PEOPLE’S DEMOCRATIC REPUBLIC OF ALGERIA

Ministry of Higher Education and Scientific Research

University Batna 2
it 6] anct ity 6] sos

Faculty of Mathematics and Computer Science

| |
(] (]
L/' A Department of Mathematics L/' A

< v
7 / »
VERSITY OF o™

9 o v
ERsiry o 8K

THESIS
Submitted in order to obtain the degree of
DOCTOR OF SCIENCES
By:

OULIA BOUHOUFANI

Existence and Asymptotic Behavior of
Solutions of Certain Hyperbolic Coupled

Systems with Variable Exponents

Defended on: 27/06/2021, in front of the jury composed of

Pr. Khaled Melkemi, Univ. Batna 2, President

Pr. IThem Hamchi, Univ. Batna 2, Supervisor
Pr. Salim Messaoudi, Univ. of Sharjah, Co-supervisor
Pr. Farida Lombarkia, Univ. Batna 2, Examiner

Pr. Zouhir Mokhtari, Univ. of Biskra, Examiner

MCA. Abdelfeteh Fareh, Univ. of El Oued, Examiner



ACKNOWLEDGMENTS

First of all, I would like to thank our Almighty Allah for having clarified for me
the path in this work. I would like to thank my thesis supervisor Professor Ilhem
Hamchi. She proposed for me various topics in a very active mathematical field.
Her advice, patience, availability and kindness encouraged me a lot and allowed me
to prepare this thesis in excellent conditions. I am grateful to her for giving me
the opportunity to participate in many local and international conferences, which
allowed me to collaborate with mathematicians in an international context. I would
also like to thank my co-supervisor Professor Salim Messaoudi from University
of Sharjah, UAE. His research ideas and his deep knowledge of mathematics have
given me a lot of insight into the world of mathematics. The many rich and pleasant
discussions we had on mathematical topics at the American University of Sharjah
and through email and sometimes by Zoom had helped me lot in achieving this work.
I thank the president of the jury, Prof. Khaled Melkemi from University Batna
2 and examiners: Prof. Zouhir Mokhtari from University of Biskra, Prof. Farida
Lombarkia from University Batna 2 and Dr. Abdelfeteh Fareh from University of
El Oued for agreeing to review and report on my thesis. I appreciate their time
and efforts they spent in reading the first draft of the thesis and for the advice they
provided. My thanks also go to Prof. Mustafa Zahri and Dr. Mohamed Alahyane of
Sharjah University (UAE) for our collaboration. They led us to numerically test all
the theoretical results obtained in Chapter 3 and some results in Chapter two. I was
happy to collaborate with a dynamic and enthusiastic young Numericians. I would
like to take this opportunity to thank all the teachers who taught courses at the high
school "Elbachir Elibrahimi", at the department of Mathematics of the University
of Batna and Ferhat Abbas University in Setif. This gave me the motivation to

study mathematics. Thanks go to my friends in the Mathematics Department for



our mathematical discussions and for all their support and advice. Finally, I cannot
end without thanking and expressing my deep love to my dear parents, my dear
husband Fouzi, my three lovely children Douaa, Malak and Mohamed Rachad, my

sisters and brothers who have always supported and encouraged me.



sadlall

el pha e 4,300 ) Y alae (e A g2 3al) Jeall e Cpe g ytiad dda g kY ol
Zlii Bae i b yiial) Qa5 Ay cilidanal) e dulic Cilia ji can 3 e
S8 Jal) ol sl Gy atie iy ) (Jalal sa gl ¢ daall aga sl dalaia
3 jsiuall Ao ganall A8y jla (S VS sld iy j88 Aol o C..‘\L\.d\ sda e J paall
a2 Al 53 4 il Ll euia g5 el ) ALYl iy g pudaall 48y jka g 48Ul 4, )l

gl b LEAY) (ae



Résumé

Dans cette thése, on considére deux types de systémes couplés d’équations hyper-
boliques non linéaires avec des exposants variables. Sous des hypothéses appropriées
sur les données initiales et les exposants variables, on établit plusieurs résultats con-
cernant ’existence locale, I'existence globale, I’explosion en un temps fini ainsi que le
comportement de la solution. Ces résultats sont obtenus par les approximations de
Faedo-Galerkin, la méthode de I’ensemble stable, I’approche de 'energie et la méth-
ode du multiplicateur. De plus, on illustre nos résultats théoriques en présentant

quelques tests numériques.



