République Algérienne Démocratique et
Populaire

auily i2.n Ministere de I’Enseignement Supérieur et . doals
P de la Recherche Scientifique

Université de Mostafa Ben Boulaid Batna 2

Faculté de Mathématiques et de
Pinformatique
2 % Département de Mathématiques , )
Yeasiry of 8F Laboratoire des Techniques Versiry o 85
Mathématiques (LTM)

THESE

présenté en vue de 1’obtention du

DIPLOME DE DOCTORAT EN MATHEMATIQUES

Option: Théorie de Contrdle

+o@A LT

Présenté par: Amira KAMECHE

Sur le rayon de stabilité des systemes

stochastiques de dimension infinie

Soutenu le 07/12/2022 devant le jury composé de

Mme. Lombarkia Farida, Président, Prof. Université de Batna 2
Mme. Kada Maissa, Rapporteur, M.C.A Université de Batna 2
Mr. Rebiai Salah-Eddine, Co-rapporteur, Prof. Université de Batna 2
Mr. Mennouni Abdelaziz, Examinateur, Prof. Université de Batna 2
Mr. Khalfallah Nabil Examinateur, Prof. Université de Biskra

Année universitaire: 2021-2022




People’s Democratic Republic of Algeria
Ministry of Higher Education and Scientific
oy esearch
— University of Mostafa Ben Boulaid Batna 2
| Faculty of Mathematics and C omputer
L y Science
= e Departement of Mathematics
(’%% " Laboratory of Mathematical Techniques
TY OF (LTM)

THESIS

Presented for the degree of
DOCTORAT IN MATHEMATICS
Specialty: Control Theory

Presented by : Amira KAMECHE

On the stability radius of infinite

dimensional stochastic systems

Defended 07/12/2022

The Jury:

Mme. Lombarkia Farida, President, Prof. Batna 2 University
Mme. Kada Maissa, Supervisor, M.C.A Batna 2 University
Mr. Rebiai Salah-Eddine, Co-Supervisor, Prof.  Batna 2 University
Mr. Mennouni Abdelaziz, Examiner, Prof.  Batna 2 University
Mr. Khalfallah Nabil Examiner, Prof.  Biskra University

University year: 2021-2022




I want to start by giving thanks to Almighty Allah, my parents,
and my siblings for providing me the encouragement and
fortitude I needed to succeed at this point in my life.

I also want to sincerely thank my supervisor Dr. Kada Maissa
and my co-supervisor Prof. Rebiai Salah-Eddine for their
encouragement and ongoing assistance. Without their guidance
and support I wouldn’t be able to accomplish my Phd thesis.
My profound appreciation to the president of the jury: Prof.
Lombarkia Farida and to the examiners: Prof. Mennouni
Abdelaziz and Prof. Khalfallah Nabil for the valuable
criticisms and suggestions.




1.

(\o)

Publications

Kameche Amira & Kada Maissa. Robust stabilization of infinite dimensional systems
subjected to stochastic and deterministic perturbations. 2021 International Conference on
Recent Advances in Mathematics and Informatics (ICRAMI), IEEE . ISBN:978-1-6654-
4172-8 (2021)

Amira Kameche, Hocine Makheloufi, Maissa Kada & Salah-Eddine Rebiai. New general
decay rates of solutions for an abstract semilinear stochastic evolution equation with an
infinite memory. Nonlinear Studies. www.nonlinearstudies.com, ISSN :1359-8678, 29,
No.2, 1-18, (2022).



1.

Conferences

Amira Kameche & Maissa Kada, Robust stability of infinite dimensional systems
subjected to stochastic and deterministic perturbation, Onzieme Rencontre d’ Analyse
Mathématique et Applications RAMA 11, 21-24 novembre 2019, Sidi Bel Abbes.

. Amira Kameche & Amira Kada, Robust stability of infinite dimensional stochastic

systems subjected to stochastic perturbation, FIRST ONLINE CONFERENCE ON
MODERN FRACTIONAL CALCULUS AND ITS APPLICATIONS (OCMFCA-2020)
Biruni University, Istanbul, Turkey, 4- 6 December 2020, ISTANBUL TIME.

. Amira Kameche & Maissa Kada, Robust stabilization of stochastic infinite dimen-

sional systems subjected to deterministic and stochastic perturbations, The Third
International Conference on Research in Applied Mathematics and Computer Science
ICRAMCS’2021 26-27 March, Marocco.



Contents

Introduction 7
1 Stochastic differential equations in infinite dimension 10
1.1 Nuclear and Hilbert-Schmidt operators . . . . . . ... ... ... ...... 10
1.2 Hilbert space valued Wiener processes . . . . . . . . . . . . ... .. 11
1.3 Semigroup approach of evolution equations . . . . . . ... .. ... ..... 13
1.4 Stability of infinite dimensional differential equations . . . . . . ... ... .. 15
1.5 Semigroup approach and mild solutions of stochastic differential equations . . 17
1.6 Stability of stochastic equations . . . . . . . . .. .. ... ... 18
1.7 Some useful Inequalities . . . . . . .. .. .. ... ... ... 19

2 Robust stability and robust stabilization of systems subjected to stochastic and de-

terministic perturbations 20
2.1 Introduction . . . . . . . .. e 20
2.2 Robuststability . . . .. ... 20
2.3 Robuststabilization . . . . . ... L. L 32

3 Stability radii of stochastic systems subjected to stochastic perturbation and their

optimization 52
3.1 Introduction . . . . . . . . . ... e 52
3.2 Robuststability . . . . . . ... 52
3.3 Robuststabilization . . . . . . . . . ... 59

4 Stability radii of stochastic systems subjected to stochastic and deterministic per-

turbations 63
4.1 Introduction . . . . . . . . ... 63
4.2  Systemdescription . . . . . ... ... e e e e 63
4.3 Characterizations of the stability radius . . . . .. ... ... ......... 64

5 New general decay rates of solutions for an abstract semilinear stochastic evolution

equation with an infinite memory 69
5.1 Introduction . . . . . . . . . . . .. e 69
5.2 Preliminaries . . . . . . . . ... e e e 70
5.3 Well-posedness . . . . . . . . . e 71
54 Stability . . ..o 74
5.5 Applications . . . . .. e 82
Conclusion 84



Notations

To simplify exposition of the material in this thesis and to keep compactness of presentation the
following notations will be used. Let H,U,V be real separable Hilbert spaces.

L(U,H) The space of linear operators from U to H.

%(U,H) The space of bounded linear operators form U to H.

Z(H) The space of bounded linear operators form H to H.

“1(H) The space of all nuclear operators from H to H.

LY (Ko, H) denote the sapce of all Hilbert-Schmidt operators from Ky to H.

-1l The norm in H.

() The inner product in H.

P>0 P € %(H) is positive ((Pz,z) >0, forall z€ H,z #0).

P>0 P € ¥ (H) is nonnegative ((Pz,z) > 0, forall z € H).

P>0 Pe %(H), (Pz,z) >v|z||%, y>0forallz € H,z #0).

£ (H) The set of self-adjoint linear bounded operators P € ¥ (H) such
that P =0

Lip(Y,U) The set of Lipschitzian functions A: Y — U .

Lp((O,T),H),p > 1

C'((0,T),H)

T
The space of functions f(r) with / | f()||Pdt < oo
0

The space of strongly continuously differentiable functions on
(0,T) with values in H.



L*(Q,H) The space of square integrable H-valued functions on the proba-
bility space (2,7 ,P)

L2(R*,L?(Q,H)) The space of predictable stochastic processes z(t) = (z(¢)),cr+
with respect to the 6 —algebras {Z:}ier, C F satisfying

2 e 2 e 2
202 =B [ Nl = [ B <+

E(x) The expectation of x.
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Introduction

Stochastic equations in infinite dimension are natural generalizations of stochastic differential
equations and their theory has motivations coming both from mathematics and the natural
sciences: physics, chemistry and biology (see e.g. [13]). Stochastic stability for stochastic
equations in Hilbert spaces has been studied extensively in the literature (see e.g [5, 6, 7, 42]).

In engineering, physics and economics, many dynamical systems involving stochastic process
and random noise are often modeled by stochastic models. The stochastic effects of these models
are then used to describe the uncertainty about the dynamic system parameters.

Modeling of any practical system for control design invariably involves uncertainty. Since the
exact model of a process may be difficult or even impossible to determine, the logical approach is
to design a control strategy based on a suitable nominal (i.e., most likely) model. Once a system
has been identified and a nominal model established along with the availability of an associated
uncertainty description, there are two main tasks to achieve. The first task is the analysis of
the uncertain system, then the following issue arise naturally and concerns the question of
robustness analysis. A system is said to be robustly stable if it can sustain stability in spite of
suffering from uncertainty. The main question combining the overall problem is: What is the
measure of the maximum uncertainty that a system can tolerate and still sustain stability and
performance? Alternatively, given the size of the uncertainty, one might wish to study the effect
of the uncertainty on the stability and performance of a system.

Robust control has been studied in extensive works due to its applications in many industrial
control problems, e.g. power electronics systems, flight control systems , motion control systems
and networked control systems. Indeed, a control law is typically designed from an idealized
and simplified model of the applied control system. The potential problem of controller without
considering the uncertainties is that closed-loop systems performance and stability are easier to
be affected, which indicates that the controller is not robust enough to suppress the introduced
disturbances. The goal of a robust control is therefore, to generate a suitable control law to
overcome the imperfection of a model and assuring a certain performance level against the
presence of uncertainties or external disturbances.

The aspect of developing measures of stability robustness for linear uncertain systems with
state space description has received significant attention in system and control theory. These
measures can be characterized by the stability radius. The problem of evaluating and calculating
this stability radius is of great importance, from both theoretical and practical points of view and
has attracted a lot of attention from researchers see [1, 14, 30, 34, 37, 38, 39, 51].

Stability radii for linear state space systems subjected to structured perturbations have been
introduced in [27]. The authors considered continuous finite dimensional systems subjected to
deterministic perturbations. They established characterizations of the stability radius in terms of
a Riccati equation. El Bouhtouri and Pritchard used the framework of stability radii to analyse



robust stability and robust stabilization of linear systems subjected to stochastic perturbations
[15] [16].

Hinrichsen and Pritchard [29] obtained lower bounds and the perturbations which guarantee
the stability of a linear system which is subjected to deterministic and stochastic perturbations.

El Bouhtouri, Hinrichsen and Pritchard [17] considered stochastic linear systems subjected
to stochastic perturbation. For which they established lower bounds for stochastic perturbation.
Authors in [35], considered continuous infinite dimensional systems subjected to stochastic
multi-perturbations. They derived a lower bounds for the(supremal) stability radii.

If both the deterministic and the stochastic parameters are perturbed the stability radius
problem is more complicated and at present it is far from been resolved. The results established
in the finite dimensional case yield only conservative estimate.

Our first purpose in this thesis is to study the stability radii framework robust stability and
robust stabilization of a class of infinite dimensional linear deterministic or stochastic systems
subjected to deterministic and ~or stochastic purpose.

The second objective of our research concerns the study of the stability behavior of an
abstract semilinear stochastic evolution equation with an infinite memory that includes several
equations coming from elasticity such as the wave and Petrovsky equations in the presence
of additive noise. More specifically, we are concerned with the following stochastic evolution
equation

~+oo

e+ Au(t) = | h()Au(t = s)ds+ f(u(D)) =6@OWi(e) 15 inf0,Fel, o

u(—t) =uo(t), u/(0)=uj.

When 6 =0 and oo = 1, problem (0.1) has been considered in a series of papers, most of
them adressed the issues of the global existence of the solutions and their stability. Regarding
the stability property, we can state [3, 4, 8, 20, 21, 25, 49] and the references therein. In [12], the
author considered a second-order evolution with infinite memory of the form

Joo
g (1) + Au(t) — /0 h(s)Au(t —s)ds =0 in [0, o], 0.2)

and proved that the solutions decay to 0 as ¢ tends o but no explicit rate of the decay was
given. Later, it was shown that the solutions decay exponentially if the kernel function % decays
exponentially and polynomially if z does, see for instance [24]. Messaoudi [44] generalized this
result by introducing new conditions on the function /4 that leads to a general decay of solutions
where the exponential, or polynomial decay rates are considered as special cases. In fact, he
studied a wave equation with finite memory of the form

g (x,1) — Au(x,1) — /Ot h(t —s)Au(x,s)ds = 0, (0.3)

together with Dirichlet boundary condition in 2 X [0, 4-oo[ where Q is a bounded domain in R",
n > 1, and proved, under the condition

W(t) < —E(t)h(t), VteRT, (0.4)

where & : RT™ — R is a non-increasing differentiable function, that the solution has the following
decay property

lu(®)|| < klexp<—k2 /Oti(s)ds), vVt eRT, (0.5)

On the stability radius of infinite dimensional stochastic systems Amira Kameche



for some positive constants k; and k. As was mentioned, the above stability estimate recover
the usual exponential and polynomial decay rates.

A few works studied stability problems for stochastic evolution equations with memory, see
[31, 41, 52]. In [52], the authors showed the existence and uniqueness of solution for a class
of stochastic wave equations with memory and they obtained a decay estimate of the energy
function. Liang and Gao [41] considered a nonlinear stochastic viscoelastic wave equation with
linear damping. By an appropriate energy inequality and estimations, they showed that the local
solution of the stochastic equations will blow up with positive probability or explosive in L,
sense under some sufficient conditions. Yang et al [31] proved global existence and asymptotic
stability for the solution of a second order quasilinear stochastic viscoelastic evolution equation
with memory.

The main aim is to address the global well-posedness and to study the stability of the global
solution of (0.1). Regarding the stability problem, we use the general assumption (0.4) but
we do not require that the function  to be decreasing which improves many results such as in
[22, 43, 45, 46, 47]. It is worth to note that this general condition has never been employed for
the stability of stochastic evolution systems.

The monograph is organized in five chapters that are structured as follows.

Chapter 1

In this chapter we survey the necessary notations and the main tools needed throughout this
thesis. We firstly introduce some basic definitions and preliminaries in stochastic differential
equations in Hilbert spaces. Then, we give concepts of solutions of deterministic and stochastic
systems.

Chapter 2

This chapter studies the stability radius of deterministic systems subjected to both determin-
istic and stochastic perturbations.

First we establish characterizations of the stability radius, then we consider the maximization
problem. We investigate controlled systems with bounded an unbounded input operator. The
results are giving in terms of Lyapunov and Riccati equations.

Chapter 3

The goal of this chapter is to study the stability radius and its maximization for stochastic
systems subjected to stochastic perturbations. The results are giving in terms of Lyapunov and
Riccati stochastic equations.

Chapter 4

This chapter considers the general case. It deals with stochastic systems subjected to both
deterministic and stochastic perturbations. We establish robustness results via a linear operator
inequality.

Chapter 5

This chapter presents an important contribution on the stability of solutions for a class of
stochastic equations with infinite memory. We generalize the works [31, 41, 52] by establishing
a general stability result that allows a larger class of relaxation functions and improves many
previous works.

We illustrate the methods developed in the thesis on several examples of stochastic partial
differential equations.

On the stability radius of infinite dimensional stochastic systems Amira Kameche



Chapter

Stochastic differential equations in infinite dimension

In this chapter we introduce some basic definitions and state known results needed in our exposi-
tion. Definitions and results on stochastic processus are recalled in section 1.1. For a substantial
treatment of these results see the monographs [13], [42]. Then, we recall some concepts from
control theory of linear deterministic systems in Hilbert spaces. In particular, exponential stabil-
ity, stabilization, Lyapunov and Riccati equations. Infinite dimensional stochastic equations are
considered. Concepts of strong and mild solutions, immportant stochastic stability theorems are
presented. Finally, we present some useful inequalities.

1.1 Nuclear and Hilbert-Schmidt operators

Let &, G be Banach spaces and let £ (&,G) be the Banach spaces of all linear bounded operators
from & into G endowed with the usual supremum norm. We denote by &* and G* the dual
spaces of & and G respectively. An element 7 € £ (&, G)is said to be a nuclear operator if there
exist two sequences {a;} C G, {b;} C & such that

lajl-l1B]] < -0
=1

J

and T has the representation

Tx= Z ajbj(x), xe€é&
j=1
The space of all nuclear operators from & into G, endowed with the norm
17l = inf{ ¥ Najll bl Tx =Y ajbs@), x€ 6}
j=1 j=1

is a Banach space , and will be denoted %) (&,G) . Let K be another Banach space; it is clear
thatif 7 € £(&,G) and S € Z(G,K) then TS € £1(&,K) and ||TS|[1 < ||T]|||S||1-

Let H be a separable Hilbert space and let {e; } be a complete orthonormal system in H. If
T € ¥ (H,H) then we define trace of 7"

TrT = Z <T€j,€j>
Jj=1

10



1.2. HILBERT SPACE VALUED WIENER PROCESSES 11

Proposition 1.1.1 [/3]

IfT € %\ (H) then TrT is a well-defined number independent of the choice of the orthonormal
basis {ey}.

Proposition 1.1.2 [/3]

A nonnegative operator T € £ (H) is nuclear if and only if for an orthonormal basis {e} on H

(Tej,ej) < oo
=1

J

Moreover in this case TrT = ||T||;.

Let & and F be two separable Hilbert spaces with complete orthonormal bases {e;} € H,{f;} CF.
A linear bounded operator 7' : H — & 1is said to be Hilbert-Schmidt if

Z |Tek|2 < oo
k=1

The definition of Hilbert-Schmidt operator, and the number

oo 1
2
17l = (Y I7ex?)
k=1

are independent of the choice of the basis {e;}

Proposition 1.1.3 [/3]

Let8 ,F,G be separable Hilbert spaces. If T € £>(&,F) and S € £(F,G), then ST € £41(8,G)
and
IST [y < IT1[2[S]l2

1.2 Hilbert space valued Wiener processes

A measurable space is a pair (2,7 ) where Q is a set and F is a o-field, also called a o-
algebra, of subsets of Q. This means that the family {7} contains the set Q and is closed
under the operation of taking complements and countable unions of its elements. If (Q, %)
and (S,.%) are two measurable spaces, then a mapping & from € into S such that the set
{oeN:&(w) € A} = {E € A} belongs to F for arbitrary A € . is called a random variable
from (Q,.Z) into (S,).

A probability measure on a measurable space (2,.7) is a 6-additive function P from .7 into
[0,1] such that P(©2) = 1. The triplet (Q,.Z,P) is called a probability space. If (2, Z,P) is a
probability space, we set

F={ACQ:3B,Ce F,BCACC,P(B)=P(C)}

Then .7 is a 6-field, called the completion of .Z. If & = .7, the probability space (22, Z,P) is
said to be complete.

On the stability radius of infinite dimensional stochastic systems Amira Kameche



1.2. HILBERT SPACE VALUED WIENER PROCESSES 12

Let (2,7 ,P) denote a complete probability space. A family {Z;},# > 0, for which all the
F; are sub- o-fields of Z and form an increasing family of o-fields, is called a filtration if
Fs C T CF fors<t.

