [0, 73] x [0, T3]. In the similar way, it can be

expanded using Chebychev polynomials as follows

N M
u(@,y) = pyar ()@, y) = Y > T (@) Ty (y) = T(2) UT(y),
n=0 m=0
where py a2 C([0,T] x [0,T]) — 7n X mpr, (N, M € N), is an orthogonal projection
and we use — to distinguish the shifted Chebyshev polynomials corresponding to different
intervals. Here, U = (u; ;) is a matrix of size (IV + 1) x (M + 1) with the elements

wo= —| ! | b Ju(, )Ty ()T (y)ddy

ViYj
N+1M+1
T1T27T T2
~ -+ 1) s+ 1)Ti(x)T;(xs).
VTP §ij§oj (0 + 1), 2wy + 1) Ti() Ty ()

I(t) = [T5(8), -~ T ()"

Theorem 4.3 [71] Let I1(x) be the vector of shifted Chebyshev polynomials defined above.
Let the (N + 1) x (M + 1) matrix P defined by P := fOT (s)I(s)" ds.

Then, the elements of this matrix can be determined by

poo =T, p11 = % P10 = po1 = 0,

_1—(—1)%tJ . . . .
pij:%(%), for j=i+1,i—1,ie{l,--- N}, and

T —1—(—1)"+i —1—(—1)li+l . . .
pi; = (G T mmengeE) for s=i+li—lie{l, - N},
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4.3 Intuitionistic fuzzy integral equation

Let us consider the following intuitionistic fuzzy integral equation

T
o(s) = g(s) —i—/ h(s,t)p(t)dt, 0<s,t<T. 4.1)
0

where h(.,.) and g are two known intuitionistic fuzzy numbers, ¢ is unknown intuitionis-

tic fuzzy number.

4.4 The Approximate Solution

As in [71], we suppose that the intuitionistic fuzzy numbers ¢ and g can be described as
described in the following:

Orm(s) = {w(s,m),0(s,72)},

= {lg,(s,11), ¢, (s,7); [@i(s,72), 2, (s, 72)]}
9rm(s) = {g(s,m),9(s, 1)},

= {lg,(s,m), 9, (s,7)]; [91(5,72), 9. (s, )]}

The equation (4.1) can be represented as follows:

T T
£l<87 7—1) = gl<87 7-1) + / hl(sa t)gl(ta Tl)dt + / h2(87 t)fr(t, Tl)dtv ’ 0< Sat < T:
0 0
T T
fr(s77—1) :gr(saTl) +/ hl(sat)gr(taTl)dt—}_/ h?(sat)fl(taTl)dtv 9 0< Sat < Ta
0 0
T T
Bils.m) =g m) + [ WOttt [ (iRt 0<st<T,
0 0

T T
(5, 72) = ,(5,7) + / (s, )5, (£, 7o)t + / ha(s OB (L m)dt, . 0< st <T,
0 0
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Letting
st { h(s,t) ifh(s,t) >0
0 otherwise
st { h(s,t) if h(s,t) <0
0 otherwise
Thus,
gl(s ) _ gl(s ) T hy hy gl(t,ﬁ) p
[ms m] [< IR (hz m) [g(tm] t
and
@ls,m) | _ | Gils,m) T by hy i(t, 1) p
[@(3 71)] [@(3 71) +/0 (hz ha ) [@(t i ] t
prim(s) = {[I(s)@ (1), I (5) @, (1) ; [IT*(5) BT (72), IT*(5) P, T1(72)] }
grnm(s) = {[II'(s)GII(m), T(s)G,IT(1)]; [IT'(5) GiTL(7o), T (5) G, T (72) ] }
hi(s,t) =~ M*(s)H,II(¢)
ho(s,t) = II*(s)HoII(t)
Hence,

o TH(s)ELTI(t) TT(s) HoTI(2) ) lnt(t)@lﬁ(ﬁ) ]
/ dt 4.2)
O\ M) HLII(t) T(s)HLII() | | TT(t)@,Ti(n)