Abstract

In this thesis, we consider two kind of coupled systems of nonlinear hyperbolic equa-
tions with variable-exponents. Under suitable assumptions on the initial data and
the variable exponents, we establish several results concerning the local existence, the
global existence, the finite-time blow up as well as the decay of the solution. These re-
sults are obtained by the Faedo-Galerkin approximations, the stable-set method, the
energy approach and the mulitiplier method. In addition, we illustrate our theoretical

findings by presenting some numericals tests.
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(zeneral Introduction

Literature Review

A considerable effort has been devoted to the study of single wave equation in the case
of constant exponents. The following equation, with initial and Dirichlet-boundary
conditions,

Uy — Au+a |ut\m72ut =b |u]p72u in Q x (0,7)

has been studied by many researchers. Here 2 is a bounded domain of R"(n € N*¥)
with a smooth boundary, T > 0 and m,p > 2. Ball in [5] showed that if a = 0, then
the source term b |ul’ ™ u, with b > 0, forces the negative-initial-energy solutions to
explode in finite time. In [20], Haraux and Zuazua proved that in the absence of the
source term, that is b = 0, the damping term a |u,§|m*2 u; assures global existence for
arbitrary initial data. In the presence of both terms, the problem was first considered
by Levine [25]. He established the blow up for solutions with negative initial energy,
when m = 2. Georgiev and Todorava [I5] considered the case m > 2, by introduc-
ing a different method and established a blow up result for solution with sufficiently
negative initial energy. Messaoudi [30] proved that any solution with negative initial
energy only blows up in finite time when p > m > 2 and then he established a global
existence when m > p.

Concerning the case of equations and systems with constant exponents and weak
dissipation, we can cite the works of Mustafa and Messaoudi [40], Benaissa and Mi-
mouni [6], Benaissa and Mokaddem [7], Zennir [52] and Agre and Rammaha [2].

For the class of one wave equation with variable exponent nonlinearity, we mention
some recent works. In [3], Antontsev studied the equation:

uy — div (a|VulP~2Vu) — aAuy — bulu|2 = f in Q x (0,7T),
u(z,t) =0 on 02 x (0,7,
u(x,0) = up(z) and u; (x,0) = uy(x) in €,

where o > 0 is a constant and a, b, p, 0 are given functions. Under specific conditions,
he proved the local and global existence of a weak solutions and a blow-up result for
certain solutions with non positive initial energy. Guo and Gao [16] took o (z,t) =
r > 2 and established a finite time blow up result. In [48], Sun et al. looked into the



General Introduction

following equation:
uy — div (a (z,t) Vu) + ¢ (2, 1) ug |u| 7@ = b (@, 8) w w72 in Q x (0,7)

in a bounded domain, with Dirichlet boundary conditions, and established a blow-up
result for certain solutions with positive initial energy. They also gave lower and upper
bounds for the blow-up time and provided a numerical example to illustrate their
result. After that, Messaoudi and Talahmeh [34] considered the following equation:

g — div <|Vu|r(m)72 Vu) + auy [ug /™% = buuf? in Q x (0,7T),

where a,b > 0 are two constants and m,r,p are given functions. They established a
finite-time blow up result for negative initial energy solutions and for certain solutions
with positive initial energy. In [36], the same authors studied a decay result for
solutions of a nonlinear damped wave equation with variable exponent and presented
two numerical applications for their theoretical results. Recently, they gave in [37]
an overview of results concerning decay and blow up for nonlinear wave equations
involving constant and variable exponents. In [35], Messaoudi et al. studied the
equation:
wy — Au+ auy |ug ™% = bu [uP 7 in Q x (0,7).

They established the existence and uniqueness of weak local solution, using the
Faedo-Galerkin method and proved the finite-time blow up for solutions with negative
initial-energy. Very recently, Xiaolei et al. [51] established an asymptotic stability of
solutions to quasilinear hyperbolic equations with variable source and damping terms.