We assume that the probability space (2,.Z,P) is equipped with a filtration {.%; },- such
that .7 contains all sets of P-measure zero. We consider two Hilbert spaces K and H, and
a symmetric nonnegative operator Q € £ (K). If TrQ < +oo, then there exists a complete
orthonormal system {e;},~, in K, and a bounded sequence of positive real numbers {Ay};~,
such that - -

Qekzkkek, k:1,2,---

Definition 1.2.1 ( H-valued Q-Wiener process) [53]

A H-valued stochastic process {w(t) };>0, is called a Q-Wiener process if

(a) . w(0)=0,

(b) . w(t) has continuous trajectories,

(c) . w(t) has independent increments,

(d) . E(w(t)) =0and Cov(w(t) —w(s)) = (t —s)Q, forallt>s >0, where Cov(x) denotes

the covariance operator of x € H.

If the covariance Q is the identity operator I, then the Wiener process {w(t)}; > 0 is called
a cylindrical Wiener process in H.

Proposition 1.2.1 /53]

Assume that {w(t)},>0 is a Q-Wiener process with Tr Q < +oo. Then the following statements
hold:

o {w(t) }s>0 is a Gaussian process on H and

E(w(t)) =0, Cov(w(t))=1tQ, t>0 (1.1)

o For arbitraryt > 0,{w(t)} has the expansion

w(t) = i\/fjﬁj(;)ej (1.2)
=

where
1

Bi(t)=—=(w(t),ej), j=1.2- (1.3)
Aj
are real valued Brownian motions mutually independent on (2, F ,P) and the series in
(1.2) is convergent in L*(Q,.7 ,P).

Theorem 1.2.1 ( Stochastic Fubini Theorem )[35]
Let (H,Q,u) be a measurable space and (®(t,x) (1.0)€[0,T] n) be a £Y-valued stochastic
process. Assume that

T 2
[ 0G0 R gdsu(d) < oo (14

On the stability radius of infinite dimensional stochastic systems Amira Kameche



1.3. SEMIGROUP APPROACH OF EVOLUTION EQUATIONS 13

then with probability one

/H ( /OTq)(s,x)dW(S)> u(dx) = /OT ( /H Q)(s,x)‘u(dx)) dw(s). (1.5)

Lemma 1.2.1 (Burkholder-Davis-Gundy)[13]
For arbitrary p > 0, then there exists a constant Cj, > 0, dependent only on p such that for
EJ sup
0<t<T

any T >0,
p T 5 5
scpE{/ ||<I>(s,u))||zods} . (1.6)
H 0 2
Theorem 1.2.2 (Ito Formula)[19]

Let Q be a symmetric nonnegative trace-class operator on a separable Hilbert space K,
and let {w; }o<i<T be a Q-Wiener process on a filtered probability space (Q, F ,{ T }o<i<1,P).
Assume that a stochastic process X (t),0 <t <T, is given by

/0 "0 (s, @)dw(s)

x(1) = x(0) + /0 "W(s)ds + /O "o (s)dw, (1.7)

where x(0) is an Fo-measurable H-valued random variable, ¥ (s) is an H-valued Fs-measurable
P-a.s. Bochner-integrable process on [0,T],

T
/ [U(s)||ds <o P—a.s,
0

and ® € £ — valued process stochastically integrable in [0, T).

Assume that a function F : [0,T| x H — R is such that F is continuous and its Fréchet partial
derivatives Fy, Fy, Fy, are continuous and bounded on bounded subsets of [0,T] x H. Then the
following Ito’s formula holds:

Flt,x(0)) =F0,50)) + [ (Bl x(5)), 8(5)w(5))
+ [ G5306) + (R.x05). %))

+ %Tr [Fxx(s,x(s)) (@(S)Ql/z) (q><s)Q1/2>*} }ds
P-a.s. forallt € [0,T)].

1.3 Semigroup approach of evolution equations
Let H be a real separable Hilbert space. We recall at first the definition of a semigroup.

Definition 1.3.1 /33]

A strongly continuous semigroup is an operator-valued function S(t) from R to £ (H) that
satisfies the following properties:

o S(t+s)=S(t)S(s) for any s, t >0,
o S(0) =1y,

On the stability radius of infinite dimensional stochastic systems Amira Kameche



1.3. SEMIGROUP APPROACH OF EVOLUTION EQUATIONS 14

o |IS(t)z—z|]| = 0ast— 0", foranyz € H.

We shall use the standard abbreviation Cy-semigroup for a strongly continuous semigroup.

Example 1.3.1 /33]
Let A € X(H), then

is a Co-semigroup.
Theorem 1.3.1
Let S(t) be a Co-semigroup. Then

o It exist constants ® > 0 and M > 1 such that

1S(0)[| < Me®™,  for0 <t <eo (1.8)

©

For each x € H,t — S(t)x is a continuous function from [0,0) into H.

o Forxe D(A),S(t)x € D(A) and

& (e = AS()x = S(1)Ax (1.9)

©

The domain of A is dense in X and A is a closed linear operator.

If B is a bounded linear operator on H, then A + B is the infinitesimal generator of a Co—
semigroup T (t) on H satisfying

©

1T (1)) < Mel®MIBD? ¢ > 0.

Theorem 1.3.2
If A is the infinitesimal generator of a Cy-semigroup S(t) on H, then

o for every x € D(A) the abstract Cauchy problem:

{ u(t) =Au(t),0<t <T,

u(0) = x, (1.10)

has a unique strong solution given by u(t) = S(t)x.

o for all x € H the abstract Cauchy problem (1.10) has a unique weak solution given by
u(t) =8(t)x.

Remark 1.3.1

If ® =0 in (1.8) then the corresponding semigroup is uniformly bounded. If moreover M = 1
then (S(t));>0 is called a Co-semigroup of contractions.

Definition 1.3.2 [33]

On the stability radius of infinite dimensional stochastic systems Amira Kameche



1.4. STABILITY OF INFINITE DIMENSIONAL DIFFERENTIAL EQUATIONS 15

An analytic semigroup on a Hilbert space H is a family of continuous linear operators on
H,(S(t))i>0, satisfying

o . S(0) =1y and S(t+5) = S(t)S(s) for any s,t > 0.
o The map t — S(t)z is real analytic on 0 <t < oo for all 7 € H.
o lim,_,o+ S(t)z =z, for any z € H.

Asume that A generates an exponentinlly stable analytic semigroup and the spectrum of A
lies entirely in the (open) left half-plane. For any B € (0, 1), we define

(—A) P = _zim/rx—ﬁ(ufx)-ldx

where I is a curve from coe =™ to o0e®, 0 € (1/2,7/2 4 b) for some b > 0, such that the spectrum
of —A lies to the right and the origin lies to the left of T. It can be shown that (—A)~P is bounded
and one-to-ane. The arverse (—A)P of (—A)~P is called fractional power of —A with domnin

D ((—A)ﬁ).

We conclude this section with some results relating (—A)® and the analytic semigroup S(¢)

Theorem 1.3.3 /53]

Let A be the inftenitesimal generator of an exponentially stable analytic semigromp S(t).
For any 0 < B < 1, the following equality holds:

S(t):H—D <(—A)B> foreveryt >0 and o> 0
o Foreveryxe D ((—A)B) we have
St)(—A)Px = (—A)PBS(t)x, >0

o For everyt > 0 the operator (—A)BS(t) is bounded. There exist numbers Mg >0,y>0
such that
I(=A)BS(1)|| < Mgt Pe™

o LetO<B<1,andxeD ((—A)B> then
1S()x — x| < CaeN H(—A)BH1 £>0

where Cg > 0 is a constant dependent on .

1.4 Stability of infinite dimensional differential equations

Consider in the Hilbert H space, the differential equation

dz(t)

where A is an unbounded operator with domain D(A) C H. Suppose that the above diferential
equation subject to the condition z(0) = z¢ is uniquely solvable and that z = 0 is an equilibrium
point for (1.11).

On the stability radius of infinite dimensional stochastic systems Amira Kameche



1.4. STABILITY OF INFINITE DIMENSIONAL DIFFERENTIAL EQUATIONS 16

Definition 1.4.1

Assume that A is the infinitesimal generator of a strongly continuous semigroup (S(t));>0 on
H. We say that the Cy-semigroup (S(t));>0 is exponentially stable if there exist two positive
constants M and ® such that

IS@)zlln < Me™ ||z, t>0,z€H

Theorem 1.4.1

Suppose that A is the infinitesimal generator of the Co— semigroup S(t) on the Hilbert space H.
The following statements are equivalent.

o S(t) is exponentially stable,

o There exists a self-adjoint nonnegative operator P € ¥ (H) which satisfies the Lyapunov
equation
(Az,Pz) + (Pz,Az) = —(z,2) for all z € D(A)

o For every z € H there exists a positive constant Y, > 0 such that
+oo )
| stz <.

Explicit formula for the solution of the Lyapunov equation is given in the following lemma in .

Lemma 1.4.1 [33]

Let S(t) be an exponentially stable semigroup on H with infinitesimal generator A and let
Q € L(H) be a nonnegative operator. Then the operator P defined by

Pz= /0+MS*(t)QS(t)zdt

is well-defined, nonnegative and satisfies the equation

(Az,Pz) + (Pz,Az) + (Qz,z) =0 forall z € D(A) (1.12)

Conversely, if P is self-adjoint and satisfies the equation (1.12), P is represented by the above
integral.

Let U and V be Hilbert spaces and B,C,R linear bounded operators belonging respectively
to the spaces £ (U,H), <% (H,V) and £ (U,U), where R is assumed to be an invertible positive
operator. Consider the system

dz(t

# =Az(t) +Bu(t),z(0) =z0 € H
where A is the infinitesimal generator of a Cy - semigroup S(t),t > 0, on the Hilbert space H
and u € £2(0,00;U). We recall now the definitions of the stabilizability and detectability.

Definition 1.4.2

If there exists an F € £ (H,U) such that A+ BF generates an exponentially stable Cy-semigroup
Spr(t), then we say that (A, B) is exponentially stabilizable.

Definition 1.4.3

On the stability radius of infinite dimensional stochastic systems Amira Kameche
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If there exists L € £ (V,H) such that A+ LC generates an exponentially stable Cy-semigroup
Src(t), then we say that (A,C) is exponentially detectable.

Theorem 1.4.2
If the pair (A,C) is detectable then the Riccati equation

(Az,Pz) + (Pz,Az) — (PBR 'B*Pz,2) + (Cz,Cz) = 0,z € D(A), (1.13)

has at most one nonnegative solution and if P is the solution then the operator A— BR™'B*P
is stable. If, in addition, the pair (A;B) is stabilizable then the equation (1.13) has exactly one
solution.

1.5 Semigroup approach and mild solutions of stochastic dif-
ferential equations

Let (Q, Z, {9}}20 , IP’) a complet probability space. In this section, we consider the following
semilinear stochastic differential equation on I = [0,T],T > 0,

{ dx(t) = (Ax(t) + F(t,x(1)))dt + G(t,x(t))dw(t), (1.14)

x(0)=xo€H

where A is the infinitesimal generator of a Cp-semigroup S(z),¢ > 0, of bounded linear operators
on the Hilbert space H. The coefficients F and G are two nonlinear measurable mappings
from [0,7]| x H — H and [0,T] x H — £ (K, H), respectively, satisfying the following Lipschitz
continuity conditions:

1F(t,y) = F(t,2) |l <o(T)lly —zllur, o(T)>0,y,z€H,1€0,T],

1.15
1G(t.) = G(t.2) [ 40 <BD)ly—zllu. B(T)>0ymzerreor).

Definition 1.5.1

A stochastic process {x(t) }:ey, is called a strong solution of equation (1.14) if
o x(t) € D(A),0 <t < T, almost surely and is adapted to F;,t € I;

o x(t) is continuous int € I almost surely. For arbitrary 0 <t <T,
t
]P’{w : / (s, ) ||%ds < 00} =1
0

x(t) = xp+ /0[ (Ax(s) +F(s,x(s))ds—|—/(:G(s,x(s))dw(s).

for any xo € D(A) almost surely.

and

In most situations, one finds that the concept of strong solution is too limited to include
important examples. There is a weaker concept, mild solution, which is found to be more
appropriate for practical purposes.

On the stability radius of infinite dimensional stochastic systems Amira Kameche
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Definition 1.5.2

A stochastic process {x(t) };¢r, define on (Q, T AT} >0 ,]P’) is called a mild solution of equation
(1.14) if

o x(t) is adapted to F;,t > 0;

o For arbitrary 0 <t < T,
1
IP’{co:/ Hx(s,co)H%{ds<oo} _1,
0

x(t) = S(t)xo + /Ol S(t —s)F(s,x(s))ds+ /Ot S(t —5)G(s,x(s))dw(s),

for any xo € H almost surely.

and

1.6 Stability of stochastic equations

Assume a complete probability space (€2, 7,P), equipped with a normal filtration {7}~ with
respect to which {WZ}IZO’ is some given Q Wiener process with Tr Q < o in the Hilbert space K.
Consider the following linear stochastic integral equation on the Hilbert space H

x(t) =T (t)xo+ [{ T (t—s)B(x(s))dw(s),
{ x(O):xoé;)-I " (1.16)

where T'(t),t > 0, is a strongly continuous semigroup with its infinitesimal generator A on the
Hilbert space H and B € £ (K,H)). From Theorem 1.3.4 [42] that the equation (1.16) has a
unique (mild) solution x; € C (O,oo;LZ(Q;H)) 1> 0.

Theorem 1.6.1 [42]

Suppose x(t),t > 0, is the unique solution of (1.16) with initial datum xy € H. Then the following
statements are equivalent:

o The solution x(t),t > 0, satisfies

/IEHx(t)Hi,dt<oo for xo€H
0

o There exists a nonnegative, self-adjoint operator P € £ (H) such that
2{Ax,Px)g + (A(P)x,x)g = —(x,x)g  forany x & D(A),
where (A(P)x,x)yg = Tr{B*(x)PB(x)Q}.
o There exist positive numbers M > 1,u > 0 such that for all t > 0,
B [lx(e) 77 < M- e [lxolly
Remark 1.6.1

If
/E|yx(t)|y§,dt<oo for xeH
0

we said that the system (1.16) is L?-stable.
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1.7 Some useful Inequalities

Young’s inequality
Let a, b and p be fixed positive constants and m,n > 1, % + }l = 1. Then we have the inequality

mam bn
= 5

ab < .
m np"

Jensen’s inequality
Let (2,7 ,u) be a measure space, such that u(Q2) = 1. If g is a real-valued function that is
u-integrable, and if it is a convex function on the real line, then

@(/gdu) S/(POng-
Q Q

In real analysis, we may require an estimate on ¢ ( / ab g(x)dx) where a, b are real numbers, and

g is a non-negative real-valued function that is Lebesgue-integrable. In this case, the Lebesgue
measure of [a,b] don’t need to be unity. However, by integration by substitution, the interval can
be rescaled so that it has measure unity. Then Jensen’s inequality can be applied to get

b 1 b
o [ etar) < - [ oo et
Holder’s inequality

Let 1 < p<eand | < g < oo be real values, such that %4—% =1. If f(-) € LP(X) and
g(-) € L4(X) then f(-)g(+) € L'(X) and

fosestmias < [ seopman) " ([ scorrmion)
= 1/l

In particular, if p = g = 2, Holder’s inequality is the so-called Schwarz’s inequality.
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Chapter

Robust stability and robust stabilization of systems
subjected to stochastic and deterministic perturba-
tions

2.1 Introduction

Our objective in this chapter is to establish characterizations of the stability radius for an infinite
dimensional system subjected to both deterministic and stochastic perturbations.

Firstly, we give the system description, then we define the stability radius. We establish some
results which enables us to derive bounds for the stability radius. We end with an example to
illustrate the theory.

Secondly, we investigate the robust stabilization problem. First, we give conditions providing
the stability of the parameterized system. Then, we investigate the maximization of the stability
radius by state feedback. We establish conditions for the existence of suboptimal controllers.
Using these conditions we characterize the supreme achievable stability radius via an infinite
dimensional Riccati equation.

2.2 Robust stability

2.2.1 System description

Let A be the infinitesimal generator of an exponentially stable semigroup S() on a real separable
Hilbert space H. Moreover, let B€ £ (U,,H), D € ¥(Uy,H) and E € £ (H,Y). Consider the
nominal system

dx(t) = Ax(t)dt, t >0,
{ 2(0) = xo, (2.1)
and assume that (2.1) is subjected to structured perturbations as follows
dx(t) = Ax(t)dt + BA{(Ex(t))dt + DAy (Ex(1))dw(t), t >0,
x(0) = xo, (2.2)

1Al <o,

20
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where xo varies in H, Ay, A, are unknown Lipschitzian nonlinearities, {w()};cr, is a real
Wiener process on a probability space ( Q, Z, P ) equipped with a filtration { %, },., C 7,
8 > 0 denotes the variance of {w(f)}cr, . -

The disturbance A varies in Lip(Y,U;), (B,E) determines the structure of the deterministic
perturbation.

The disturbance A varies in Lip(Y,U,), (D, E) determines the structure of the stochastic pertur-
bation.

The size of each A; € Lip(Y,U;),i = 1,2, is measured by the Lipschitz norm

[AllLip = inf{y>0:Vy, ye Y :[[A(y) = AG) v <vlly=Ylly}-

Set
A= (A1, Ar), |A]] = max{[|Aq]], || Az}

Definition 2.2.1

The stability radius of A with respect to the perturbations structures (D,E), (B, E) and the Wiener
process {w(t) };cr, is

r"(A,D,B,E) = inf{||A||;A,~ € Lip(Y,U;),i = 1,2 such that (2.2) is not L? —stable}.

2.2.2 Characterizations of the stability radius

The approach used in this work to characterize the stochastic and deterministic stability radius
r"(A,D,B,E) is based on the following lemma.

Lemma 2.2.1
Suppose that E € £ (H,Y) and

W6) = ES(txo+ /0 'ES(t — 1)Boy (t)d+ /0 "ES(t — 1) Dva(t)dw(x)

where v; € L2 (RY,L2(Q,U;)),i € {1,2}. Then y(.) € L2(RT,L*(,Y)).

Proof.
We have

IyOI> = O),5(1))
— (Es( x0+/ESt— 1B, (T dT—i—/ESt— D2 (1) dw (), ES()x0
+ /OtES T)BV| (T )dT+/O ES(I—T)sz(T)dW(T)>~

Set
G| = ES(t —1)Bv (7).