T
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and

[T (s) H I1(t) TT*(s) HoII(2) I (¢) @, 11(75)

T
/ dt. 4.3)
0

IT(s) HoII(t) II*(s)H II(t) () @, I1(73)

A similar analysis as [71] gives

®, G+ [ HIIOIT () ®,dt + [ HoTI(4)IT (1) D, dt
= , 4.4)
o, G, + [y B (O)D,dt + [} HiII(1)2,IT(H)®, dt
D, G+ [ Hi(6)TE () Bydt + [ HoII(£)ITH (1) B, dt
_ . 45)
D, G, + [ HJIOIH () Byt + [ HyTI(8)®, T () B, dt
Hence,
G, (I — H,P) ~H,P | [ @
_ , (4.6)
G, —H,P (I-HP) || @,
and
G, (I — H,P) —H,P D,
_ , (4.7)
G, —H,P (I — H,P) D,

4.5 Existence and uniqueness

Theorem 4.4 Assume that for equation (4.1) the following assumptions hold:

9> 9,> 91> 9p» h1 and hy are uniformly continuous with respect to s and there exist



4.5 — Existence and uniqueness 69

¢ >0,c >0,7¢ >0andc, > 0 such that
19,(s1,71) — g,(s2,71)| < gls1 — 52,

9. (51,71) — g (s2,71)] < ¢ [s1 — 82,

1G,(s1,71) — G;(s2,71)| < Cls1 — sal,

|ha(s,t)] < My, |ha(s, )| < My, M =max{My, My}, and 2MT < 1.

Then, the problem (4.1) has a unique continuous solution p* € C([0,T1]).

Proof : We have to prove that A(C([0,77])) C A(C([0,T])). To this goal, for all ¢ €
A(C([0,T])), and s1, s5 € [0, 7], we have

DI«AQO)TLW (81)7 (A(P)TLTQ (82)> =

= sup D((Ap)(s1,71), (Ap)(s2,71); (Ap)(s1,T2), (Ap)(s2, T2))

71,72

= supmax{|(Ap)(s1.m) = () (52,7l (A )(s1.71) = (A )(s2. 7))

(Ap)(s1,72) = (Ap) (52, )|, [(Ap, ) (51, T2) = (Agp, ) (52, 72) [}
T
< sup maX{|gl(8177—1) - Ql(52>7'1)| +/ |h1<817t) - h1<s27t)||£l(t>7—1>|dt
T1,T2 0
T
+ / |ha(s1,t) — ha(s2, )|l (¢, m1)|dt, g (s1,71) — g (s2,71)]
0
T T
+ / ‘hl(Sl,t> - hl(SQ,t)Hfr(t,Tl)’dt —|—/ |h2(51,t> - hQ(SQ,t)Hfl(t,Tl)ldt;
0 0

T
[9:(51, 72) — Gy(52, T2)] +/ |h1(s1,t) — ha(s2, )| (t, 72)|dE
0
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T
+ / |ha(s1,t) — ha(s2,t)||@,(t, T2)|dL, |G, (51, T2) — G,(52, T2)]
0
T T
+ / |h1(s1,t) — ha1(s2,1)|[,(t, T2)|dt +/ |ha(s1,t) — ha(s2,1)|[(t, T2)|dt}
0 0

T T
< supmax{g]|s1 — 2| +/ ki|s1 — nggl(zﬁ,ﬁ)\dt +/ ka|s1 — 32|]£T(t,7'1)|dt,
0 0

T1,T2
T

T
Qr’51 — 82’ +/ k'1’81 — Sgng(t,Tl)’dt +/ kQ‘Sl — SQHfl(t77-1)‘dt;
0 0
T T
als — s + / alsy — 5ol [(t, 72)]dt + / alst — sal[@, (¢, 7).
0 0

T

T

Crls1 — 52 +/ kilsy — 32!|@(t772)!dt+/ kols1 — sa||@y(t, 72)|dt}
0 0

sup max{¢|sy — so| + TkiM,|s1 — so| + ThoM. .|s1 — $2,

T1,T2

¢.|s1 — so| + ThkiM,|s1 — so| + ThaM|s1 — sal;