Coupled systems of two nonlinear wave equations with constant exponents have
been extensively studied. In [I8], Hao and Cai obtained several results concerning
the local existence, the global existence and the blow up property for positive-initial-
energy solutions for the following viscoelastic system

[ uy — Au — div (g(]Vu\Q)Vu) + fot hy(t — s)Au(s)ds
+ |ut|m71 Uy = fl (’LL,U) in € x (07T)a
vy — Av — div (g(\V'U\Q)Vv) + fg hi(t — s)Av(s)ds
+ o vy = fo (u,v) in Qx (0,7,
u=v=0 on 02 x (0,7,
u (0) = up and uy (0) = uy in Q,
v (0) = vy and v; (0) = vy in Q,

where ¢, hi,hy € CY(R,) and fi, fo are two given functions. Messaoudi and Said-
Houari [33] studied the above system with ¢ = 0 and proved a global nonexistence
theorem for solutions with positive initial energy. The same system, but in the
absense of viscoelastic terms (h; = he = 0) has been studied by Liang and Gao
[26]. They obtained the global nonexistence result for certain solutions with positive
initial energy. The last system with g = 1 has been investigated in [2], by Agre
and Rammaha. They proved local and global existence results of weak solution and
established that any weak solution with negative-Initial energy blows up in finite
time. This later blow-up result has been improved by Said-Houari [45] for a certain
class of initial data with positive initial energy. In [50], Wu considered a system of

page 2



General Introduction

two viscoelastic wave equations of Kirchhoff type with nonlinear damping and source
terms and Drichlet boundary conditions, given by

{ u — M(||Vuls + || v]|3) Au + ft hy(t — s)Au(s)ds + ug|™ " u = f1 (u,v),
vy — M(||Vuli + ||Vol3) Av + Jo ha(t — s)Av(s)ds + " oy = fo (u,0) .

For certain initial data, Wu proved that the decay estimates of the energy depend on
the exponents of the damping terms, and also he established the finite time blow up
of solutions with non-negative initial energy. After that, Mu and Ma [38] considered
the following nonlinear wave equations with Balakrishnan-talor damping,

{ uy — (a+b||vull3 + 0 [, VuVude) Au + fg hy(t — ) Au(s)ds + |ug| ™ e = fi (u,v),
vy — (a+b|| Vol + o Jo Vovudz)Av + f(f ho(t — s)Av(s)ds + v v = fo (u,v),

and showed that the decay rate of the solution energy is similar to that of the re-
laxation fuctions and proved that the nonlinear source of polynomial type forces
solutions to blow up in finite time. Very recently, Messaoudi and Hassan [32] estab-
lished a general decay result, for a certain system of viscoelastic wave equations.

Objectives

Our goal, in the first part of this thesis, is to investigate the existence and uniqueness
of local weak solution for a coupled system of two hyperbolic equations, using the
standard Faedo-Galerkin method and paying more attention to the difficulties caused
by the variable exponents. After that, we determine an appropriate relation between
the nonlinearities in the damping and source trems, for which there is either finite-
time blow up of solutions or global existence. Precisely, we prove that the solution of
system (P), treated in Chapter [2| blows up in finite-time if p~ > max {m™—1,r" -1}
and exists globally in time if p~ < max {m* — 1,7 — 1}. In the first case, we give
some numerical tests illustrating our theoretical findings and in the second one, we
obtain a stability result for the solution by using Komornik’s inequality.

Our purpose, in the second part of the thesis, is to establish an explicit decay rate
of the solution energy to system (]5), considered in Chapter , depending on the
variable exponents m,r and the time dependent coefficients «, 5, and then give some
examples and few numerical tests.

To the best of our knowledge, these problems have not been considred earlier in the
literature.

Organization of the thesis

This thesis is divided into three chapters, in addition to the introduction.

e In Chapter [} we give some preliminaries. We recall, in Section [I.2] the history
and definitions of the variable-exponent Lebesgue and Sobolev spaces, the func-

page 3



General Introduction

tion spaces used throughout this thesis, and then we present a brief overview
of some facts and properties of these spaces. Section is devoted to some
results, which will be used in many places later on.

e In Chapter[2] we study the following coupled system of two hyperbolic equations
with initial and boundary conditions and for the unknowns u(¢, x) and v(¢, x):

Uy — dw (AVU) + |u1t|m(a:)_2 u = f1(x,u,v) inQx(0,7T),
iv (BVv) + |v,5|r(a”)72 vy = fo(z,u,v) inQx(0,7T),
=0

I on 082 x (0,7, (P)
u (0) = up and u (0) = uy in Q,
v (0) = v and v; (0) = vy in Q,

where T' > 0, 2 is a bounded domain of R"(n = 1,2, 3) with a smooth boundary
00 and for all x € Q and (u,v) € R?,

0 0
fl (I,u,U):%F(I7U,U) and f2 (IL‘,U,U):%F(JZ,U,U),

with
F(z,u,v) = alu+ o™

where a,b > 0 are two positive constants. p,m and r are given continuous
functions on 2.