Gy, = ES(t —t)Dva(7)).
Using Theorem 6.12 in [19], we get :

E(b0R) = 1ESOwolP+E(] [ Gimar?) +6 [ E(IGa@)F)ds

+ 2<ES(t)x07IE(/OtG1(‘c)d’c>>,

On the stability radius of infinite dimensional stochastic systems Amira Kameche
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then

[ e(bwR)a = [Tiesemla [E() [ 6@ )ar
+ 6/0+w/OZE<HG2(T)H2>d’cdt+2/0+M<ES(t)x0,IE</OtGl(’c)d‘c> Y

oo )
T = /0 ES(t)xo|2dt

T — /()+w]E(||/OtG1(1:)d‘c||2>dt
T, — e/0+°°/0’1a(||cz(c)||2)drdt
T = 2/O+w<ES(t)xo,]E(/OZG1(T)dt)>dt.

» Since S(¢) is an exponentially stable semigroup, there exist postive canstant ® and M such
that :

Consider

IS()]| < Me 2, > 0.
Thus

T, < / Mel=29 || Exo|2ds

< MlEx|? ¢

M| Exo|?
20

Since E is a bounded operator, it follows that

Ty < Mi||xo|*, M > 0. (2.3)
o For T> we have

oo t
T — / E| / ES(t —1)Bu (1) 2ddr
0 0

< [ 7R [ NEPRISE )R 1Bo 0 P

< [ [ REPRIse )R8 @) P

< [ [EuBRIERMe o) )
<

too pt

IBIZIERM [ [ Bl e vy (1) ava
too it

< IBPIEIRM [ [ e o (5) ) dear.

Since B and E are bounded operators, we get

Foo gt
T < M / / ¢ 201 20T |1y, (1)) ddr.
0 0
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Using Fubini Theorem, we obtain

1,

IN

IN

IN

IN

IN

hence

o For T3 we have

13

IANIAN AN

IA

T e 2\ ,—201

M, e E( [o1(T)]|7 ) e "M dtdr
0 T
oo oo

M / &k (o (0)F) ( / e 729y ) dx
0 T

Foo -1 N

M [ PR (o (0)P) e e
0 (O]

My [T aan 2y,—201

— E(]jvi(t drt

o) B )P

Mslor (1.

> < Ms|vi(.)|I72, M3 > 0. 2.4)

i 2
e/ /]EHGZ( )|
0 / / E|J£15( — ) 2|Dva o) P
o[ [ B[ ID12NEIMe 2 o o) ]
o Jo o
OIDIPEIM [ [ E[e e (o) dua
0 4o’ 0
OIDIPIERM | [ e e B (Js(o)?)drar
0 0

Using Fubini Theorem we get

I3 <

IN

IN

IN

IN

hence

oo e 20T 2\ —2ot

M, PO ([|vy (1) ||2) e 2 drdr
0 T
oo oo

M, / R ([[o1 (9] / e 201 )
0 T

oo -1
My [ TR (0] e )i
0 0

M4 20t 2\ 201
— E({vi(T dt
2(0/0 e (H 1( )H )e

M4 Foo 2
e (ICIRE

M
Ty < 2—0‘;||u2(.)||§3v, My > 0. 2.5)
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o For T, we have

o= 2 /0 +°°<ES(r)xo,JE( /0 [ES(t—r)Bm(t)d‘|:>>dt

IA

IA

IA

IN

M ||xo|1” + M1 ()22

hence
Ty < M [lxol|* + Ms]|o1 ()]I7,

Using (2.3), (2.4), (2.5) and (2.6) we get

My
Iyl < 28 |xol* +2M3 01 ()] + %HUZ(-)Hizva

from which we deduce that N
| Eb O <+

]
The second lemma will be given in terms of the input-output operator

L I2(RY,I2(Q,U)) = 2R, 1(2,Y))
defined by
t t
Lo(t) = / ES(t—1)Bu) (t)dt+ / ES(t —1)Dva (1) dw (1),
0 0
where U = U; x Uy, v = (V1,02), V1 € U; and v; € U,.

Lemma 2.2.2
The input-output operator defined by (2.7) has the operator norm

Nl—

IL]| = [6]ID*PD[| + [ B*PB]>,
where P satisfies the Lyapunov equation
2(Px,Ax) + (Ex,Ex) =0, x€ D(A).

Proof.
Letv € L2(R*,L?(Q,U)). Fort > 0, we have

[ st + 1 [ E5(— 0, (1) )
/0+°°||ES(t)xo||2dt + /0+°°||E(/OfES(t _ T)Bl)l(r)d'c> szt

o0 Fee !
/ ES(t)xo| 2t + / E| / ES(t —t)Boy (v)d| 2dr
0 0 0

(2.6)

2.7)

(2.8)

(2.9)

@2 = | /OIES(t—‘c)BDI(‘c)dtJr /OtES(t—t)DDz(r)dw(‘c)Hz

= H/OtES(t—r)Bul(r)dtHer H/OtES(t—1‘)D1)2(*c)a’w(r)H2

+ 2< /0 [ES(t —1)Bv; (1)dr, /0 IES(t - T)D1>2(T)CIW(T)>a
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hence
2 e ! 2 ! 2
Io()|2, = /0 E(| /0 ES(t —7)Bv (t)dx|* + | /0 ES(t —t)Dox(t)dw(r)|?) dr.
Set
+oo t
n o= / E| / ES(t —1)Bvy (t)d||dr.
0 0
oo '
5 = / E| / ES(t —1)Dva (v)dw () || dt.
0 0
We have
+oo t
5= / E| / ES(t — t)Bo; (1)d|2dt
0 0
Foo gt
/ E / IES(t — 7)Bv; ()| 2dedt
0 0

< 2 /0 g /0 (ES(t —T)Buy (1), ES(t — T)Bu, (1)) dds

IA

< /OJFOO]E/OI<BD1(1:),S*(t —T)E*ES(t —‘C)Bl)l(‘t)>d’l:dt.

Using Fubini Theorem, we get

Ji

IN

/O+ME/C+°° <Bl)1 (1),S*(t —T)E*ES(t —T)Bvy (’C)>dtd'c

oo oo
/0 E(Buy (1), s —vEEst -y ar Bui(%) )

/O+°°]E<Bul(*c),PBl)1(r)>dr.

IN

IN

For J,, we have

+oo t
5 = / E| / ES(t — 1) Dva (1) dw ()| 2dr
0 0
too gt
_ / 0 / E||ES(t —1)Dva (1) |2ddt
0 0
too pt
_ 9 / / E(ES(t — t)Dvy (1), ES(t — 1)Dva (1)) ddr
0 0
too pt
_ 9 / / E( DUy (1), 5°(1 = D)E"ES(t — )Dva () )dedr
0 0
Using Fubini Theorem, we get
~+oo ~+oo
ho— 8 / £(Dus(v) / §*(t = D ES(t —T)diDV (1) )
0 T

_ 0 /0 +WE<DDZ(T),PDUZ(1:)>d1.
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Therefore
oo oo
(), §;L/ Eth@)PBDM¢»d1+G/1 E(Dus (1), PD0s (1) dt
W 0 0
tee * 2 tee * 2
< [ EIBPE| [vi(®)Pdr+6 [ EIDPD] a0
~+oo
S/O E((||B*PB|| +8||D*PDI|)|[v(1)|*)dt

~+oo
< (|[B*PB] +9||D*PD||)/O E([[o(7)]*)d

< (IB*PB|+6[D*PDI)|[v()]7

where ||v|| = max(||vy|], [[v2]|). We deduce that
1
1Ll < (I1B*PB|[+6[|D"PD])>.
Now we will show that there exists v € L2 (R*,L?(,U)) such that
/ 1
120 ()llz = (I1B*PB|| +6[|D"PD])>.
Assume that
ID*PDI|y = (03, D*PDV3)  /[[03]|y = 1.
1B*PB||y = (v}, B*PBvY)  /|[W}llu = 1.

Define y1, y> as follows

wi () =B()vf, wa(.) = B(.)v)
where B(.) € L2(R*,R), and |B(.)|2r+ ) = |

Then
2 e 2
Ol = [ Bl
—+oo
= o0 1B
= [oflP=1,
and

2 i 2
Ol = [ Bl
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For y = (y1,y7), we have
vl = [ EGn PR )+ [ B(Dya(n), Py )t
_ /O +°°]E<B(T)D(1),B*PBI3(‘C)D? dT+0 / +°°1E B(r)ug,D*pDB<z)ug>dr

= el [ 1B Pas+ D poIPe [ B P
= ||B*PB|*+6||D*PD|.

Therefore 1
ILw(.)[lz2 = [IB*PB|*+6[|D*PD]|]*]>,

which concludes the proof.
[]
The main result of this section is giving in the following theorem.

Theorem 2.2.1
Let 6 > 0. Suppose that there exists P € L (H) satisfying

2(Px,Ax)+ (Ex,Ex) =0, x¢€ D(A), (2.10)
—6%[8||D*PD|| + ||B*PB||] > 0, (2.11)
then r(A,B,D,E) > G

Proof. Let Ay € Lip(Y,U;) and A, € Lip(Y,U,) such that ||A||z;, < o where A = (A, As). Let
x(t) the solution of the system (2.2).

Set y(t) = Ex(t). We have
y(t) = ES(t)xo + /Ot ES(t —Tt)BA|(Ex(T))dt+ /Ol ES(t —t)DAy(Ex(1))dw(t).  (2.12)

For T > 0, define the truncation

ur € L2(RT,L*(Q,U))),

and
uk € L2 (R, L*(Q, 1)),
by
) = { w()=200) if1€(0T) 013
and
(1) = { gl(t) = Da(y(1)) iiff ii [%T], (2.14)
Then

Ol = [ B 0l
= [ EGanwl e

NGl
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and
[GOIE = [ B Ol
= [ Byl ar
T
< el [ @Oy

For ur = (uk,u?), we get

T
lur ()7, < HAHEP/O E(|ly(r))dr. (2.15)

Set
yr(t) = ES(t)xo+Lur(t), t>0. (2.16)
From (2.12) - (2.16), we get

1

(/OT]E|!y(t)!|2a!r)2 < yrOliez

e (—2ar)
< M/O e\ =290t || Exo|| + |[L|luer ()]l 2.

Thus

1

T ) % o0 (=201 T ) 2
(f Eira)” <u [ e 2antzxl + 1L, ( ) Ebo)PRa)". @10

Condition (2.11) implies that
1 —c%[6||D*PD|| +||B*PB||] > 0.
Thus
[6]D*PD| +|B*PB|] < 2.
By the previous lemma, it follows that
ILI]* <072

Now since ||A[|Lip < ©, the operator LA is a contraction on L2 (R™, L2(Q,Y)) with B = || L||||A[| <
1. From (2.17) we get

1

T 2
([ Eb0lRa) < - py a2,

for all T > 0. Therefore y € L2(R*,L*(Q,Y)) and u; = A(y) € L2,(RT,L*(Q,U))),up =
Ao(y) € Ly (R, L2(Q,12)).

By Lemma 2.2.1, the solution x(.) belongs to L2 (R*,L?(Q,H)). We conclude then that
r"(A,B,D,E) > o.

[]

As a consequence of this Theorem we have the following corollary which enables us to
obtain a lower bound for the stability radius.
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Corollary 2.2.1
Suppose that there exists P € £+ (H) a solution of the Lyapunov equation (2.10). Then
_1
r(A,B,D,E)) > |(8|D*PD| +||B*PB||)| . (2.18)

Proof.

1.

if |D*PD| = 0 and ||B*PB|| = 0, then

1 —c*[6||D*PD|| + ||B*PB||] > 0, forallc > 0.

From the above Theorem, it follows that

r"(A,B,D,E) > G, forallc > 0.

From which we deduce that (A, B,D,E) = +oo.

Assume that ||[D*PD|| = 0 and ||B*PB|| # 0. We have
llul|>= ((||B*PB||) 7 )2(B*PBu,u) > 0, for all u € U.

By the previous Theorem we deduce that

™(A,B,D,E) > (|B*PB||)” .

Therefore .
7z

™ (A,B,D,E) > <||B*PB|| +6||D*PD||> .

. Assume that ||B*PB|| = 0 and ||D*PD|| # 0. We have

lul|* = ||D*PD|| = (D" PDu,u) > 0

for all u € U,. Hence

2
Jull®~ ((llD"PDI) ™) 6(D" PDuu) > 0 for all u € Us.
By the previous Theorem we deduce that
%l

™ (A,B,D,E) > (e||D*PD||) .

Therefore B
r"(A,B,D,E) > (||B*PB|| +0||D"PD||) 2 .

. Assume that ||B*PB|| # 0 and ||D*PD|| # 0.

By the previous Theorem we deduce that

r(A,B,D,E) > (|B*PB| +6||D*PD||) > .
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|
In the following result we give a characterization of the stability radius in terms of the
Lyapunov inequality.

Corollary 2.2.2
Suppose that there exists P € L(H") satisfying

2(Px,Ax)+ (Ex,Ex) <0, xe€D(A). (2.19)

1 —o?[6||D*PD|| + ||B*PB||] > 0,

2.2
(resp.1—G2[8]|D*PD| + | B*PB|] > 0). (2.20)

Then r¥(A,B,D,E) > o, (resp.rW(A,B,D,E) > G) .. In this case the Lyapunov equation (2.10)
has a solution Py € L(H™) such that P = Py.

Proof. Because S(¢) is exponentially stable there exists a solution Py of the Lyapunov equation
(2.10). Set X = P — Py, then
2(Xx,Ax) <0, x€D(A).

Applying Lemma 2.1 in [10] we obtain that X > 0, thus P > P.
Using condition (2.20), it follows that

0 < 1 —c?[6||D*PD|| +||B*PB||] < 1 —c*[0||D*PyD|| + ||B*PyB||].

Hence conditions (2.10) and (2.11) are satisfied. By applying Theorem 2.2.1 we deduce that
r"(A,B,D,E) > G.
]

Remark 2.2.1
In the particular case where B = 0, we obtain the same results established in [35],

_1
2

7(4,(D,E)) = (8] D"PD]))

2.2.3 Example

Consider the system

9%y(x,1)

dt +cry(x,t)dt + cy(x,t)dw(t) ,0 <x < 1, >0,
(2.21)

To put the problem (2.21) into the abstract setting we introduce the self-adjoint operator Ah = %
in the real Hilbert space H = L?(0, 1) with D(A) = H; (0,1) N H?(0, 1) The operator A generates
an exponentially stable semigroup S(r). The eigenvalues and the eigenvectors of A are given by

[9]
Ay = —n?72, Y, (x) = V2sin(nmx),n > 1.
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Settlng B = ILQ(O,I)’ D= ILZ(O,I)’ A] =cC] &€ R, Az =C) € R, E = IL2(0,1) such that Ez=zIn the
abstract from system (2.21) can be presented as follows

dz(t) = Az(t)dt + BA | (Ez(t))dt + DA (Ez(t))dw(t),
(2.22)
z(0) = zo.
The Lyapunov equation corresponding to this system is
2(Pz,Az) + (Ez,Ez) =0,z € D(A). (2.23)
Suppose we can express the solution P of (2.23) by
~+oo
Pz = Z Pin<Z;\|!n>Wi7 zZ€H. (2.24)
n,i=1
Then since .
Az=) Mn(2,Wn)Wu, zE€D(A). (2.25)
n=1
It follows that
<PZ7AZ> = zn IPm}\’ <Z Wn> . (226)
For the second term of the Lyapunov equation (2.23) we have
(Ez,Ez) = ||z]]*.

Equation (2.23) is then equivalent to
2%, ot Pinka (2, W) +[|2]> = 0
Assume that P;,, = 0 for i # n. For z = v,k > 1, we get
2PuM+1=0.
From which we obtain

1
Pkk:—z—xk.

We deduce that the solution of (2.23) is given by

o0
Pz=Y Pz, W)W,z € H
k=1

where
P, ——1 k>
We have
1
IB°PBllu, = 1P = ZPk ZZW,
R |
1D PDo, = [P = zpk zlm.
But
Ji",j 11 Jf 1
= ken? 2 =k 6
Therefore
1
|B*PB| = B and ||D*PD| =
thus

[1B*PB|| +|ID*PD]~" =
Set ¢ = max{cy,c2}. We deduce that the system (2.21) is stable for all ¢ < /6.
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2.3 Robust stabilization

2.3.1 Robust stabilization with bounded input operator

In this section we consider the controlled system

{ dx(t) = Ax(t)dt + BA| (Ex(t))dt + DAy (Ex(1))dw(t) + Bou(t)dt, t >0, 2.27)

x(0) = xo,

where u takes its values in the real separable Hilbert space Z, By € £ (Z,H). In addition we
assume that (A, By) is stabilizable.

Our aim is to characterize the supremum of the stability radii which can be achieved by linear
state feedback u = Fx, where F € ¥ (H,Z).

Let
7 _ F € X(H,Z);A+ BoF is the infinitesimal
| generator of an exponentially stable semigroup Sg(t) |’

and define
7(A,D,B,E) = sup{rW(A + BoF,D,B,E); F € ?}

For F € %, £ > 0, consider the Lyapunov inequality
2(P(A+ BoF)x,x) + (Ex,Ex) + €2(Fx,Fx) <0,  x€ D(A). (2.28)

In order to establish conditions for the existence of suboptimal controllers u(r) = Fx(t) such
that F € & and 6 < r"(A+ BoF,D,B,E) , for 6 > 0, we need the following Lemmas.

Lemma 2.3.1
Let € > 0. If there exists P € L™ (H) such that

2(Px, (A — e 2BoB}P)x) + € >(PBoB}Px,x) + (Ex,Ex) <0,  x€ D(A), (2.29)

1 —o%[8||D*PD|| + ||B*PBJ|] >0, (2.30)
then Ag = A — S’ZBoBéP generates an exponentially stable semigroup and ¢ < r"(Ag,D, B, E).

Proof.
Consider the initial value problem

dy(t) = Aex(t),  tER*
{ ;(0) = x0, X0 € H. (2.31)

For xo € D(A¢),V (x) = (x, Px) is differentiable and

d
EV(x(t)) =2 (PAgx,x)

From the inequality (2.29) we obtain
Ly (x(t)) < —& 2(PBoBjPx,x)— (Ex,Ex) < —& 2(PBoB}Px,x).