IN

61’81 — 82| + Tk:lﬁl]sl — 82’ + Tk’ngL‘Sl — 82’,
ET’51 — 82| -+ T]ﬁMT’Sl — 82’ + TkgMﬂSl — 82’}
sup max{gl + TklMl + T/{?QM + Tklﬂr + T]{IQMZ,

7"72’/‘

IN

T1,7T2

¢ + Tk’lﬁl + Tk’ng,Er + Tk'lM,, + Tk?QMlHSl — 82‘

Thus, the operator A is uniformly continuous. It follows A(C([0,77)) C C([0,T7).
We now study the continuous of A on C([0,77]). Let p, ¢ € C([0,T7]), s € [0,T]. We

have

DI((A(P)TLTQ(S)? (Al/})ﬁ,m (8>) = Sup D<<A§0)(87 7_1)7 (Al/))(S, 7_1); (AQO)(& TQ)? (Aw)(sv 7_2))

T1,72

< supmax{|(Ap) (s,m) = (AY), (s, )|, [(Ap) (s,71) = (A¢) (s,71)];

~ 7] -~ T7] -~ "y ~ T 7r
71,72

|(Ap), (s, 72) = (AY), (s, 72) |, |(Ap), (s, 72) — (AD), (s, 72)[}
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71

D" (ASOTLTz ) A¢T1,Tz )

Thus, A is a contraction.

IN

IN

IN

T
supmax{ [ [hi(s,t)||¢,(t, 1) — ¥, 71)|dl +
0

T1,T2

[t 0l 070 —
/OT‘hl(S>t)H£T(t,7'1) (6, m)ldt +
/OT s (s, )], (t.70) — 0, (t, )| dt;
/OT |ha (s, )[Bu(t,72) — Gyt )| dt +
/OT [ha(s, 1)[[B, (¢, 72) — 0, (¢, 72)d,
/OT b (5, )8, (t, 72) — U, (¢, 72) |t +

/0 (a5, DI Bt 72) — T(t 7))t}

sup max{MlTsup|g0l(t ) — ¢, (L) +

71,72

Mszup|so (t,m) = (t, 7)),

MlTsup| (t,Tl) (@ )|+
MgTsup|gol(t,T1) ¥, 7)l;
M1TSHP [yt 72) — Uyt 72)| +
MgTsup B, (t, ) — ¥, (t, 72)],
MlTSUP @, (t, 72) — r(t77—2)| +
MeTsup [i(t,72) = du(t, o)1}

QMTSUPD ((107'1 7'2( ) ¢n T2(t))

2MTD[* (‘Pnﬁz ) 7/)71,72)

By the contraction principle, the operator A has a unique fixed point ¢*, then (4.1) has

a unique continuous solution.

O



Conclusions and perspectives

In this dissertation, we have presented some modified methods for solving certain classes
of fuzzy Fredholm integral and integro-differential equations, and we highlight our results

with numerical examples.

Our work aims to develop an approximation for fuzzy linear integral and integro-
differential equations using collocation methods based on some orthogonal polynomials.
This work can be extended to fuzzy nonlinear integral and integro-differential equations

as well as other fuzzy singular integral equation classes.

To determine, as a future project, the conditions under which the previous methods
could be applied to fuzzy Volterra integral equations of the third kind. These techniques
can also be used with nonlinear integrals and integro-differential equations, but some

modifications are required.

Precisely, we aim to approximate the solution of fuzzy integral equations of the type :

ag(s) = 53 [ Hils.t0@)pdt =g(s), mEN, ass<h
k=179

ap(s) — /Bi/s Hyi(s,t,9(t)) In|s —t| h(s, t)p(t)dt = g(s), meN", a<s<b,
k=14

B[ (s, O)k(s, t,9(1))

T Jo s—1

ap(s) et)dt=g(s), , 0<s<L

72
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