Our results concerning this problem are summarized as follows:

- In Section we push the local existence result of Agre and Rammaha [2],
which was established for the case of constant-exponent nonlinearities, to our
problem (P). For this purpose, we use the Faedo-Galerkin method and the Ba-
nach fixed point theorem, under suitable assumptions on the variable exponents
m(.),r(.) and p(.). To the best of our knowledge, this is the first result of this
kind and the generalization was not trivial at all.

- Section is devoted to the study of the blow-up result of negative-initial-
energy solution. Using the energy method, we prove that no solution with
negative initial energy of problem (P) can be extended on [0, 00), if the source
terms dominate the damping terms; that is if p~ > max {m* — 1,7 — 1}.

- In Section [2.4] we establish the finite time blow up for certain solutions with
positive-initial energy. Under appropriate assumptions on the variable expo-
nents, we prove that the solutions blow up in finite time 7 > 0. We also give
some numerical applications to illustrate our theoretical results. This work and
the local existence result studied in Section are the subject of paper by
Bouhoufani et al 9.

- Section concerns our contribution on global existence and stability of sys-
tem (P). To the best of our knowledge, there is no result concerning global
existence and stability of the hyperbolic coupled system with nonlinearties of

page 4



General Introduction

variable-exponent type. With specific hypotheses on the parameters of the
problem, we prove a global existence theorem, using a Stable-set method. Af-
ter that, we use the Komornik integral approach to establish that the solution
energy has either an exponential decay or a polynomial one depending on the
variable exponents. These results have been published in [8], by Bouhoufani
and Hamchi.

e Chapter [3]is devoted to the study of a coupled system of nonlinear hyperbolic
equations with initial and boundary conditions and variable exponents in the
weak dampings:

Uy — Au A+ a(t)| w2y + |ulP@2ufu|P® =0 in Q x (0,7),

Vi — Av + B(#) v ["® 20, + |v[P@ =2y |u|p@) = in Qx (0,7),
u=v=0 on 00 x (0,T), (P)
u (0) = up and u; (0) = uy in Q,

v (0) = v and v; (0) = vy in €,

where T' > 0 and 2 is a bounded domain of R" (n € N*) with a smooth bound-
ary 9Q. a, 3 : [0,00) — (0,00) are two non-increasing C''-functions and m,r
and p are given continuous functions on § satisfying some conditions, to be
specified later.

In Section [3.2] we present, without proof, an existence result of global weak
solution of problem (P). In Section , under suitable assumptions on the
functions «, # and the variable exponents m and r, we establish the decay rate
of the solution energy, using the multiplier method. At the end, some numerical
examples are given in Subsection to ulistrate our theoritical results. This
study is the subject of a submitted paper by Bouhoufani et al. [10)].

page 5



Chapter 1

Preliminaries

1.1 Introduction

This chapter deals with Lebesgue and Sobolev spaces with variable exponents, which
differ from the classical spaces LP(Q2) and WP(£2) in the fact that exponent p is not
constant but a function from 2 to [1,00). In Section , we present the history and
the definitions of this important class of spaces. After that, we cite some facts and
results related to the variable-exponent Lebesgue and Sobolev spaces, needed in the
study of our two systems, in Chapters [2] and 3] No proofs are inclouded for these
standard results, but references are provided. Other important tools and Lemmas,
which are necessary to obtain various estimates, are given in Section [1.3]