Thus
Tdq

T
Lya()dr < —e2 / (PBoBiPx,x)di,
o dt 0
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Hence T
VG(T) -V(x0) < —e2 [ |BiPso)|Par.
0
Using the fact that P > 0 we get

T
e [ IBiPs()|Pd <V(so), for all T>0.
0

Therefore .
e 2 [ 1B3Px(0)|dr < kol

which implies that BjPx(t) € L?*(R™,Z). The solution x(¢) of the system (2.31) is given by

t
x(t) = S(t)xo — &2 / S(t — 5)BoBLPx(s)ds
0
We have -
lx(@OI < 1IS()xoll +&~ HfOS(t—s)I[BOBSPx(s)dsH
< Me x| +e M| [Bo / ¢~ || B Px(s)||ds.
0

from which we get

t

2
IO < 2022 lng | + 26~*M2||Bol | | e~ ||BiP(s)llds]

0
t
< Kie 2 4K, /0 ¢ 2069 B P (s) | s,

where K| = 2M?||xo|%, K> = 26 *M?||By||?. It follows then that

oo o0
/ x(t)|2 e / Kie 2‘°’dt+/ Kz/ o-3) | g5 Px(s) | Pdsdr.
0

/ le(e)|Pde < Ky / Ko B3Pa(s) |2 / ey ) ds.
0 0 s

which implies that

Thus

oo oo
2 K K 2
| I Par < S5 [ Bgexts) P

Since BjPx(t) € L*(R*,Z), we deduce that x(¢) belongs to the space L*(R",H). Applying
Corollary 2.2.2 with
Fo=—¢’ByPc®
we get that 6 < r(A¢, D, B,E).
n
Lemma 2.3.2

Lete > 0and F € Z. If the inequality (2.28) has a solution P, € L (H) satisfying condition
(2.30) then F| = —S*ZBSPl € Z and 6 < r"(A+ BoF1,D,B,E). Moreover, there exists P, €
Lt (H) such that
2(Py(A+ BoF )x,x) + (Ex,Ex) +&€ 2 (P BoB}Pyx,x) =0,
xeD(A),
—o’[6]|D"PD|| +||B*P:B]|] > 0
P, =P
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Proof.
Set F = ¢F +¢& B3Py, then

(F'x,F'x) — e 2(ByPix, ByPix) = €2 (Fx, Fx) + 2(BPyx, Fx).
Since P is a solution of the inequality (2.28) it follows that
2(PiAx,x) + (Ex, Ex) — e 2(BPyx, ByPix) + (F x, F x) < 0. (2.32)
Set Ag = A+ BoFi where Fi = —¢ 2B}Py, then
2 (PiAgx,x) + (Ex,Ex) +€ 2 (P ByBjPx,x) < 0. (2.33)

Applying Lemma 2.3.1 we conclude that F; € % and 6 < (Ao, D, B,E).
Now since P; is a solution of the inequality (2.33), then it satisfies the following inequality

2 (Plex,x) + <Ex, E\X> <0,

- E
k= ( e 'ByP. )

By Corollary 2.2.2 there exists P, € L™ (H) such that

where

2 (P, Apx,x) + <E\x,E\x> =0,
with P, < P;. Therefore
2 (P)Agx,x) +€ 2 (x,PiBoBiP1x) + (Ex,Ex) <0
and
1 —c%[6||D*P,D|| + ||B*P,B||] > 0.

Applying this Lemma iteratively we show in the following Theorem that there exists P €
L*(H) such that

2 (Ax,Px) 4 (Ex,Ex) —e 2 (x,PBoByPx) =0, x& D(A) (2.34)

Theorem 2.3.1

Let F € Z. Suppose that there exist € > 0 such that the Lyapunov inequality (2.28) has a solution
Py € L™ (H) which satisfies condition (2.30) then the Riccati equation (2.34) has a solution
P € L*(H) satisfying
1 —c’[6||D*PD|| +||B*PB|] > 0,
Fe=—-¢’BPc?Z,

6 < r"(A—e 2ByB}P,D,B,E).
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Proof.
Applying the above Lemma iteratively we construct a sequence of linear operators (Py)xen €
L*(H) which satisfies

2 (Pey1Apx, x) + (Ex, Ex) 4+ &2 (x, PBoB{Pex) = 0,
x € D(A),
1 —6%[8||D* Py 1 D|| + ||B* P 1 B|] > 0,
Py <X Py,

where P is a solution of the inequality (2.28) and Ay = A — 8*2B033Pk.
Let P = limy_, o P, then

2 (PAex,x) 4 (Ex,Ex) + &% (x, PBoBiPx) =0, x & D(A),

1 —c*[6]D*PD| + || B*PB]] > 0,

where Ag = A — € 2ByB};P.
Using Lemma 2.3.2 we deduce that Fy = —S_ZBSP €eZando <r"(A— S_EBOBE‘)P,D,B,E).
Finally since

2 (PAex, x) + (Ex,Ex) +€ 2 (x,PBoBiPx) = 2 (PAx,x) + (Ex, Ex) — &> (x, PByB}Px) ,

then P satisfies the Riccati equation (2.34).
[

Proposition 2.3.1
Let 6,€ > 0. Suppose that the Riccati equation (2.34) has a solution P € L (H) such that
1 —c*(8[|D"PD|| + ||B;PB]] = 0,
then Fg = —¢ ?B*P € % and 6 < r""(A + BoFe,D,B,E).
Proof. Since P is a solution of the Riccati equation (2.34) then
2(P(A — € 2ByB}P)x,x)) + (Ex,Ex) + € 2(x,PBoBiPx) =0, x € D(A),

1 —o%[6||D*PD|| + ||B*PB||] > 0.

From Lemma 2.3.2 we obtain Fy = —S*ZBgP € Zand o < r(A+ByF.,D,B,E).

[]

As a consequence of the above proposition we characterize the supremal achievable stability
radius via the Riccati equation (2.34) as follows.

Corollary 2.3.1 We have

™(A,D,B,E) > sup { G > 0; there exist € > 0 such that (2.34)) has a solution }

P e Lt (H)with 1 —*(8||D*PD| + ||B*PB||) > 0.
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2.3.2 Robust stabilization with unbounded input operator

In this section we consider the controlled system

dx(t) = Ax(t)dt + BA(Ex(t))dt + DAy (Ex(t))dw(t) + Bou(t)dt, t > 0,
x(0)=xp € H, (2.35)
1Al <o,

under the asumption that A generates an exponentially stable analytic semigroup S(¢) and By is
a linear operator from Z to H, (B is generally unbounded as an operator from Z to H), such that
(=A)™By € £(Z,H) for some fixedn ,0<m < 1.

We assume that (A, By) is stabilizable.

2.3.2.1 Existence and uniqueness

In this Theorem we establish the existence and uniqueness of the solution to the problem (2.35).

Theorem 2.3.2 For any T > 0, there exists a unique mild solution of the equation (2.35) in
C ([0, T],L? (Q,H)), satisfying the initial condition x(0) = xo

Proof.
The approach adopted to prove this Theorem is based on the classical fixed point Theorem
for contractions and on the analytic estimates.
Set
x=C ([Oa T 7L2 (Q7H)) )

and define the corresponding norm by

1

Ilxlly, = ( sup (EHX(t)HZ)> < e,

t€[0,T]
The solution of the system (2.35) is given by
t t t
x () = S(t)x0+ / S(t—s)BA, (Ex(s)) ds+ / S(t —5)DAg (Ex(s)) dw (s)+ / S(t —s)Bou(s)ds.
0 0 0
We have

x(t) = S(t)xo+ /OtS(t —8)BA| (Ex(s))ds+ /OIS(I —$)DA (Ex(s))dw (s)
+ /0 S(t —5) (—A)" (—A) " Bou(s)ds,
x () = S(t)xo+ /0 " S(—5)BA (Ex(s))ds+ /0 St —5)DAs (Ex(s)) dw (s) + /O St —s) (—A) Bou(s)ds.

where By = (—A) "By € L(Z,H).
Let
T:y—x

defined by
Y() = S+ /O 'St — $)BA, (Ex(s))ds

+ /Ot S(t—5)DA2 (Ex(s))dw (s) + /Ol S(t —s5) (—A)"Bou(s)ds.
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In order to establish existence and uniqueness for (2.35), we proceed in three steps.
Step 1: T is well defined as a mapping from  to .

Since (S(t)),~ is an analytic exponentially stable semigroup there exist positive constants
M, My, n and o such that

IS@)| <Me™™ | t>0, ©>0,

and
[ (=A)S(@)|| < Myt e

Now since B€ L(U1,H),D € L(Uy,H) ,E € L(H,Y), and By € L(Z, H) there exist constants
m1,my,m3 and my such that

1815031y < 1. 10l 1y < 2. E gy < s ant [Bo| <
we have
TN = (T 0),X (0))

t t . 2
= HS(t)x(H—/O S(t—s)BAl(Ex(s))ds—}—/o S(t —s) (—A)"Bou(s)ds

L2 <S(t)xo, /0 St — $)D g (Ex(s)) dw (s)>
+ 2< /0 'St $)BA, (Ex(s))ds, /0

t

S(t —s)DA, (Ex(s)) dw (s)>
¢ 2
/O S(t — 5)DAs (Ex(s)) dw (s)

L2 < /0 'St — $)D (Ex(s)) dw(s), /O 'St —5) (—A)" Bgu(s)ds> .
We have

E (< /0 ' S(t — $)DA (Ex(s)) dw (s) ,S(t)xo>> ~0
B (st 1D Ex))awts). [ s(e-)B21 (Bx(s))ds ) ) =0
B (( [ st-spaa(Bxts)aw(s), [ -5) (A Bou(s)as ) ) =0

Let G3 (s) = S(t —s)DA; (Ex(s)). By Burkholder-Davis-Gundy inequality, there exist positive

constants ¢, such that
2 t
E (‘ ) < c/ E||G» (s)| ] ds.
0
Then

E(HT(x(t))H2> = E (HS(t)xo—l—/OtS(t—s)BAl (Ex(s))ds—l—/otS(t—s)(—A)négu(s)ds 2)
+ E< )

On the stability radius of infinite dimensional stochastic systems Amira Kameche

/Ot Gy (s)dw (s)

/0 'St — $)Ds (Ex(s)) dw (s)




2.3. ROBUST STABILIZATION 38

)

ve "E|[S(t — 5)DA (Ex(s)) dw (s)]?

E(ITGOIR) < 31stml>+3E (H [ st-s)8 (Ex(5)as

2

3 /O "S(t — 5) (—A) Bou(s)ds

IN

P | +3 [ MPniKEne 200 VB ()
+ 3 /O MEE (1 —5) 722000 |u(s) | 2ds
+ C/Othm%Kzzmge_zm(t_s)E||x(s)||2ds.
By Holder inequality we obtain
E(ITGOIE) < 302 2 ol + (MmiKnd +cdPmikind) [ o IB ()| ds

IM2m2 g 2N —2m(z—s)d ! 2d
+ Mgy | (1—s) e s | lus)"ds.

But

/‘l‘ (t B s)—ZT] 672(1)(l‘7s)ds S ;TI*ZT]
0 1-2n

Then

E(IT)IP) < 3M%e xol* + (3M2nri K3

+ eoM? K2 2 I_—M E 2
M) = up (o))
5€[0,T]

1
M T ) )
We conclude that Y is well defined on .

Step 2: Now we show that Y maps  into .
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Forh € [0,T] and r € [0,T — h], we have
T(x(t+h) =T (x(r)) = S(t+hxo+ /0 S+ h—5)DA (Ex(s)) dw (5)
t+h t+h P
+ /O S(t +h —5)BA; (Ex(s)) ds+ /0 S(t +h —s) (—A)" Bou(s)ds
— (S(t)x0+ /IS(I —5)DAL(Ex(s))dw(s) + /t S(t —s)BA(Ex(s))ds
0 0
+ /0 S(t — 5)(—A)"Bou(s)ds)
= (S(t+h)xo—S(t)x0) + /Ol S(t+h—s)DAy (Ex(s))dw (s)
+ /O 'Sl +h—5)BA (Ex(s))ds — /0 'S — $)BA (Ex(s))ds
+ Ol S(t+h—s)(=)"Bou(s)ds — /Ot S(t —s)DAs (Ex(s))dw (s)
_ /Ot S(t —s) (—A)"Bou(s)ds + /tH—hS(t +h—s)BAy (Ex(s))ds
t+h t+h P
+ /, S(t +h— 5)DA (Esx(s)) dw (s) + /, S(t+h — ) (—A)" Bou(s)ds
= (S(t+h)xo—S(t)x0) + /Ot [S(t+h—s)—S(t—5)|DA2 (Ex(s))dw(s)
+ /OI[S(t +h—s5)—S8(t—s)|BA| (Ex(s))ds
t - t+h
+ /0 [S(t+h—s)— S(t — )] (—A)" Bou(s)ds + /, S(t +h—$)BA, (Ex(s)) ds
+ [ S+ h— 5D (Ex(s))dw (s)

t+h —
£ [ S(+h—s) (A Bous)ds,

Assume that Y (x(r+h)) — Y
L =S

x(t)) =1 +bh+ 5L+ 14+ I5+ I+ I7 such that
t—+h)xo — S(t)xo
t
L = /(s t+h—s)—S(t —s5)) BA; (Ex(s))ds
0

~~

o= [ (St hs) = 80— 5)) DA (Ex(s))dw 5
o= [ (St hs) = S0 5)) (-4 Bou(s)ds

Is = /tt S(t+h—5)BA| (Ex(s)) ds

s — /, S h— $)Dg (Ex(s)) dw (s)

t+h -
L = / S(t +h—s)(—A)"Bou(s)ds.
t
Therefore

1T (x(t+h) =Y (x())* = |i+b+5+Ii+ 15+ 1+ |2
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Let G3(s) = (S(t+h—s)—S(t —s)) DA, (Ex(s)). By Burkholder-Davis-Gundy inequality,
there exist positive constants ¢’ such that
! 2
<e /0 E||Gs (s) |2 ds.

E(Is)7) (H/ Ga (s)dw (s

Let g (s) = S(t +h—s)DA, (Ex(s)). By Burkholder-Davis-Gundy inequality, there exist positive

constants ¢” such that
! 2
(1) == (| [ ¢6aw)| ) <2 [[Elleto)Pas

Since (S()),>¢ is strongly continuous, we have
lim ||7;]] = lim ||S(z +h)zo — S(t)z0|| = O, (2.36)
h—0 h—0

and we have
S(t+h—s)=S8(t—s)S(h)

S(t+h—s)—S(t—s)=S(t—s)S(h)—S(t—s)=S(t—s)[S(h)—1]
For I, we have
)

E(Inl’) = E (\

< o3 [ (Sl s) = (e~ 5) B (Ex(s) |Pds

= [ 1St —9) (50— 1) B (Ex(s)) P ds

es [ (It =117 5t~ )81 (Ex(s)) ) ds

es [ (150 =11 1= 5) P 1B 1801 [ (Ex(5)) ) s
cs 15— 1P [ Me 2k (1)) ds

t
cx St~ 1 MPurtEnd [ e 200 ((Jx(s) )

/Ot (S(t+h—s)—S(t—s)) BA| (Ex(s))ds

IN

IN

IN

IN

Bl < esllSt)—1PMniKEnd [ o2 9E (In(s) ) .

But e
; .
/ o205 g, 1=¢
0 2m

hence

1 e—2(0[

Bl < 55— 1506) ~ 11 esmikEnd sup E (o))
s€(0,T

Set Mr, = C3M2m%K12m§ then

1— —2mt
B||b|2 < (—) I(8) =112 sup E (Jlx)]?) 2.37)

20 5€[0,T]
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For Is we have
/OtIEHG3(s)H2ds _ /OIJEH(S(H—h—s)—S(t—s))DAz(Ex(s))szs
_ /OZ]EH(S(t—s)[S(h)—l])DAz(Ex(s))szs
< /Ot]E<||S(h)—I||2HS(t—s)DAz(Ex(s))Hz)ds

t
2 2 2
</ E(||s<h>—1|| ISt =) 2 1DI2 | 8al | (Ex(s))]) ds
< st 1P [ wee mzKZmE(nx@)nz)ds
2
< IS0~ 11 MPm3KEm3 / E (|15 I) ds
But . R
/ o 200—5) g —
0 20
ence ! 2 1—e2 2002 222 2 2
| E1Gs ()] ds < == ——[15(h) ~ 1| MP3&3m3 sup B (|x(s)]])
0 s€[0,T]
Therefore

t l_e—ZU)t
1 [ EIG 6)Pds < (£ ) 0~ 12 aziind sup B (1) I).

s€[0,T]

Set M3 = ¢ M?m? sz3 then
! 2 1—e 2 2 2
ct [ BIGs (5)1Pds < s () IS =11 sup E (Jlx(5)|)
0 20 s€[0,7]
2 1— 2% 2 2
El5]° < Ty |S(h) —1I|"M3 sup E <||X(S)|| ) : (2.38)
@ 5€[0,T]

For 14 and applying Holder inequality, we get

t . 2
IL|]> = ‘/O (S(t+h—s)—S(t—s)) (—A)" Bou(s)ds

[
<

IN

(S(t+h—s)—S(t —s)) (—A)" Iazu(s)szs

(5(0—5)[5(8) — 1) (~A)" Bou(s)| s

!

< [ sty =112 56 =) (A" |8 ds [ uts)as
0
t

< /HS(h)—IHzMZ(t—s)z”e 20(1-5) m2ds/ lu(s) || ds
0

< st — 1P MR [ (1= s) 2200 s [ us) s
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But .
/ (t—s)’zne_zm(’_s)ds<;t1_2"<;T1_2n.
0 —1-2n —1-2n
Set My = Mym;
1 _
1P < 1508~ 112 (5720 ) IO 2.39
for Is we have
2

) t+h
E|s|? = ]E/t S(t+h — 5)BA (Ex(s))ds

IA

[ (s 1B ) ds
t+h

< | M2 20U =) 2 K22 ||x(5)||> ds

t+h ’
< Mzm%Klzm%/ e 20— || x(s)||* ds.
t

But

/[+h e_zm(H—h_S)ds = ﬂ
t 20

Or

2 2 2.2 2 1—e 2 2
E||fs| ds < M2miCnr (2—) sup E x(s)]2.
® s€t,i+h]

Set M5 = Mzm%Klzm% then

) 1_e—2ml 5
B lisiPas < s (1) s Bl

SE[t t+h]
l_e—ZO)t
E|5)* < | ——— | Ms sup E|x(s)|* (2.40)
20 SE[tt+h]

for I we have

/t’+hE\|g<s>H2ds - /t”hE|rs<z+h—s>m2<Ex<s>>||2ds

IN

(It n 911018l N Ex I ds
t+h

</ M2 20U =) 2 K22 || x(s) || * ds

t+h
< Mzm%Kzzm%/ e 20U =)R || x(s)||* ds.
t

But

/ a o 200+h—s) 7o _ 1—e 2
t 2m '

Or

s 2 2 22 o (1—e 2
[ el ds < wudind (1) sup BIIR,
! @ SE(t,t+h]
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Therefore

btk 2 2 90 of1—e 2
o [ Els0)Pas < v (1) sup EIG)
t 20 s€t,+h]

Set Mg = czMzm%Kzzmg then

t+h ) ] — g 200 )
e [T ElePas <me (i) s Bl
t @ SE[tt+h]

l_e—ZO)t
E|)* < | ——— | Mg sup E|x(s)|? (2.41)
20 SE[tt+h]

For 17 and applying Holder inequality, we get

2

t+h R
B2 = ’ / S(t +h— ) (—A)" Bou(s)ds
t

< /tﬂrhHS(I-I—h—s)(—A)T‘B\ou(s)szs

t+h )
ds/ u(s) |2 ds
t

t+h t+h
< /t M (¢ + h— 5) e 200H1=),2 /t lu(s)|2 ds

< [ ste s -an |

t+h t+h
< M2tk /t (t 4+ h—5) 220019 g /, lu(s)|2 ds

1
2 2 1-2 2
Mymy <m> R M a7z -

IN

Set M7 = Mymj then
1 _
171> < Mam; (m) B2 |u() |12 (2.42)

Using (2.36), (2.37), (2.38), (2.39), (2.40), (2.41), (2.42), we deduce that

Jim B ([[(7)(1-4-1) = (02) ()]*) = 0.
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In order to prove the left continuity of Y we have, for every 7 € [0,T], h € [0,1],
t—h
(Tx)(t—h)—(Tx)(t) = S{t—h)xo+ /0 S(t—h—s5)DAy (Ex(s))dw(s)
t—h t—h ~
+ /O S(t —h—s)BA; (Ex(s))ds + /0 S(t —h—5) (—A)" Bu(s)ds
— (S(t)xo+ /Z S(t —s)DA, (Ex(s))dw (s) + /l S(t—s)BA (Ex(s))ds
0 0
+ /0 S(t — ) (—A) Bou(s)ds)
i—h
= (S(t—h)xo—S(t)x0) + /0 [S(t—h—s5)—S(t —s)|DA, (Ex(s))dw (s)
i—h
+ /0 [S(t —h—s) — S(t — $)|BA; (Ex(s)) ds

+ /Oth[S(t —h—s5)—S8(t—s)] (-A)" l/gau(s)ds — /zthS(t —$)BA (Ex(s))ds
-/ S(t —s)DA, (Ex(s))dw (s) — - S(t—s)(—A)" l/gau(s)ds.