1.2 History of Variable Exponents Spaces

Variable Lebesgue spaces appeared for the first time in a paper by W. Orlicz, in 1931.
In his paper [43], Orlicz considered the following question: What are the neccessary
and sufficient conditions on a real sequence (y;) under which ¥;x;y; converges, for a
real sequences (p;) and (z;) such that ;2" converges, with (p; > 1) ? After this one
article, Orlicz concentrated to the theory of the function spaces that now bear his
name. In this theory, the space L¢(Q2) is constituted by measurable functions u on
such that

o(Au) = /Qcp()\ lu(z)|)dx < +oo,

for some A > 0, where ¢ is a real-valued function satisfying certain conditions.
Abstracting certain properties of g, a more general class of function spaces called
modular spaces were first studied by Nakano [41) 42]. An explicit version of these
modular function spacaces was investigated by Polish Mathematicians, like Hudzik
and Kaminska. For more details about the modular function spaces, the interested



1.2 History of Variable Exponents Spaces

reader can see the monograph [39] of Musielak and Orlicz.

The variabele-exponents Lebesgue spaces LP() () are defined as the Orlicz space
L#0(Q) where

ep() () =7 or @) (1) = —

ie.,
PY(Q) = {u : 8 — R measurable in Q: g, (Au) = / Op(y (A u(z)|)dr < +oo} :
Q

for some A > 0, equipped with the following Luxembourg-type norm

u

lull, = inf {)\ >0 00(3) < 1} .

Variabele-exponent Lebesgue spaces on the real line have been independently devel-
oped by Russian researchers. Their results originated in a 1961 article by Tsenov
[49]. In [46, 47], Sharapudinov introduced the Luxembourg norm and showed that
LPO)(Q) is reflexive if the exponent satisfies 1 < essinf p < esssup p < +oo. In the
mid-80’s, Zhikov [53] started a new line of investigation of variable-exponent spaces,
by considering variational integrals with non-standard growth conditions. After that,
in the early 90’s Kovacik and Rakosnk [23] established some basic properties of the
Lebesgue and Sobolev spaces in R”. In the beginning of the new millennium, a great
development has been made for the study of variable-exponent spaces. In particulier,
a connection was made between the variable-exponent spaces and the variational
integrals with non-standard growth and coercivity conditions. It was also observed
the relation between these variational problems and the modeling of several phisical
phenomena such as electrorheological fluids, image processing,..., etc.

In the following section, we present some results from [24] on the basic properties
on LPO) (), which we need in the proof of our results. We mention that many results
on these properties were proved first by Kovacik and Rakosnik [23] and were later
reproved by Fan and Zhao in [13].

1.2.1 Lebesgue Spaces with Variable Exponents

Definition 1.2.1. Let Q C R"™ be a domain and P(2, 3, 1) a o-finite, complete
measurable space. Let P(Q, ) be the set of all pu-measurable functions p : Q —
[1,00). The function p € P(Q, ) is called a variable exponent on Q. We define

p~ = essinfyeq p(r) and pt = esssupreq p(T).

If p© < 400, then p is said to be a bounded variable exponent. If p € P(Q, i), then
we define p' € P(Q, u) by

1
- =1, where — := 0.
p(z)  p'(x) 00

The function p' is called the dual variable exponent of p.

page 7



1.2 History of Variable Exponents Spaces

Definition 1.2.2. We define the Lebesgue space with a variable-exponent p by
LPO(Q) = {u : 0 — R measurable in 2 : lim oy )(Au) = O}
A—0
or equivalently
LPO(Q) = {u:Q — R measurable in Q0 : g,)(Au) < 400, for some X >0},

where 0y0)(u) = [, |u(x)|p(x) dzx.
LPO(Q) is endowed with the following Luzembourg-type norm

p(z)
[ull,) = inf A >0: / de <15.
Q

Lemma 1.2.3. [/l If p(.) = p, where p is constant. Then

u(@)

A

iy = ([ Juta) do)?.

Now, we introduce the most important condition on the variable exponent, called
the log-Holder continuity condition, which is necessary to obtain the Poincaré in-
equality in the variable case.

Definition 1.2.4. We say that a function q : 0 — R s log-Holder continuous on
Q, if there exists constant 6 > 0 such that for all 0 < § < 1, we have

7

< ————— forae. x,y € Q, with |x —y| <.
log |z — y|
We have

Lemma 1.2.5. [2]] Let Q2 be a domain of R™. If p :— R is a Lipschitz function on
Q, then it is log-Hélder continuous on the same set 2.

Remark 1.2.6. The log-Holder continuity condition on p can be replaced by p €
C(§2), if Q is bounded.

The following results are very important and useful in the sequal.
Theorem 1.2.7. [2/] If p € P(Q, 1) then LPY(Q, i) is a Banach space.

Lemma 1.2.8. If p: Q — [1,00) is a measurable function with, p* < +oo then,
Ce°(Q) is dense in LPV(Q).

In the following lemma, we present the relation between the function g,)(u),
called the modular function, and the norm [[ul|,

Lemma 1.2.9. If 1 < p~ < p(x) < pT < 400 hold then
. - + - +
min{ [ullye, ull2g, } < opo(w) < maz{ Il ully,} (12.)

for any u € LPO(Q).

page 8



1.2 History of Variable Exponents Spaces

Remark 1.2.10. If the exponent p is constant, then p~ = p* and hence gy)(u) =
[l -

As in the constant exponent case, we have the following Young’s and Holder’s
inequalities.

Lemma 1.2.11. (Young’s Inequality)
Let p,q,s > 1 be measurable functions defined on ) such that

1 1 1
= + , fora.eye Q.

s(ty)  ply)  aqly)

Then, for all a,b > 0, we have

(b)) (a))
SO =0 Ta0

By taking s =1 and 1 < p,q < +00, it follows that, for any € > 0, we have

ab < ea” + C.b9, where C. = 1/q(ep)?. (1.2.2)
For p=q =2, it comes
62
ab < ea® + —.
de

Lemma 1.2.12. (Holder’s Inequality)
Let p,q,s > 1 be measurable functions defined on §2 satisfying

1 1

1
@) o) Ty reeves

If f € LPY(Q) and g € LY(Q) then fg € L*Y(Q) and

||f9||s(_) <2 ||f||p(_) ||9||q(_) : (1.2.3)

Case p = q = 2 yields the Cauchy-Schwarz inequality.

1.2.2 Sobolev Spaces with Variable Exponents

The Sobolev space is a vector space of functions with weak derivatives. One motiva-
tion of studying these spaces is that solutions of partial differential equations belong
naturaly to Sobolev spaces. In this section, we define the variable exponent Sobolev
spaces and cite some important properties and results related to this class of spaces.
First, we start by recalling the definition of weak derivatives.

Definition 1.2.13. Let Q@ C R™ be an open set. Assume that u € L} (). Let

loc

a:=(aq,...,a,) € N" be a multi-index. If there exists g € L},.(Q) such that

loc

aa1+---+anw
[ g = (<1 [ pgde, for all v € C(@),
Q Q

0%12,...0%x,,

then g is called a weak partial derivative of u of order a.
The function g is denoted by dau or by 2or—ru

0%l xq...0%n g, *

page 9



1.2 History of Variable Exponents Spaces

Definition 1.2.14. Let k € N. We define the variable exponent Sobolev space W) (Q)
as follows:

WkrL(Q) = {ue LPY(Q) such that 0'“u € LPY(Q) with |a| < k},

where |a| = ay + ... + ay, equipped with the following norm

. u
ullwroer ) = inf {)\ >0 owret)(e) <X> < 1} = Z [0attll (y »

0<]a|<k
with
QWW(J(Q)(U) = Z QLP(~)(Q)(8Oéu)'
0<a| <k
Clearly
worh(Q) = LPO(Q)
and

whrO(Q) = {ue LPY(Q) such that Vu exists and |Vu| € Lp(‘)(Q)},
equipped with the norm
lwllwreo ) = lullyey + 1Vl -

Theorem 1.2.15. [J|] Let p € P(2, 1). The space W P)(Q) is a Banach space, which
is seperable if p is bounded and reflexive if 1 < p~ < p* < +o0.
Definition 1.2.16. The closure of the set of WH5PO)(Q)-functions with compact sup-

port in W*PL)(Q) is the Sobolev space W(fm(')(ﬂ) "with zero boundary trace”,
1.€.,

Wé@p()(g) = {u € WkrO(Q) : u = uxg for a compact K C Q}

Furtheremore, we denote by HYPY(Q) the closure of C(Q) in WEPO(Q) and by

()(
W= (Q) the dual space of Wol’p(')(Q), in the same way as the usual Sobolev spaces,

1 1
wherem+zg,—o—1.