Using as for the right continuity, we get the left continuity
lim E (|| (Tx) (t — ) — (Tx) (t) ||2) ~0 (2.43)
h—07*

Step 3: It remains to verify that Y is a contraction.
Let x1, xo € %, then

(Tx1) () — (Tx2) (1) = S(e)xo+ /0 'S(t— $)BA; (Exi(s))ds+ /0 'St — $)DA (Exy (5)) dw (s)
+ /Ot S(t — 5) (—A)" Bou(s)ds — S(t)xo — /Ot S(t —s)BA| (Exa(s))ds
- [ ' S(t — $)DAg (Exa(s)) dw (s) — / 'St — 5) (—A) " Bou(s)ds
0 0
_ /0 S(t =)D (DoEx1(s) — AsExa(s)) dw (s)

+ /Z S(t—s)B(A1Ex|(s) — A1Ex)(s))ds.
0

Then
1(Cx1) () = (Tx2) (2) >
t t 2
_ /0 S(t — 5D (AsExi (s) — AsExa(s)) dw (s) + /0 S(t — 5)B(AExi (s) — A Exa(s)) ds
t 2 t 2
< 2 /0 S(t —s5)D (A2Ex1(s) — ApExa(s))dw(s)|| +2 /0 S(t—s5)B(A1Ex(s) — A1Exa(s))ds

By Burkholder-Davis-Gundy inequality and the Lipschizianity of A;, there exist positive con-
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stants ¢4 such that

IN

2¢4 /Ot IS( = 5)|*E[[D (A2 (Exi(5)) — Do (Exa(s))) || ds
2

E (|17 (01 (1)) = T (x2(0))]?)

+ z‘ / 'St — $)B (D1 Exi (5) — A Exa(s)) ds
0

IA

t
26‘4M2/ e 202 K2m3 sup E||x1(s) —xa(s)||* ds
0 s€[0,T]

t
+ 2M2/ e 202 K2m3 sup E||xi(s) —xa(s)||* ds

0 s€[0,T)

2 202 2 2 2pn oy 1—e 2T 2
< (QeaMmyKyms +2M m1K1m3)(—2w )1 (s) —x2(s) 5 -

Therefore T is contractive for enough small 7" > 0. For large T we can proceed in a usual way
by considering the equation on intervals [0,T] , [T,2T], ... with T enough small.
]

2.3.2.2 Maximization of the stability radius

Our aim is to characterize the supremum of the stability radii which can be achieved by linear
state feedback u = Fx, where F € ¥ (H,Z).

Let
7 F € Y(H,Z);A+ BoF is the infinitesimal generator of an
a exponentially stable semigroup Sg(t) '
and define
7(A,D,B,E) = sup{rW(A 4 BoF,D,B,E); F € ?}
Lemma 2.3.3

Let € > 0. If there exists P € LT (H) such that
2(Px,(A — € 2BoBiP)x) + ¢ 2(PBoB;Px,x) + (Ex,Ex) <0,  x€ D(A), (2.44)

1 —c*[8||D*PD|| + ||B*PBJ|] > 0, (2.45)
then Fy = —¢ *B3P € Z and 6 < (A + BoFe,D,B,E).

Proof.
From the asumptions made on the operator B and since S(¢) is analytic and exponentially
stable, it follows from [40] that A 4+ BoF; generates an analytic semigroup. Set V (x) = (x, Px).

Computing V (x(r)) along solution of

{ dx(t)=(A—€2BoByP)x(t), tERY, (2.46)

x(0) = xo, xo € H.

We get

%V(x(,)) — 2(P(A—& 2BoBGP)x,x).

From the inequality (2.44) we obtain

Ly (x(t)) < —& 2(PByBjPx,x).
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Thus
Trq

T
—V(x(t))dt < —e7? / (PBoB}Px,x)dt.
o dt 0

Hence T
V) -V(0) < e [ |ByPato) .
0
Using the fact that P > 0 we get

T
8_2/ ||BSPX(I)||2dt§V(Xo), for all T >0.
0

Therefore ,
e 2 [ 1BsPx(1) P < Kl .

which implies that BjPx(t) € L*(R*,Z). The solution x(t) of the system (2.46) is given by

x(t) = S(t)xo—g 2 /0 ' S(t — $)BoBLPx(s)ds

We have
t
Xl < IS(@)xol| +&72 /O S(¢ = s)BoBoPx(s)ds
[ —_~
< ISl +e2 [ st —s)(=A) |[Baf| I1BiPx(s)] ds
t ,—w(t—s)
_ 5 €
< e o+ B | €5 B3P
Then
2 t ,—20(t—s)
2 ) 2 —4|l5> 2 [ € * 2
(I < 22729 | >+ 26 | Bo| Mn/()mHBOPx(s)H ds.
Therefore
+oo +oo 2 too rt o= 20(t—s)
2 2 - —4 || ¢ * 2
/ Hx(t)H dl‘szzHX()” / e 200[(]1‘—}—28 4HBOH M%/ /_—QT]HBOPX(S)” dsdt.
0 0 0 0o (1—s)
(2.47)
By Fubbini theorem we obtain
+o0 2 ~+o0  ptoo *20)([*5‘)
+o0 2 2 2 —2ot —4 (|5 2 * 2 €
S x(n)|2de < 2M Hx0||/0 e 20dr2e~ | By Mn/o / 1B PX(9)* g i
2M2Hx0||2 2 +oo 5 Hoo p—20(t—5)
< 28_4HB H M2/ B*P / —————dt | ds.
< T o My | | B* Px(s) || AP s
(2.48)

Since N < %, there exists K > 0 such that

/0 |yx(t)||2dtg%+ze4HBH MﬁK/O |BLPx(s)| ds.

And since ByPx(t) € L*(R*,Z), we deduce that x(.) belongs to the space L*(R*,H). Apply-
ing Corollary 2.2.2 with
Fo=—-¢’BPc¥%
we get that 6 < r(A + BoFe,D,B,E).
]
As for the bounded case, we can obtain the following results.
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Lemma 2.3.4
Lete > 0and F € Z. If there existe P, € L (H) such that

2(Py(A+BoF)x,x) + (Ex,Ex) +€*(Fx,Fx) <0,  x€ D(A). (2.49)

1 —c?[8||D*PD|| + ||B*P,B||] > 0, (2.50)

then F| = —S*ZB(’;P1 € Z and 6 < r(A+ BoFy,D,B,E). Moreover, there exists Py € L™ (H)
such that

2(P,(A+ BoFy)x,x) + (Ex,Ex) + €2 (P{BoBjPix,x) = 0, x € D(A),
1 —o%[6||D*P.D|| + ||B*P2B||] > 0. (2.51)
P, <P.

Theorem 2.3.3

Let F € Z. Suppose that there exist € > 0 such that the Lyapunov inequality (2.49) has a solution
Py € L™ (H) which satisfies condition (2.45) then the Riccati equation

2 (Ax,Px) 4 (Ex,Ex) —e % (x, PBoByPx) =0, x & D(A) (2.52)
has a solution P € L™ (H) satisfying

1 —c*[0]D*PD| +||B*PB]] > 0,
Fe=—¢’B}Pe %, (2.53)
6 < r"(A+BoF;,D,B,E).

Conditions for the existence of suboptimal controllers are given in the following proposition.

Proposition 2.3.2
Let 6,€ > 0. Assume that the Riccati equation (2.52) has a solution P € L (H) such that

1 —c’[6||D*PD|| +||BPB|] > 0,
then F, = —€¢ 2B*P € % and 6 < r"(A+ BoF,D,B,E).

Let us now state a corollary of Proposition 2.3.2 for characterizing the supremal achievable
stability radius via the Riccati equation (2.52) as follows.

Corollary 2.3.2 We have

P(A,D,B,E) > sup { G > 0; there exist € > 0 such that (2.52) has a solution }

P e L*(H) with1—c%(8||D*PD||+ ||B*PB]||) >0

2.3.2.3 Example

Consider the following stochastic parabolic equation with Newman boundary conditions

(2.54)
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Consider the operator Ah = n*Z% — h defined on H = L?(0, 1) with
D(A) = {w € H*(0,1),%(0) = (1) = 0}.
The operator A generates an exponentially stable semigroup S(¢), the eigenvalues of A are
M=-n’—1, n>0.
In addition, the corresponding eigenfunctions are
0o =1 and ¢,(x) = V2cosnmx, forall n> 1.
Define the following operators:

D = E=B=1I.
Al = (1, A2:C2.

Boy(x) = —5v(0), with y & D(Bp).

The problem (2.54) takes the following abstract form

{ dx(t) = Ax(t)dt + BA{ (Ex(t))dt + DAy (Ex(t))dw(t) + Bou(t)dt,t > 0, (2.55)

x(0) = xp.

For this system we have

1 B
n_Z+§7

Note that the corresponding Riccati equation is

1
0 —.
<B<2

2(A% PY)+ (E¥ E¥)—e 2 (BsPY ByP¥) =0, % c D(A). (2.56)

Assume that we can express the solution P of (2.54) as

+o0
P =Y Pu(¥,0,)0;, ¥€EH. (2.57)
n,j=0

Hence

~+oo
AY =Y M (Y. 00) 0n, for & € D(A),
n=0
and hence
+oo
n=0
We have
(EY ,E¥)= (% E¥),

Since

oo +o0
BPY = B;;< Y P (@,¢n>¢j> = ( Y Pnj<@/»¢n>36¢j>

n,j=0 m,j=0
1 (& 2 (&
= _E ( Z Pnj<@/7¢n>¢j(0)> = _TC_\/Z_ < Z Pnj<@,¢n>> .
n,j=0 n.j=0
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We get

(BoP¥ . ByPY) = — Z Z PojPokc (% s 0n) (¥, Om))
n,j=0m.k=0

Equation (2.55) takes the form
+oo ) ge—2 +oo  too
2 annkn <@a¢n> +<@/7@/> T4 Z Z P jP <@a¢n> <@7¢m> =0

n=0 T L =0mk=0

For % = ¢y, k € N, we obtain

2¢€
2P + 1 — ?P,fk =0.

Or
2e”
—?Pfk-l-Z?LkPkk—f— 1= 0,
we have 5
2e
A =R+ >0
Then )
T (A + VA
Py = e 2 >0
hence
—+oo
=Y P(%,00)0n, ¥EH
n=0
where P, = ()”Z;\ﬁ)
Now we show that
—6%(0||D*PD|| + ||B*PBJ|] > 0, (2.58)
for some ¢ > 0. We have
D*PDz,z) (B*PBz,z)
1—52[e< ’ >0 ,z#0
12[2 ]2
P
& 6 2>(0+1) <||Z|’|§> ,2#0
Z
But
(Pz,z) = < Py (2,0n) Ons2)
= <Z ¢n>2<¢n7z>
= <Z q)n)
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Then
(Pz,z)

Iz[1?

6 2>(0+1)

is equivalent to
I:opn <Z7¢n>2
][>

62> (8+1)
For z = ¢y, k € N, we obtain

o2 > (0+1)P
2 A + /A’)
) > T ( k
c (O_H)—zg%

(e+1)n2(kk+\/k,%+2i—f) ) (e — /A2 +27)
-2 Z
- (= 23+ 25

(6+1)
w0 i)
5 (0+1)
m2 (/A2 + 22 - y)

4

a
S
V

a
o
Vv

Let o such that

then

or

hence 011
c 2> *

= 27’527%

/ 2e~2
because we have |/ A2 + T Ak > 2M or

1 1

e SO
2e” k
7\%—}—?—7\&

(0+41) _ 8+l

/ 2 __2 27\’
752( 7\«]%-’-28,":—4— k) Tk

25 (6+1)

m2 (/A2 4+ 22 )

4

then

SO
(¢
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thus for
272
0+1

c <

the Riccati equation has a solution P with
1—c°[6||D*PD|| + ||B*PB||] >0

By Corrollary 2.3.2 we get

_ 272
WA D . B.E) >\ ——
r(7 9 b )— e+1
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Chapter

Stability radii of stochastic systems subjected to stochas-

tic perturbation and their optimization

3.1 Introduction

This chapter will investigate the robust stability analysis and the maximization of the stability
radii by state feedback for stochastic systems. For the development of the theory we will follow
the plan of chapter 2. Robust stability conditions for the considered systems are established on
the basis of stochastic Lyapunov equation and some operator inequalities. Section 3 presents
the state-feedback stabilization scheme. Proceeding as in chapter 2, the maximization of the
stability radii is investigated and the results are given via a stochastic Riccati equation. An
illustrative example is presented to demonstrate the effectiveness and applicability of the proposed
methodologies.

3.2 Robust stability

3.2.1 System description

Let A be the infinitesimal generator of an exponentially stable semigroup S(¢) on a real separable
Hilbert space H. Moreover let D € £(U,H), Ag € ¥(H) and E € ¥(H,Y). Consider the
stochastic system

dx(t) = Ax(t)dt +Aox(t)dw (1), t >0, 3.1)
x(0) = xg '
Assume that (3.1) is L? — stable subjected to structured pertubations as follows
{ dx(t) = Ax(t)dt + Aopx(t)dwi (t) + DA(Ex(t))dwo(t), t > 0, 32)
x(0) = xo, '

where x( varies in H and A is unknown Lipschitzian nonlinear perturbation, {w;(f)};er, ,i €
{1;2} are independent zero mean real Wiener processes on a probability space ( Q, Z, P )
relative to a family {7, };cr, of 6— algebras {F; };cr, C .Z such that

E (wi(t) —wi(s)) (wj(t) —w;(s)) = &,0; (t—s), i, j € {1,2},

52
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where 6; > 0 denotes the variance of {w;(¢) };cr, , (D,E) determines the structure of the stochas-
tic perturbation.

The disturbance A vary in Lip(Y,U),

The size of A € Lip(Y,U) is measured by the Lipschitz norm

[AllLip = inf{y>0:Vy, ye Y :[[A(y) = AT v <7vlly=Ylly}-

3.2.2 Characterizations of the stability radius
The stability radius of the system (3.1) is defined as follows.

Definition 3.2.1

The stability radius of (3.1) whith respect to the pertubation structure (D,E) and the Wiener
processes {w;(t)}ier, ;i € {1,2} is

™(A,(D,E)) = inf{||A|; A € Lip(Y,U) such that (3.2) is not L*> — stable}.

The approach used in this section to characterize the stability radius r"(A; (D,E)) is based
on the following lemma.

Lemma 3.2.1

Let x(t) the solution of the system

x(0) = xo. (3.3)

{ dx(t) = Ax(t)dt + Aox(t)dwi (t) + Dv(t)dw(t),t > 0
Where v € L2(R*,L?(Q,U)). Set y(t) = Ex(t), theny € L2(R*,L*(Q,Y)) and
912, < 1P ol + 10" P ol .

where P € ¥ (H) is a self-adjoint nonnegative operator satisfying the Lyapunov stochastic
equation
2(Px,Ax) +01(Apx, PAox) + (Ex,Ex) = 0,x € D(A) (3.4)

Proof.
Let x(¢) be the solution of the system (3.3). Using Itd formula with

(Wl )
w =

%)

t

(x(2),Px(1)) = (x(0),Px(0))+ /O (Px(t), (Aox(t) DV(T))dw(1))

we get

+ /O 2(Px(x), Ax(t))dt+ 0, /O (A0x (%), PAox(x) )t + 0, /0 (Do), PDV(1)Vdx.
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Using Theorem 6.12 in [19], we get
t
E(x(1),Px(1)) = E(x(0),Px(0))+E / 2(x(t), PAx(t))dv
0
t t .
+ OE / (Aox(t), PAox(t))dt+ 0, / (Dv(x), PDV())dx.
0 0
Since P is the solution of the Lyapunov equation (3.4), it follows that

2(Px(t),Ax(t)) +01(Aox(t), PAox(t)) = —(Ex(t),Ex(t)),

hence
2(Px(1),Ax(t)) 4+ 61 (Aox(1), PAox(1)) = —(y(t), (1)),
thus
E(x(t),Px(t)) = E(xq,Pxp) —]Efé(y(*c),y(*c»d*c+92E/()t<DD(*c),PDU(*c)>d*c,
therefore

IE/OtHy(r)szr = (x0,Px0) —E(x(t),Px(t)) +92E/Ol (Dv(t),PDu(T))dT.
since P > 0 it follows that
E /O EIRdT < (x0, Pxo) + O /0 " (Do(x), PDv(%))d7
< HPHHx(O)HZ+GzHD*PDHE[;HD(T)H%:dT,
from which, we get
||y||§a < ||P|||IX(0)||2+92||D*PD||IID||§3V-
Hence y € L2(RT,L*(,H)).

]
The second lemma will be given in terms of the input-output operator

L:Ly,(R*, L2 (Q,U)) = Ly (RT,L*(Q,Y))

defined by
Lo(r) = /0 "ES(t — 1) Agx(t)dwi () + /0 'ES(t — ©)Do(t)dws (x). (3.5)

Lemma 3.2.2
The input-output operator defined by (3.5) has the operator norm

1
IL]| = [62[|D"PD[]>, (3.6)

where P satisfies the Lyapunov equation (3.4).
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Proof.
Letv € L2(R*,L?(9,U)). By the previous Lemma it follows that

[0l < 6D P o],

therefore
||L|!ng < 6[|D*PD|.