Remark 1.2.17. 1. HI*Y(Q) c wF*H ().
2. If p is log-Hélder continuous on 0, then Hy"Y(Q) = WO ().
3. Ifp(.) =2 and k = 1, then we set HL(Q) = W,2(Q).
The following theorem plays a fundamental role to establish theorems of existence.

Theorem 1.2.18. [J] Let p € P(Q2, ). The space Wéf’p(')(Q) is a Banach space, which
is seperable if p is bounded and reflexive if 1 < p~ < pt < +o0.

The version of the Poincaré inequality, in the variable exponent case, is presented
in the following theorem.

Theorem 1.2.19. [2]|/ (Poincaré’s Inequality)
Let Q2 C R™ be a bounded domain. If p satisfies the log-Hdélder inequality on §2, then

lull,, < ClIvull,,, for all ue Wy™(9),
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where C'is a positive constant deponding on Q and p(.). In particular, the space
Wol’p(')(Q) has an equivalent norm given by

lell g0y = 190l

We end this section with some essential embedding results.

Lemma 1.2.20. [/, [2]/(Embedding Property) B
Let Q C R™ be a bounded domain with smooth boundary 0N). Assume that p,q € C(£2)
such that

1<p <plx)<pt <+ooand 1< q <q(r) <q" < +oo, forallz €Q

_ nax) ot <o,
and p(z) < q*(x) in Q with ¢*(x) = { n—a@)’ v
p(x) < q*(2) q"(x) o et s

Then, the embedding W) (Q) — LPO(Q) is continuous and compact.

Corollary 1.2.21. Let @ C R" be a bounded domain with smooth boundary OS2.
Assume that p : Q@ — (1,00) is a continuous function such that

2<p <plx)<p'<

2n
> 3.
27 n_

Then, the embedding H}(Q) — LPY)(Q) is continuous and compact.

1.3 Important Lemmas

To establisch the stability result for systems (P) and (P), we need the following two
Lemmas.

Lemma 1.3.1. [2Z/(Komornik’s Lemma )
Consider E : Ry — Ry be a nonincreasing function (and differentiable in the case
of Lyaponov hypothesis), C > 0 and o > 0 such that

/ E@t)'dt < CE(S), 0 < S < oc.
S

Then, there exists positive constants ¢ and w and tqg > 0 such that, for all t > ty, we

have () ;
E0)e ™", if a=0,
B(t) < { Ct=te,  if a>0.

Lemma 1.3.2. [29] Let E : R, — R be a non-increasing function and o : R, —
R, be an increasing C'—functions, with 0(0) = 0 and o(t) — 400 as t — oo.
Assume that there exists ¢ > 0 and C' > 0 such that

/ o' () E(t)dt < CE(S), 0< S < 0.
S
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Then, there exists positive constants ¢ and w such that, for all t > 0,
—wao(t) ; =0
ce ;0 ,
CIURS BV
EEOIRCU A g

The following Lemmas will play an essential role in the proof of several results,
in this dissertation.

Lemma 1.3.3. [J/ (Gronwall’s Inequality )
Let f,g : [0,a] — R be continuous and nonnegative. Suppose that there exists a
positive constant C' such that

flt) <C+ /tf(s)g(s)ds, for allt €[0,q].
0
Then,

where

Lemma 1.3.4. [26] Let © be a positive solution of the ordinary differential inequality

%f) > CO'™e(t), t >0,

where € > 0. If ©(0) > 0, then the solution ceases to exist for t > ©~(0)C~1e~1.

Lemma 1.3.5. [33] 1- There exist Cy, Cy > 0 such that, for all x € Q and (u,v) € R?
we have

Cy (Jul™" + ol"™) < Fu0) < G (Jul™ 4 o). (1.3.1)
2- For all x € Q and (u,v) € R?, we have
u fl (ZL’, U, U) + Uf2 (ZL’, U, U) = (p (ZE) + ]‘) F (ZL‘, U, U) ) (132>

where F' is given by 1' fi= g—fj and fo = 38_5‘
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Chapter 2

Coupled System of Nonlinear
Hyperbolic Equations with
Variable-exponents in the Damping
and Source terms

2.1 Introduction
In this chapter, we are concerned with the following initial-boundary-value problem:

uy — div (AV) + Ju ™ 2w, = f1 (z,u,v) in Qx(0,T),
vy — div (BV) + v |0, = fo (z,u,0)  in Qx (0,T),

UZUZO OnaQX(O,T), (P>
u (0) = up and u; (0) = wy in €,
v (0) = vy and v; (0) = vy in €,

where 7' > 0 and 2 is a bounded domain of R"(n = 1,2,3) with a smooth boundary
o).