Now we will show that there exists v € L2 (R*,L2(Q,U)) such that
/ 1
ILv ||z = (62/|D"PDI|)>
Let v’ € U, ||v°|ly = 1 such that

|D*PD||y = max (v,D*PDV)y = (v°,D*PDV).
v||=1

Define y as follows
y(t) =B’
where B(.) € L>(R*,R) and |B(')|L2(R*,R) =1

Then e
VO, = [ EB@uPer
= oI Jy = IB(e) P G
= 1
Therefore
2 e
v, = 62 E(D().PDY(D)dr
400
= 62 E(BE(5), D" PDBEV (1) 538)
= [PDle: | IB(e)dr
— 0,|D*PD|.
Thus

. 1
|Lw||2 = [62]|[D*PD|]2,

which concludes the proof.
[]
The main result of this section is giving in the following Theorem.

Theorem 3.2.1
Let 6 > 0. Suppose that there exists P € L (H) satisfying

2(Px,Ax) + ©1(Aox,PAox)+ (Ex,Ex) =0, xe&D(A), (3.9)

1-6%6,||D*PD|| > 0. (3.10)
then r(A,D,E) > ©.

On the stability radius of infinite dimensional stochastic systems Amira Kameche



3.2. ROBUST STABILITY 56

Proof.

Let A € Lip(Y,U) such that ||A||i, < ©. Suppose that P € £ (H) is such that (3.9) and
(3.10) hold.
Set y(¢) = Ex(t) and u(t) = A(y(t)),t > 0, where x(¢) is the solution of the system (3.2). We
have

t t
W) =ES(xo + / ES(t — 1) Aox(t)dw: (1) + / ES(t —t)DA(Ex(t))dwa(t).  (3.11)
0 0
For every T > 0, define the truncation ur € L2,(R*,L*(Q,U)) by

Then .
lurQIZ, = [ B(lur @]
T
— [ E(u@) e
T
— [ EGav0ar
T
< AR, [ @)

Hence

T
lur ()17, < ||A||%ip/0 E(|[y(1)[l)*dr.

Now define yr as the output of the system (A, (D, E)) generated by the input u7y with initial
condition x(0) = xo. Then

yr(t) = ES(t)xo +Lur(t). t>0. (3.13)

From (3.11) - (3.13), we get

1

T 5 )2
([ EbORa)" < Iyrlig i

teo
< w2 g+ L] furlz.
Thus

1
2

([ EloiRar)’ < [ e 2+ LAl [ Eb0Ra) 619
Condition (3.10) implies that

IL|P? <o

Now since ||A||ip < ©, the operator LA is contraction on L2 (R*,L*(Q,Y)) with B = ||L||| A <
1. From (3.15) we get

! 2\ [t 2
(/ Elly()|l dt) S(I—B)‘/ Me' =2 dt||Exo)||, for all T > 0.
0 0
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Therefore y € L2(R*,L?(9,Y)) and u = A(y) € L2,(R*,L*(Q,U)).
By lemma 3.2.1, the solution x(.) belongs to L2 (R*,L?(Q,H)). We conclude then that

(A, (D,E)) > o.

[]
As a consequence of this Theorem we have the following Corollary which enables us to
obtain a lower bound for the stability radius.

Corollary 3.2.1
Suppose that there exists P € £ +(H ) a solution of the Lyapunov equation (3.9). Then

(A, (D,E)) > 6, D*PD|| 2. (3.16)
Proof.

|. If |D*PD|| = 0, then 1 —6?0,||D*PD|| > 0, for all ¢ > 0. From the above Theorem, it
follows that (A, (D,A)) > o, for all 6 > 0. From which we deduce that »*(A, (D,A)) =
oo,

2. If ||D*PD|| # 0, since
|u||> — ||D*PD||~"(D*PDu,u) >0 forallu € U.

it follows that

-1

|u||*> — ((82]|D*PD||) 2 )26, (D*PDu,u) >0, forall u € U.

By the previous Theorem, we deduce that r"(A, (D,E)) > (92||D*PD\|)%1.
n
Corollary 3.2.2
Suppose that there exists P € L(H™) satisfying
2(Px,Ax) 4+ 01 (Agx, PAox) + (Ex,Ex) <0, x€&€ D(A), (3.17)

1 —626,||D*PD|| >0
(resp.1—c%6,||D*PD|| > 0.)

Then r*(A,D,E) > ©. In this case the Lyapunov equation (3.9) has a solution Py € L(H™") such

that P > Py.

(3.18)

Proof.

Since (3.1) is L?> — stable, there exists a solution Py of the Lyapunov equation (3.9). Set
X =P — Py, then

2(Xx,Ax) <0, xe€D(A).

Applying Lemma 2.1 in [10] we obtain that X > 0, thus P = P,.

Using condition (3.18), it follows that

1 —6°6,||D*PD|| < 1 —6%6,||D*PyD)|.

Hence conditions (3.9) and (3.10) are satisfied. By applying Theorem 3.2.1 we deduce that
r"(A,D,E) > o.

]

Remark 3.2.1

In the case where Ay = 0, we obtain the same result obtained in [35].
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3.2.3 Example

Consider the stochastic system

dy(t) = [% + roly(£)dt + riy(t)dwi (£) + ray(t)dwa ()t > 0,0 < x < T,
y(t,0) = y(z,m) =0, (3.19)
¥(0,x) = yo(x).

Where ry < 1, wy,w, are independent zero mean real Wiener processes.

To put the problem (3.19) into the abstract setting we introduce the self-adjoint operator Ah =
@I 1 roh in the Hilbert space H = L*(0,m) with D(A) = H}(0,m) NH2(0, ).

Since ry < 1, A is the infinitesimal generator of an exponentially stable semigroup S(¢). The
eigenvalues and the eigenvectors of A are given by [9].

Ap = —n2 4193 W (x) = V2sin(nx),n > 1

Ag=ril, D=1, A=ry €R, E =1 Inthe abstract from system (3.19) can be presented as

follows
{ dz(t) = Az(t)dt + Apz(t)dw (t)dt + DA (Ez(t))dwa (1),
z(0) = 2.

The stochastic Lyapunov equation corresponding to this system is

(3.20)

2(Pz,Az) +01(Aoz, PAoz) + (Ez,Ez) = 0.

Setting
oo oo
Pz=Y Pz, 0000k  Az= Y Mlz,00)0%
k=1 k=1
we get
~+o0
<PZ7AZ> = Z Pk)\‘k<zv¢k>27
k=1
2 = 2
<A0Z7AOZ> =n Z Pk<Za¢k> 5
k=1
hence

froo oo
2 Y Palz,00)* + 017 Y Prlz, 04) + (z,2) = 0.
i=1 i=1

For z = ¢y we obtain

2P +O11P+1=0,  j>1,

therefore .
J 2(j2—ro) —Glr%

If Olr% < 2(1—rp) it follows that P; > 0, for all j > 1.
For the condition (3.10), we have

[ —v*6,D*PD >0
S Y (1—V0:P)(z,0)> > 0,forallz € H.
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1
For y* < o (2(1—rg) —6177), the Lyapounov equation has solution P with
2

1 —76,D*PD > 0.

Applying Theorem 3.2.1, we deduce that the system (3.19) is stable if

13 < —(2(1—ry)—01r7).

If [0; = 0, = 1], we get 73 < (2(1 —rg) — 12).

3.3 Robust stabilization

In this section we consider the controlled system

{ dx(t) = Ax(t)dr + Aox(t)dw1 (1) + DA(Ex(t) )dwa (1) + Bou(r)dt, 1 > 0, 3.21)

x(0) = xp.

where u takes its values in the real separable Hilbert space Z, By € £ (Z,H). In addition we
assume that (A, By) is stabilizable.

Our aim is to characterize the supremum of the stability radii which can be achieved by linear
state feedback u = Fx, where F € ¥ (H,Z).

Let

7 _ { F € Y(H,Z);A+ BoF is the infinitesimal generator of an }

exponentially stable semigroup Sr(t)
and define
(A, D,E) = sup{rW(A 4 BoF,D,E); F € ?}
For F € %, £ > 0, consider the stochastic Lyapunov inequality
2(P(A + BoF)x,x) + 01 (Aox, PAox) + (Ex,Ex), +€>(Fx,Fx) <0, xeD(A). (3.22)

In order to establish conditions for the existence of suboptimal controllers u(r) = Fx(t) such
that F € & and 6 < r"(A+ BoF,D,E) , for 6 > 0, we need the following Lemmas.
This Lemma is of technical interest.

Lemma 3.3.1
Let € > 0. If there exists P € LT (H) such that
2(Px, (A — e 2BoB}P)x) + 01 (Aox, PAox) + € 2(PBoB}Px,x) + (Ex,Ex) <0, x€ D(A).

(3.23)
1 —6%6,||D*PD|| > 0, (3.24)

then Ag = A — E*ZB()BE“)P generates an exponentially stable semigroup and 6 < r"(Ag¢, D, E).

Proof.
Consider the initial value problem

Lx(t) =Aex(t), 1E€RT
{ ;CIEO) =xg, X0 € H. (3.25)
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For xo € D(Ag),V (x) = (x, Px) is differentiable and

%V(x(z)) — 2 (PAex, x).

From the inequality (3.23) we obtain

5V @(0) = —&2(PBoBPx,x) — 01 (Aox, PAox) — (Ex, Ex)
< —& %(PByB}Px,x).
Thus
Td T
CVx)dr < —e2 / (PBoBiPx,x)d.
o dt 0
Hence

T
V(x(T))~V(x(0)) < —e2 / |BEPx(t)|2dt.
0
Using the fact that P > 0 we get
T
e’ / IBsPx(1)||>dt <V (xo), for all T >0.
0

Therefore r
3—2/ 1B;Px(1)|[2dt < k|lxol, &k > 0.
0

which implies that BjPx(t) € L*(R*,Z). The solution x(t) of the system (3.25) is given by

(1) = S(t)xo—e 2 /0 'St — 5)BoBLPx(s)ds.

We have

()]l 1S(£)xo0| +&72

IN

t
/ S(t — s)BoByPx(s)ds
0

t
< Mool €2 Boll [ ¢ BiPx(s)lds.
0

from which we get

2 < 2MPe 29| xg||2 + 264 M2||B t ©(=5)| B P d2
[x(®)]" < [|xol]” +2¢ 1Bo||? Oe |BoPx(s)||ds

< K 2mt+K2/ —2m(r—s) ||B PX(S)H

where K| = 2M?||xo||?, K2 = 2&~*M?||Bo||?. It follows then that

~+oo
/0 (o) || dt / Kie 2dr + / K / o(=5)|| gz Px(s) |2 dsd.

Thus N N N
/ le(e)|Pdr < Ky / Koe? [ B3a(s) / e 291 ) ds.
0 0 s

Which implies that

o0 ~+oo
2 K K
| od < K55 s s
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Since BjPx(t) € L*(R*,Z), we deduce that x(¢) belongs to the space L*(R™,H). Applying
Corollary 3.2.2 with
Fo=—-¢’BPc¥

we get that 6 < " (Ag,D,E).
n

Lemma 3.3.2

Lete > 0and F € Z. If the inequality (3.22) has a solution Py € L (H) satisfying condition
(3.24) then F; = —S_ZBEk)Pl € % and 6 < (A + BoF1,D,B,E). Moreover, there exists Py €
LT (H) such that

2 (Py(A+ BoF1)x,x) + (Ex, Ex) 4 01 (Aox, PAgx) + €2 (P,BoBPrx,x) = 0,
x € D(A),
1 —626,||D*P,D|| > 0,
P <Py

Proof.
Set F' = ¢F +¢& 'B}Py, then

(F'x,F'x) —e 2(BsP\x, BiPix) = €2 (Fx,Fx) + 2(BiPyx, Fx).
Since P is a solution of the inequality (3.22) it follows that
2(P1Ax, x) 4 81 (Agx, PiAox) + (Ex, Ex) — e 2(BsPix, B5Px) + (F x, F'x) <0.  (3.26)
Set Ay = A+ ByoF| where F| = —S*ZBE")Pl, then
2 (P1A1x,x) + 01 (Aox, PAgx) + (Ex, Ex) +€ 2 (P ByBjPix,x) < 0. (3.27)

Applying Lemma 3.3.1 we conclude that F| € % and 6 < r"(A,D,E).
Now since P; is a solution of the inequality (3.27), then it satisfies the following inequality

2 <P1A1x,x) + 0 (AQX,PA()X) + <Ex, EX> <0,

~ E
E= ( e 'BiPy )

By Corollary 3.2.2 there exists P, € L™ (H) such that

where

2 (Ponx,x> + 0 <on,P2on> + <E\x,l/i‘\x> =0
with P, < P;. Therefore
2 (P2A0x,x> + 872 <X,PIB()BE;P1X> +0; <A0x,P2A0x> -+ <EX,E)C> <0

and
1 —6%6,||D*P,D|| > 0.
|

Applying this Lemma iteratively we show in the following Theorem that there exists P €
L*(H) such that

2 (Ax, Px) 4 01 (Aox, PAgx) + (Ex, Ex) —e ™2 (x, PByB{Px) =0, x€& D(A). (3.28)
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Theorem 3.3.1

Let F € Z. Suppose that there exist € > 0 such that the Lyapunov inequality (3.22) has a solution
Py € L™ (H) which satisfies condition (3.24) then the Riccati equation (3.28) has a solution
P € L*(H) satisfying
1 — %6, ||D*PD|| >0,
Fo=-¢’BPcZ,
6 < r(A—e *ByBiP,D,E)
Proof.

Applying the above Lemma iteratively we construct a sequence of linear operators (Py)xen €
L*(H) which satisfies

2 (Pey1Apx, x) + 01 (Agx, PAgx) + (Ex, Ex) &2 (x, P BoBo P + 1x) = 0,

x € D(A),

1 — 626, ||D*PD|| > 0,
Prey1 = Py,

where P is a solution of the inequality (3.22) and Ay = A — 8_2BOBE§Pk.
Let P = limy_, ;o P then
2 (PAex, x) + 01 (Agx, PAgx) + (Ex,Ex) +€ 2 (x,PBoBiPx) =0, x € D(A),
1 —6%6,||D*PD|| > 0,

where Ag = A — S_ZB()B(";P.
Using Lemma 3.3.2 we deduce that F; = —€ 2BjP € Z and 6 < r""(A — & 2BoB}P,D,E).
Finally since
2 (PAex,x) 4 (Ex, Ex) +& % (x, PBoBPx)

= 2 (PAx,x) 4 01 (Aox, PAgx) + 01 (Agx, PAgx) + (Ex, Ex) — &% (x, PByB}Px)

then P satisfies the Riccati equation (3.28).
[ ]

Proposition 3.3.1

Let 6,€ > 0. Suppose that the Riccati equation (3.28) has a solution P € L (H) such that
1 —6°6,||D*PD|| > 0

then Fe = —€ ?B*P € Z and 6 < r""(A+ BoFe,D,E).

Proof.
Since P is a solution of the Riccati equation (3.28) then

2(P(A — & 2BoB;P)x,x)) + 01 (Agx, PAox) + (Ex, Ex) + € 2(x, PByB:Px) =0, x € D(A),

1 —6°6,||D*PD|| > 0.
From Lemma 3.3.2 we obtain Fy = —S*ZBEP € Zand o < r(A+ByF:,D,E).
[ ]

As a consequence of the above proposition we characterize the supremal achievable stability
radius via the Riccati equation (3.28) as follows.

Corollary 3.3.1 We have

7u(A,D,E) > sup{ 6 >0; there exist €>OQ0such that (3.28) has }

a solution P¢cLY(H) with 1—c%6,||D*PD| > 0.
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Chapter

Stability radii of stochastic systems subjected to stochas-

tic and deterministic perturbations

4.1 Introduction

In this chapter, we consider stochastic systems with stochastic and deterministic uncertainties.
Novel procedure for studying robust stability is presented. A novel characterization of the
stability radius is proposed. The results generalize those of the finite dimensional case (see [17]).
We procced as follows. Section 4.2 contains the mathematical formulation of the problem and
basic definitions. In section 4.3 we establish some results which enable us to derive bounds for
the stability radius. This bound is giving in terms of linear operator inequalities.

4.2 System description

Let A be the infinitesimal generator of an exponentially stable semigroup S(7) on a real separable
Hilbert space Hand Ag € £ (H).
Consider the stochastic system

dx(t) = Ax(t)dt +Apx(t)dw(t), t > 0,
4.1)
x(0) = xo.
Assume that (4.1) is L? stable and is subjected to structured perturbations as follows
dx(t) = Ax(t)dt + Aox(t)dw(t) + BA(Ex(t))dt + DA(Ex(t))dw(t), t > 0,
(4.2)
x(0) =x0 € H,

where
(H)) D,Be 4(U,H)and E € 4(H.Y).

(Hy) A € Lip(Y,U) is an unknown Lipschitzian nonlinear perturbation. The size of A €
Lip(Y,U) is measured by the Lipschitz norm

[AllLip = inf{y>0:Vy, ye Y :[[A(y) = AT v <vlly—=Ylly}-
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(H3) {w(t)}ier, is areal Wiener process on a probability space ( 2, Z,P ) equipped with a
filtration {Z, },~( C ., whith variance 6.

(Hs) (B,E) determines the structure of the deterministic perturbation and (D, E) determines the
structure of the stochastic perturbation.

By the asymptions H; H;, there existe a unique solution x to (4.1) (see Theorem 7 page 186 in

[13D).

4.3 Characterizations of the stability radius

Definition 4.3.1

The stability radius of A whith respect to the perturbation structure (D,B,E) and the Wiener
process {w(t) }icr, is

"(A,Ao,D,B,E) = inf{||A|; A € Lip(Y,U) such that (4.2) is not L* — stable}.

Let 7 > 0andy> 0. Forv € L2,(R",L?(,U)), consider the following cost functional

T
Jeo.0) = [ B0~y 2 o(r) Pl
where x(t) is the solution of the system

{ dx(t) = Ax(t)dt + Bo(t)dt + Aox(t)dw(t) + Do(t)dw(t),t > 0,

x(0) = xo. (4.3)

The approach used in this section to characterize the stability radius rV(A,D, B, E) is based
on the following Theorem.

Theorem 4.3.1
Let y > 0. Suppose that there exists P € LY (H) such that M(P) < 0, where

M(P) = PA+A*P+0AjPA)+E*E  PB+0A,PD
- B*P+0D*PA, —y 24+ 6D*PD

then ||L|| <y~ !.

Proof.
Let x € D(A) be the solution of the perturbed system (4.3). Using the 1t6 Formula with

F(t,x(1)) = (x(r), Px(1)), we get
(x(T),Px(T)) = <x(0)an(0)>+2/OT<PX(I)7(AOX(I)+DU(I))dW(f)>
+ 2/T Px(1), Ax(1) +Bo(1)) dt+6/T (Aox(t), PAox(t))dt
+ e/ (DV(t), PDV(1) dt+6/ (DV(t), PAox(t))dr

+ e/ (Agx(1), PDV(1))dt.
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Applying the expectation and using Theorem 6.12 in [19], we get

E(x(T),Px(T)) = E(x(0),Px(0)) +E /0 L2 (Pa(r), Ax(r))di + BE /0 " (Do(e), PAox(1))dr
+ OE /0 " (Do), PAox(t))dr +E /O "2 (Px(e), Bo(e))dr
4 6E /0 " (Aox(r), PAgx(1))dt + OF /O " Do), PDV()r,
then
E(x(T),Px(T)) = (x(0),Px(0 +]E/ (PAX(1), ()>dt+GIE/ (ASPDO(t),x(1))dr
+ 6E / (D*PAox(1),0(1))di + E / ), PBU(i
+ GIE/ (ALPAGX(1), x ()>dt+3]E/o (D*PDv(1),0(1))dt
v E /O (A*Px(t),x(1))di +E /O (B*Px(t),v(1))dl,
hence
E(x(T),Px(T)) = (x(0),Px(0))+E / ((PA-+A*P 4 BALPA0)x(1), x(1))dt
+ ]E/OT((PB+9A0PD) (), ())dt—i—@]E/ (D*PDv(1),0(1))di

T
4+ E /O ((B*P 4 8D*PA)x(1),v(1))dt,

therefore
r X X
Ba(r)px1)) = (0 Pa(o)+E [ (30 )iy (5 Yo,
where
PA+A*P+@A;PA) PB+0A};PD
Mi(P ):( B'P+6D*PAg ’ 6D PD, )
thus

J(x0,0) +E(x(T), Px(T)) — (x(0),Px(0)) = E /O T<( f)((tt)) >,M1(p) ( f)(é)) >>dt +J(x0,0),

. /T< x(7) PA+A*P+BASPA)+E*E  PB+BA;PD X0y
o "\ () )’ B*P+0D*PA, ~Y~*[+6D*PD v ’

Therefore
a0+ E(T). P}~ (00 Pa(0) = £ (500 ) ) (56 are o

where
PA+A*P+0AjPA)+E*E  PB+0A{PD )

M(P) = ( B*P+0D*PA —y 21+ 6D*PD
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Since M(P) < 0, it follows that
J(x0,0) + E(x(T), Px(T)) — (x(0), Px(0)) <0
For x(0) = 0 we have Lv(z) = Ex(t), then

T
Jao.) = [ B0 2=y 2 o(0)|ar,

hence T
/0 E[||Lo(0) |1 =y *[[v(0)|*ldr < —E(x(T), Px(T)),

from which we obtain

T T
| Bl Pde < [ By 2o(0)]Pdr ~ B(x(T),Pa(T)
0 0

thus . .
| ElLo@ P < | By o),

or
1o, <72 o) 2.

therefore ||L|[2 <y '.
[
For the next, we need the following Schur Lemma.

Lemma 4.3.1
Let X = 7‘?* 2 } ,where S € L(H), Q € ¥ (H) are linear Hermitian operators such that Q

is coercive, and T € L(H) is a linear operator. We have
X=0+=0>0andS—TQ 'T* 0.
We have the following result.
Corollary 4.3.1
Lety > 0. Assume that there exists P € £ (H) satisfying
Q=72-6D*PD >0,

and
2(Px,Ax) +0(PAox,Aox) + (Ex, Ex)

—((—Q)~ 1 (B*Px+6D*PA¢x), (B*Px+0D*PAgx)) <0, x€ D(A).
Then ||L|| <y~ '

Proof.
We have Q > 0and S—TQ~!T* = 0. where

S = —(PA+A*P+0A%PA)+E*E),

T = —(PB+6A:PD). (4.5)

Using Shur Lemma, we get M(P) < 0 and from the previous Theorem we conclude that
L <y

]

Now we obtain a bound for the stability radius.
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Theorem 4.3.2 Lety > 0. Suppose that there exists P > 0 such that M(P) < O then r® > 1.

Proof.
Let A be such that ||A]| < y. For T > 0, the unique solution of (4.2) with initial condition
x(0) = x satisfies

T T
H(T) = xo+ /0 [Ax(r) + BA(Ex(1))]di + /0 [Aox(r) + DA(Ex(t))|dw(t).

Setv(t) = A(Ex(t)). Since M(P) < 0 there exists ¢ > 0 such that M(P) < —c?I. By equation
(4.4), we have

J(x0,) = (x(0), Px(0)) —E(x(T),Px(T)>+]E/OT(( f)((tt)) >,M(P) ( f)((’t)) ))dt,

then
J(x0,0) < (x(0),Px(0)) —E(x(T),Px(T)) — /OTﬁzE (@)1 + v()[1%) dt,

which implies that
I30:0) < (+(0), P(0)) ~ Ba(7), (D)) ~ [ 6B (@) P+ (0]
hence
[ EIEOI 2|0 )it < (+(0),P(0)) - B(T), 2T}~ [ R lx(0)
therefore
~(x0),Pr(0)) + E((T), (7)) < [ [y B AR~ B0~ PEl(o) .

Define the truncation v € L2 (R*,L2(Q,U)) by
[ v() = AEx()) ifte0,T),
or(t) = { 0 if t>T, (4.6)
Then

~+oo
||UT(l)||igV =/, E(|[or(2)|)%dr

= [ B
T
= | E(IAEx() | dr
T
< Al | EOEx)]))dr

But

YR AEx(0))|? <y 2| AIPE|Ex(1)[]* < E[Ex(r)].
Hence .

—(x(0), Px(0)) + E(x(T),Px(T)) < /0 ~G%E|lx(1)|2dr.
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Thus T
/0 2E||x(1)|2dt < (x(0), Px(0)) — E(x(T), Px(T)).
Therefore ;
| SEI0]Pdr < (x(0). Px(0).
or T
/0 E||x(1)||*dt < 67| P|l|1x(0)]|*.
We deduce that

/0 E|lx(r)|*dr < o7 2|[P|l[|x(0)1%,

which implies that the solution x(¢) belongs to L2 We conclude that r® > 1.
n

Remark 4.3.1
From Theorem 4.3.1 and Theorem 4.3.2, we deduce that

>z

Remark 4.3.2

In the case where Ay = 0,B = 0, we obtain the same result obtained in [35].
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Chapter

New general decay rates of solutions for an abstract
semilinear stochastic evolution equation with an infi-
nite memory

5.1 Introduction

Our interest in this chapter is to analyse the asymptotic stability of the second-order stochastic
evolution equation:

u + Au(t) — /()Jrooh(s)A“u(t —s)ds+ f(u(®)) =o(t)W,(t)  t,s in[0,+oo],
u(—t) =uo(t), u(0)=u,

A : D(A) — H be a self-adjoint linear positive operator with domain D(A) C H where
(H,(.,.),|-|l) is a real Hilbert space and the embedding D(A") < D(A"') is compact for any
Yo >71 2 0.

u:R; — H is the displacement vector, o € [0, 1], the initial data (ug,u; ) are given in suitable
function spaces, 4 : Rt — R the kernel of memory term and the function f : D(A%) —H
are subject to some assumptions to be specified later and 6 : Rt — R™ is a locally Lipschitz
continuous function such that

5.1

~+oo
/0 6% (t)dt < oo. (5.2)

W is a Q-Wiener process in H on some probability space (2,7, P) with the variance operator Q
satisfying
TrQ < oo,

and {Z;,t > 0} as its natural filtration satisfying the usual conditions. Moreover, we assume that
Q has the following form
Qe; = Kje;, i=1,2,...,

where {K;} are the eigenvalues of Q satisfying Y7 | k; < o and {e;} are the corresponding
eigenfunctions which form an orthonormal base of H. In this case

W(t) = iKiBi(l‘)ei,

69



5.2. PRELIMINARIES 70

where {B;(7) } be a sequence of real-valued one dimensional standard Brownian motions mutually
independent over (92,7, P). We first show that the system is well-posed by using the semi-group
theory. Secondly, by assuming the general condition:

W (1) < =E()h(r), V=0,

where § is a positive function which is not necessarily monotone, we establish two stability
results with decay rates depending on o and on the regularity of the initial data. Finally, we give
some applications in order to illustrate our abstract results. This study improves and generalizes
many previous ones in the literature. The chapter is planned as follows. In the first section, we
introduce the needed assumptions and notations. In the next section, we study the well-posedness
of the system. In the section5.4, we investigate the stablity of solution by using Lyapunov
functionals. To illustrate our chapter result, some applications will be given in the last section.

5.2 Preliminaries

We introduce as in [12] the new variable
n(t,s) =u(t) —u(t—s), Vt,s >0,

which fulfills
Ne(t,s) +Ms(t,s) = ue(t), Vit,s > 0,

and so, our problem is equivalent to

-+ Au(t) — hoA®u(r) + /O h(S)AN(t,5)ds + F(ulr)) = S(OOWi (1),

Ne(t,8) +Ms(2,5) = u(2), (5.3)
u(—1) = up(t),  ur(0)

10 =M(0,5) = uo(0) — uo

=u;
(s )
~+oo
where ho = / h(s)ds < eo.
0

To establish our main results, we need the following assumptions:
(A1) It exist three fixed positive constants ag, a; and a; satisfying

|ul]® < aol|AZul>  VueD(A?), (5.4)
IAZu|? <a||AZu>  Vue D(A?), (5.5)

and 1 . )
|AZu|> < ap]|A'2ul>  YueD(A'"?). (5.6)

(A2) The function i : R — Ry is integrable, non-increasing and differentiable such that
h(0) >0 and 1—homax(aj,ap)=1>0. (5.7)
(A3) There exists a C? function & : R, —]0, 4-e0[ which is not necessarily monotone such that

H(t) < =&(t)h(t) vt >0, (5.8)
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and
co<E&r) <er V>0, (5.9)

where ¢ and ¢ are two fixed positive constants.
(A4) The function f : D(A%) — H is a global Lipschitz mapping with f(0) = 0 such that its
potential function F : D(A%) — R4 (i.e DF = f) satisfies

Fu) < (F(u),u). (5.10)
Remark 5.2.1

i. The existence of the constants ag, a; and a is guaranteed by the compactness of the embedding
D(AY) — D(AM) for any Yo > v1 > 0.

ii. The condition 1 — hgmax(ay,ay) guarantees the positivity of the energy functional E and the
modified energy functional E* defined below.

iii. It follows from (A4) that it exists a fixed positive constant L satisfying

If ()|l < Lljul| Vue D(A?). (5.11)

5.3 Well-posedness

In this section, we prove the existence and the uniqueness of solution for the problem (5.3). To
this aim, we define the space

o o +°° o
13(R+,D(4%)) ={ n:Ry xRy = DAT), [ h)lATn(r,s)|Pds < 4o }

which is a Hilbert space with respect to the following inner product

+o0 “ a
) 3 paty) =, MO ATu(9).ATv(s))as.
Consequently, the space
A =D(A?) x H x L2 <R+,D(A%)>,
equipped with the inner product

(U1, U2) ¢ = (u1,uz) D(A%)+<v1,vz)+<T]1,T]2>L%<R+’D(A%)). (5.12)

BIf—

D(AZ)

is also Hilbert space
Now, let U(t) = (u,v,m)7, where v = u,. Therefore, our system (5.3) can be rewritten
abstractly as

dU(t) = [.GU(1)+ 94U (t))]dr + oo(t)dW (1), 5.13)
U(0) = Up = (uo,u1,M0)", '
where
1%
u o oo
a1 —(A— hoA%) 5 h(s)A™N(.,s)ds |

n

v Bs
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(u,v,m)"
D(d) = (A_hOI‘\(x)ld—F/()Jr h(s)A*n(.,s)ds € H, v ED(A%)’ ’
%—TS] €L’ <R+,D(A%)>, n(.,0) =0
0
GO(I) = G(t) )
0
and
0
Y(U(1) = —f(g(t))

The well-posedness result of problem (5.13) is the following:

Theorem 5.3.1
Assume that (5.2), (A1), (A2) and (A4) hold. Then, for any initial datum Uy € S, the system
(5.13) has a unique mild solution U € C(O, T;LP(Q,Q,;J);%).

Proof.
To prove the result given in Theorem 5.3.1 we will apply Theorem 2.1 in [32]. So, it suffices

to show that the linear operator .¢f generates a linear Cy — semigroup {S(t) };>0 on . For that,
let U = (u,v,n)! € D(.«/), then

+<x>
(AU0U) e =)y ol g+ [ H) = Sy g ds

~{(A—hoA™)u - /0 h(s)A®n(s)ds, v>

Bl—

thanks to the definition of A% and A%, one has

P A ST R

An integration by parts, using the fact that n(0) = 0, gives us

too aT] 1 =, o )
e (Ghn), g s < 5 [ K @ATnG) s

from which follows
(JU,U) <0,

since A is nonincreasing. Consequently, the operator .¢/ is dissipative.
Now, we prove that kI —.¢f is surjective. Given (g1,g2,g3)7 € 7, we show that there exists
U = (u,v,n)T € D(.&/) satisfying

(KI - JZ%)(M, V?ﬂ)T = (glag27g3)T7

that is,
Ku—v =41,
—+oo
v+ (A — hoA®)u — /O h(s)A°n(s)ds = g, (5.14)
an
KN—v— a— =83
S
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Suppose that we have found u. Then, we have
V=Ku-—gi. (5.15)

Furthermore, one can easily show that Eq.(5.14)3 with n1(0) = 0 has a unique solution given by

S
n(s) = e /O & (g3(y) — g1 -+ ku)dy. (5.16)
Plugging (5.15) and (5.16) into (5.14),, we can get
(A—\IllAa+\P21)u:g4, (5.17)

where - s -
U = hg— K/ h(s)e ™ (/ eKy> dyds = / h(s)e ®ds, W, = 2,
0 0 0

and
= s
o= g2+ g1 — /0 h(s)e ™ /O A% (g3(y) — g1)dyds.

We should prove that (5.17) has a solution u € D(A%) and then replace in (5.15), (5.16) in order
to get that U € D(.«/) satisfying (5.14). We have W; < hy, by (5.7) and (5.5), we conclude that

A —WA% is a positive definite operator. Then, taking the duality brackets (., .>D(A !  xD(A 1 ) with
X

zZ€ D(A%), we obtain the following problem which is equivalent to (5.17)
Au,z) = 9 (2),

where the bilinear form A : D(A%) X D(A%) — R and the linear form .# : D(A%) — R are defined
by
Au,z) = (A — A% + \llzl)u,z)D

and

I(z) = <g4’Z>D(A%)’xD(A%)'

o . . . I
The bilinear form A is continuous and coercive on D(A2). Indeed, we have

1 1 [0 o
2 2 — 2 2 <
(atuaie)| —w|(afuate)| v <Clull o 4l

and forz=u € D(A%) one can easily verify

‘<A%u,A%u>
Thus, applying the Lax-Milgram theorem and classical regularity arguments, we conclude that
(5.14) has a unique solution u € D(.<f %)) satisfying (5.14). Using (5.16), we obtain that

—\111’<A%M,A%u>

+xp2|yu||22(1—a@1)<A%u,A%u>zc||uH2 .
D(AZ)

((A—A‘%‘)u+/0+°°h(s)A‘z’u(s)ds) €H.

In conclusion, we have found U = (u,v,n)” € D(.</), which verifies (5.14), and thus, kI — .¢f is
surjective for all k¥ > 0. Then, the Lumer-Phillips Theorem implies that .¢/ is an infinitesimal
generator of a strongly continuous semigroup of contraction {S(¢) };>¢ in .

m
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54  Stability

In this section, we study the asymptotic behavior of solutions of the system (5.3). We start our
investigation by introducing the following approximating system to system (5.13)

{dU(t) =[U(t) +R(MY(U(1))ldt + R(M)So(1)dW (1), (5.18)

U(0) =R(A)Uo,

where A € p(.¢/) the resolvent set of ./, R(A) = AR(A,.</) and R(A,.</) is the resolvent of .¢/
given by R(A,.«7) = (M — .o7) !

We have the following results regarding the existence and uniqueness of strong solution of
system (5.18) and its relation to the mild solution of system (5.13)

Lemma 5.4.1 [32]

The stochastic differential equation (5.18) has a unique strong solution U (t,\) which lies in
C(0,T;Ly(Q,F ,u); ) for all T and p > 2. Moreover, U(t,\) converges to the mild solution
of (5.13)in C(0,T;L,(Q, F,u); #) as A — o for all T and p > 2.

Then, system (5.18) can be rewritten as follows:
( du(t) = vdt,
+o0
av(1) [—Au(t) + hoA%u(r) — /0 h(s)A®n(t,5)ds — R(L) f(u(t))] dt + R\ (t)dW (),

an(t,s) = [v(r) - a”éi ’s)]dt,

Ne(t,s) +Ms(t,s) = v(2),
u(—t) =ug, u(0)=uy,

[ M(0,5) = up(0) —uo(s).

(5.19)
Now, we define the energy functional corresponding to the solution of (5.19) as:
1 2, L 2 ho 2 2
Ex(0) = 3l ()1 + 31450 = 2IASu)P+ 5 [ h6) AT, ) s +ROVF ()
(5.20)

Next, we shall establish a bound on the derivative of the modified energy functional Eg. So,
we have the following estimate.

Lemma 5.4.2

Let U(t,\) be the unique strong solution to the equation (5.18). Then, the corresponding energy
function satisfies the following estimate

d

ZE(ER(r)) < E(/ H (s |A2nts)||2ds>+ Z]E K02 (t) (R(W)ei, RV)er)),  (5.21)

where E denotes the expectation.

Proof.
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Applying Ito’s formula in the Hilbert space to ||v(z)]|%, we get

VI = MO =2 [ (), Auts))as-+2 [ (1), hoauts)ds
P / / (5)A%N(t,5)ds)ds + / R(A)o(s)dw(s)) (5.22)
+ i_ZlK,- /O G () (R(M)es, R(M)es)ds — 2R(M)F (u(t)),
that is,

I900) 2 =[(0)+ A %u(0) 2 = ho 4 (@)= A Lu(r) P+ oA Tuo)
t o o0 o t
—2f At [ nwatn(s)dsydi+ 06RO 55

too
+ ; K; /0 62(s)(R(M)ei, R(\)eidds — 2R(V)F (u(t)).

Using n(z,s) = u(t) — u(r — s), integrating by parts the first integral in (5.23) and then taking the
expectation of both sides of the resulting equation we obtain (5.21) after recalling (5.20).
[]

Remark 5.4.1
Let

_ 1 fE(x, / R(x)ei,R(x)e,->ds).

Then it follows from (5.2) that
SR(OO) = Sp < oo. (5.24)

By integrating (5.21) over (0,t), we get
E(ER(t)) <E(Eg,(0)) + Sk1. (5.25)
Lemma 5.4.3
Let U(t,\) be a strong solution of (5.18). Then the functional
O(r) = (uy(1),u(t)),
satisfies, for allt > 0,

d 2 Ly 1o athy [t 1 2
- < - i S
2000 < Nl = SlAzu(@)?+ =7 [ h()|Am(,5)|Pds (5.26)

—R)F (u(t)) + (RA)S()Wi (1), u(t)),
and moreover

iE(q)(z)) <E (|| ) —éE(HA%u( 0|*) + alho (/0+wh(s)|!A%n(t,s)\|2ds) —E(RW)F(u(r))).

dt
(5.27)
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Proof.
Taking the derivative of ¢, we have

d
500 = et 1+ e (2), (1)) .
Using (5.18) and the definition of A% and A%, we obtain

200) = [ O 14%ul0) [P+ holASu() — [ hs)A¥n(0,5)d5,ATul0))
= (RO (u(r)), (1)) + (ROJS(1) Wi (1), u(1))-

By Cauchy-Schwarz’s inequality, Young’s inequality and (5.5), it follows that

_< 0+Ooh(s)A%T](I,S)dS;A%u<t)> < 2%1”142” O + (/ Vh(s)\/h(s)||AIn(t,s) Ids)z

21

(5.28)

[
< 5||A%u<r>u2+ ) JAdn(e.5) s,

Substituting this last estimate into (5.28) and using (5.10), we can get
d [ a ho
200) < P = S+ T2 [7his) latne,s) s

—R(AF (u (t))+<R(7~) (OWi(2),u(?)).

Taking the expectation of (5.29), we find the desired result (5.27).
[ ]

(5.29)

Lemma 5.4.4
Le U(t,\) be a strong solution of (5.18). Then, the functional

Wi = o), [ Hm(9)ds)

satisfies, for any 81,02 > 0, an estimate of the form

{5}

d +
V0 < BillARul = (1o~ 82) ] - /0 () |4t (e,9)|?

dt (5.30)
—C3/ 1 (s) |43 (2, 9) % — (RO o(1)Wi (1 / h(s(2,5)ds),

where

2 +2a* + capa L* h(0
62262(51)2( 1281 Lt +a1)ho, 63=4a(0§2~

Moreover

d 1 oo |
—E(y(t)) < $iE([|A2u]*) = (ho— &) E(||us]|*) + c2E h(s)||AZn(t,5)||*ds
di (/0 ) (5.31)

R 1 2
—c3E h(s)||Azn(z,s)||“ds ).
0
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Proof.
A direct computation gives

W0 =~ 1), [R5+ a0, [ HM(e,5)ds) ol

Integrating by parts with respect to s the second term on the right hand side of the above equality
and using the fact that
lim A(s) =0,

§— o0

n(,0) =0,

we get

0 = a0, [0 @), [ K (e9)d8) — o

Using (5.18) and the definition of A? and A%, we obtain that

%w) _ fA%u(t), /0 T h(s) A (1,5)ds) —ho(A S u(t), /0 T h(s)ASn (2, 5)ds)

7\ i
g g

Iy 14)

oo o
~(RO)S(ule). [ h()ATN(5)ds)

. 7
-~

I

oo e (5.32)
— (RMoO)Wi(0), | - h(s)n(t,s)ds) —{u(e), [ R (sy(t,5)ds)

I
+oo « +oo “
~hollw ([ h(o)Atn(9)ds, [ (s)atn(.5)ds).

~

I5

Making use of Cauchy-Schwarz’s inequality, Young’s inequality, (5.4) and (5.5), we get
) hy [+
h< At P+ 32 [ hllaine.s) s, (533)
1

arhy [T
8 Jo
a%h() Foo
8 Jo

h(s)|AZn(t,s)|*ds
(5.34)

u(t)||? + h(s)[|A2n(t,5)|%ds.

81 2 CaoalL2h0/+°° 1 5

< t — s h(s)||AZn(t d

3 S e WP+ ==5—= | hls)lAn(r,s)|ds

ca0a1L2h0
201

o1, .1 capaL*hy [+ 1
< —||A2u(f)||2+—/ h(s)|A2n(2,5) || ds,
2 29, 0

) oo 1
< S|P+ /0 h(s) || AN (t,5)|2ds (5.35)
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I < 8wy (1 ||+ (/ V= (s)\/ =1 (s ||nts||2ds)

(5.36)
< 2 / ! 2
< Sl 0~ o [ H a0 P,
and 5
oo o
i< ([ VIGIVABI A s
0 (5.37)
oo |
<aiho [ h(s)|AI(1,5) Pds.
0
Insterting (5.33)-(5.37) into (5.32), we obtain
d oo
S < Bkl (ho- )P rex [ KA P
di 0 (5.38)

~+o0

- o+wh’(~‘>||f‘5n<t,s)llz—<R<x>c<r)wt<z)’ [ h(sn(r.s)ds).

The desired estimate follows after taking the expectation of both sides of (5.38).
[
In order to state our stability results, we distinguish tow cases.

5.4.1 The first case: o =1

In this subsection we study the stability problem for (0.1) when o = 1. For that, we define a
Lyapunov functional £% as follows

LU (1) = ]E(NER(t) 0 +N21|1(t)> ,
where N, N1 and N, are positive constants to be selected later.

Lemma 5.4.5

For a suitable choice of N and Nj, i = 1,2, there exist positive constants c4, c5 and mgy such that
the functional L% satisfies

c4E(ER(r)) < 2% (1) < csE(ER(t)) (5.39)
and
d N )
E.ﬁf@(l} <—moE(Eg(t)) + o) Y E(xi0°(s)(R(M)ei, R(M)es)). (5.40)
i=1
Proof.

It is not hard to establish (5.39). Then, combining (5.21), (5.27) and (5.31), one has, for all
t >0,

d Ml
SV (1) <= [Na(ho—8) = Ni [ E(Ju]|2) - {71 —NQSI] E||A2u|?

_ME(RMWF(u(r))) + [%V - C3N21 E( /0+°° h/(s)HAén(t,s)szs)
+ {ai’;‘)m +czNz}]E< /0 +°°h(s)|\Aén(r,s)||2ds>

+5§Em&®WQMRQm»
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At the first, we take &, < hg, and N, large enough so that
N, (h() - 52) —N; > 0.
As long as N is fixed, we pick 9; sufficiently small such that

Nl
B N>8; > 0.
2
Thus, we can find a positive constant m such that

%zey(z) <—moE(Eg(t)) + g — C3N2:| ]E(/O+ooh'(s)||Aén(t,s)||2ds)

1ho Foo |
o+ Do coms ([t pas) 541

N 2
t3 ;E(Kis (s)(R(Mei,R(Mei)),

which, together with the assumption (A3) and (5.9), gives

%z@/(t) < — moE (Eg(t)) +mi E( /0 +°°h'<s>HA%na,s)Hst)

+2 Z]E K67 (s) (R(M)ej, R(M)e;)),

where

2 21
Then, we choose N large enough so that

N 1 ah
my = ——C3N2—c— mo+—N1 + 2N
0

myp > 0.

This finishes the proof.
]
To state our stability results, we need the following additional assumption:

c
(As) Sr(t) < NG o> 1.
Theorem 5.4.1

Assume that (5.2) and (A1)-(As) are fulfilled. Then, there exist three fixed positive constants by,
by and by such that the solution of (0.1) satisfies

E(E(t)) < boexp(—b1 /Otﬁ(s)ds) + bS8, (5.42)

where

1 1,1 h

E@) =3l 0l + 3 1Al = latul+3 [ h)Iaie,s) s
+ F(u(t)),
S
ZE( / €,,€i>dS),
and by (5.2)
S(OO) =81 < oo
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Proof.
Because of lemma 5.4.1 and the dominated convergence theorem, it is sufficient to prove the
result for the strong solution. It follows from (5.40) that

% (z@ — gSR> (t) < —moE(Eg(1)),

and so

it (2@ = gSR) (t) < —mo (E (Er) — %SR> (®),

d
using (5.39) and (5.9), we can get

% <_g@/ - %]SR) (t) < —bi&(1) (‘g@/ - %VSR) (©),

where b; = 22 Thanks to (As), we have that (£% — §Sg)(t) > 0, for all ¢ > 0. Then, an

coCs ”
integration over (0,7) gives

(z@ - %VSR) (1) < LY(0)exp ( s /O t E_,(s)ds) ,

which, together with (5.24), implies

LW (1) < LW (0)exp ( by /0 t g(s)ds> + gsm.

This gives us when combined with (5.39)

E(Er(t)) < boexp<—b1 /OZQ(S)CIS) + b2Sr1,

_ N

L% (0)
c4 T 2c4

where by = =—— and b,
[

5.4.2 The second case: 0 <o < 1

Here in this subsection we investigate the asymptotic stability of system (0.1) with f =0 in case
when 0 < o < 1. So, we have the following linear system

{dU(t) = .U (t)dt +o(t)dW (1), (5.43)

U(0) = Us.

Assume that Uy € D(.</), hence by Theorem 3.2 pp 81 in [19], the system (5.43) has a unique
strong solution. Defining then a modified energy functional corresponding to the solution of
(5.43) by

~+o0

. I, 1o I e ho, .1 1 1
E'(1) =54 T w0 P+ 514" u) 2= DUt +5 [ hs) A, Pds.
(5.44)
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Lemma 5.4.6

Let U be a strong solution of (5.43). Then, the modified energy functional satisfies the following
estimate

%E(E*(t))ﬁ%]E(/; ()||A2n(ts||2ds) ZE(MA 0.7 e)6(1)).
(5.45)
Proof.

Applying I1td’s formula to HAlfTav(t) 1
Lemma 5.4.2 we obtain (5.45).

and proceeding in the same way as in the proof of

Remark 5.4.2
Define

Then, it results from (5.2) that
Z(oo) =Z) < oo, (5.46)

and so
E(E*(t)) <E(E*(0))+Z,. (5.47)

The stability result in the case of 0 < o < 1 is given by the following Theorem.

Theorem 5.4.2

Assume that (5.2), (A1)-(A3) and (As) are fulfilled. Then, there exist two fixed positive constants
bz and by such that the solution of (0.1) satisfies

E(E()) < (bs+bs(51+21) (/a ) +51. (5.48)

Proof.
As usual, our proof is based on the construction a Lyapunov functional £ % | given by

LY\(t) = E(N(E FEY) (1) +N10(1) +N2l|f(t)>.

Before going further, it should be noticed that ¥%| and E(E]) are not equivalent. Then,
gathering the estimates (5.21), (5.27), (5.31) and (5.45), we obtain, for all # > 0, that

Nil
< g <~ |Na (o = 83) = My [ B |2) H—Nzal}EnAiunz

+[§ et [ H0latn(s)|Pas)

5E( [ OIS Pas)

h oo
+ {alzloNl +c2N2]]E</O h(s)HAén(r,s)H%s)
e +i‘jE(K-(e- e)o2(1)) + N fE(x-(A'E“e- A"T“e~>02(z)>
2 i:1 1 1y*1 2 i:1 1 1y 1 9
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2
where 83 = % and ¢, = ¢5(83) = <1J5r—3a‘ +a1>h0. Choosing N, N; and N, as in the proof of
(5.40), we get

d Ny 2
Eggyl(t) <-moE(E(t)) + o) ZE(Ki<€iaei>G (1))

. (5.49)

+ %] ;E<Ki<A]?}ei,A]?ei>62(t)>,
that 1s,

o0
C2,(1) < —mo(B(EW) —5()) + g Y E(sie: )2 (1))

N g 1-a 1-a 2
+§;E<Ki<A e, 42 e)0 (1))
the integration over (0,7) yields

mo /0 t (E (E(r)) - S(r))dr < LU, (0)+ %VS(t) + gZ(r). (5.50)

Thanks to (As) and (5.21), the functional E(E(t)) —S()) > 0 is non-increasing. And so

mo(E(E (1)) — S(t))r < mo /0 (E(E() - S(r)dr, (5.51)

By (5.9), one has

mo

0 g ( /:g dr<— (E(t))—S(t))/Olcldr
m()(IE(E(t)) —S(1))t.

1 (5.52)

Collecting Egs (5.50)-(5.52) leads to

™ (5(@)) - 5(0) [ 8 < £1(0)+ 3 5(0) +520)
that is,
E(E(r)) < %(2@/1(0”];5( ) (/ E(r) ) +S(1),

using then (5.24) and (5.46) we obtain (5.48) with b3 = %?Z‘() and by = %. That concludes
the proof.
n

5.5 Applications

5.5.1 Wave equation

Let Q be an open bounded domain in R”, n > 1, with smooth boundary T'. Our result (5.42) is
valid for the following wave equation with Dirichlet boundary condition:

—+oo
Uy — ALH—/ h(s)Au(x,t —s)ds+ f(u) = o(x,t)W;(x,t) in Q2 xR,
0
u=20 in 092 x R+,
u(x,—t) =up(x,t), wu(x,0)=u in
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which is (0.1) with H = L?(Q), A= —A, D(A) = H*(Q)NH} () and o= 1.
The same result be can obtained for the following Petrovsky equation with Dirichlet and
Neumann boundary conditions:

~+oo
s + A% — / h(s)Au(x,t —s)ds+ f(u) = o(x,1)W;(x,t) in QxRY,
0
d
u:£:0 indQ xR,
u(x,—t) =up(x,1), u(x,0)=u in Q

which is (0.1) with H = L?(Q), A = A%, D(A) = H*(Q)NHZ(Q) and a0 =

N[ —

5.5.2 Coupled wave—wave system

One can derive the stability estimate obtained in (5.48) for the following system

~+o0
Vit — Ay—i—/ h(s)Ay(x,t —s)ds+z = o(x,t)W;(x,1) inQxRy,
0
oo -
2 — Az+/ h(s)Az(x,t —s)ds+y=o(x,t)W;(x,1) inQxRy,
¢ 0
y=z=0 inaQXR+,
y(X,—l):y()(X,t), yl(xao):yl in Q,
Lz(x,—1) = z0(x,1), z(x,0) =2 in Q.
o . 2 ’ -A 0 ) |
which is (0.1) with H = L*(Q) x L*(Q), A = 0 _A | D(A) = (H*(Q)NH}(Q)) x

1

(H*(Q)NH(Q)), DA

N

) =H}(Q)x)HL(Q),and v = 1.
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Conclusion

The objective of this thesis is to investigate the stability of some stochastic infinite dimensional
control systems. The background of differential equations in Hilbert space has been reviewed
in Chapter 1. Some results on the stability of deterministic and stochastic equations have been
presented. Robust stability analysis and synthesis for uncertain systems have been presented
in Chapters 2, 3 and 4. Using the stability radius approach some improved stability conditions
are established by utilizing deterministic and stochastic Lyapunov equations. State-feedback
stabilization conroller which can achieve better system performances, are presented. The results
are given via the solution of Riccati equations satisfying some operator inequalities. Chapter 5
considered an abstract semilinear stochastic evolution equation of second-order with an infinite
memory term described by (0.1). We established existence and uniqueness of mild solution by
means of semi-group theory. Also, we studied the asymptotic behavior of the solution where the
obtained decay rates depend on the regularity of the solution, the exponent o and the nonlinearity
f- In fact we proved that if oo = 1 then the mild solution of (5.3) has a general decay rate whereas
if 0 < o < 1 we were able to obtain a weaker rate of decay for the strong solution of (0.1) with
f =0 only.

Comments and open problems

Many questions remain to be solved. The first group of questions is for the robust stability
problem:

1. The first question is the generalization of the results to the multipertubations case.

2. The theory developed assume that the operators defining the perturbations structure are
bounded. However, often this class is too restrictive. Perturbed stochastic partial differ-
ential equations with boundary noise can not be considered. Consequently, it is of great
practical significance to apply the developed methodology to systems with unbounded
structure perturabtions.

3. Important results on the stability radius for finite dimensional jump linear systems where
derived in [14]. The future work will focus on the extension of their results to infinite
dimensional jump linear systems.

4. It is important to develop the counterparts of the obtained results for infinite dimensional
discrete time systems..

5. Another possible direction for a future work is a transfer of the results presented in this
thesis to time-varying and time-delay systems.
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Another group of problems for abstract stochastic equations with infinite memory:

1.

As it can be noticed from Section 5.4, it is a very interesting open problem to study
stabillity problems for (5.3) when 0 < o < 1 and f # 0.

Another interesting problem concerns the stability of wave equations with boundary
memory and internal stochastic terms, or conversely.

. In [23], Guesmia considered the problem of stabilization for two linear wave equations

with infinite memory in which he showed that the corresponding solutions are stable under
a very much larger class of relaxation functions. To be specific, he assumed that the kernel
function £ satisfies for any ¢ > 0:

W(t) < -E@1)G(h(t)), (5.53)

where & : Ry — R¥ is a C? non-increasing function, G : R, — R is an increasing
convex function with G(0) = G’(0) = 0 and, he gave general and explicit formulas for the
decay rates of solutions in terms of § and G. Motivated by this study, it is an important
open problem to consider (5.3)) with the general condition (5.53).
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Abstract

This thesis deals with stochastic differential equations in infinite dimensional spaces. It
mainly focuses on two issues.

The first issue is the analysis of robust stability and robust stabilization for stochastic
differential equations with uncertainties. Characterizations of the stability radius are derived
in terms of some Lyapunov equations. The maximization of the stability radius by state
feedback is investigated. The supremal achievable stability radius is characterized via the
resolution of a Riccati equation and some linear operator inequalities.

The second issue is about the analysis of the stability behavior of a semi-linear abstract
stochastic evolution equation with an infinite memory. Existence and uniqueness of mild
solution are established by means of semi-group theory, and the asymptotic behavior is
studied.

Key-words: Stochastic evolution equations,Stabilityy radius, Robust stability, Robust
stabilization, Riccati equation, Decay rate, Infinite memory.

Résumeé
Cette theése traite des équations différentielles stochastiques dans des espaces de dimension
infinie. Elle se concentre principalement sur deux problemes.
Le premier probleme est I'analyse de la stabilité robuste et de la stabilisation robuste pour les
équations différentielles stochastiques avec incertitudes. Des caractérisations du rayon de
stabilité sont dérivées en termes de certaines équations de Lyapunov. La maximisation du
rayon de stabilité par retour d'état est étudiée. Le rayon de stabilité supréme réalisable est
caractérisé par la résolution d'une équation de Riccati et de certaines inégalités d'opérateurs
linéaires.
Le deuxiéme probleme porte sur I'analyse du comportement de stabilité d'une équation
d'évolution stochastique abstraite semi-linéaire a mémoire infinie. L'existence et 'unicité de la
solution faible sont établies au moyen de la théorie des semi-groupes, et le comportement
asymptotique est étudié.
Mots-clés: Equations d'évolution stochastique, Rayon de stabilité, Stabilité robuste,
Stabilisation robuste, Equation de Riccati, Taux de décroissance, Mémoire infinie.
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