The study of system (P) is motivated by the description of several models in

physical phenomena, such as viscoelastic fluids, filtration processes through a porous
media, fluids with temperature dependent viscosity, image processing, or robotics,
etc. For more detail, one can see [1], [12].
Before studying the finite-time blow up of solutions with negative initial energy and
for certain solutions with positive initial data, in Section and [2.3] respectively,
and investigating a global existence and stability results of the solutions, in Section
2.4) we state and prove an existence and uniqueness theorem of local weak solutions
to problem (P), in the following Section. The proof of this result is based on the
Faedo-Galerkin procedure as in [2, [I7, B5] for systems with constant exponents.
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2.2 Existence and Uniqueness of Local Weak Solution

ASSUMPTIONS:

The Damping terms.
In the system (P), the variable exponents m and 7 in the two damping terms are
given continuous functions on €2 satisfying

2<m(x), if n=1,2,

2<m” <m(z) <m" <6, if n=3, (2.1.1)
and (@)

2<r(z), if n=1,2,

2<r <r(z)<rt <6, if n=3, (2.1.2)

for all x € ), where

m~ = inf m(x), m* =sup m(z),
Sy z€Q
and
r~ =inf r(z), r" =sup r(z).
e zeQ

The Source terms.
In the right-hand side of the two differential equations of (P), the source terms f;
and f, are given as follows, for all x € Q and (u,v) € R?:

0 0
fi(z,u,v) = %F (x,u,v) and fo(z,u,v) = %F (x,u,v), (2.1.3)

with

p(z)+1
)

F(z,u,v) =alu+ o 4 2b|un| 2 (2.1.4)

where a,b > 0 are two positive constants, p is a continuous function on Q such that

3<p <ple) <pt, if n=1,2,

for all x € ), where

p~ = inf p(z) and p™ = sup p(z).
z€eQ 2eQ
The Matrices A and B.
In the left-hand side of the differential equations of (P), A and B are two symmetric
matrices of class C! (ﬁ x [0, oo)) such that there exist constants ag, by > 0 for which
we have, for all £ € R,

AL > ag|€*, BEE > bo €] (2.1.5)
and
A€E<0, B'EE <0, (2.1.6)
where A’ = 22 (., ¢) and B' = 22 (., ¢).
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2.2 Existence and Uniqueness of Local Weak Solution

2.2 Existence and Uniqueness of Local Weak Solu-
tion and Decreasingness of the Energy

In the beginning, let us introduce the definition of a weak solution for our system.

Definition 2.2.1. Let ug,vo € HY(Q)) and uy,vy € L*(Q). A pair of functions (u,v)
is said to be a weak solution of (P) on [0,T) if u,v € C,((0,T), H} (), us, vy €
Co, ((0,T), L2(2)) ,uy € L™ (Qx (0,T)), vy € L"O(Qx(0,T)) and for all test
functions ®, ¥ € H}(Q) and allt € (0,T), we have

t
/utq) dx—/uchD dx—i—/ /\ut]m(x)Qutq) dxdTt
Q Q 0o Ja

t t
—I—/ /AVU.V(D dxdr —/ / fi(z,u,v)® dedr =0
0 Jo 0o Ja

t
/vt\de—/vl\I’ dac+/ /|vt\r(x)21)t\11 dxdr
Q Q 0o Ja

¢ t
+/ / BVv.VVY dxdr —/ / fo(z,u,v)¥ dxdr = 0.
0 JQ 0 JQ

2.2.1 Existence and Uniqueness of Local Weak Solution

and

In order to prove an existence theorem of a local weak solution of problem (P), we
first consider, as in [27], the following initial-boundary-value problem:

uy — div (AV) + |ug|™ ™ 2wy = f(z,t) in Qx(0,T),
vy — div (BV0) + v, 2 v, = g (z,¢)  in Qx (0,T),

u=v=0 on 99 x (0,7, (@)
u (0) = up and uy (0) = uy in
v (0) = v and v; (0) = vy in €,

where f,g € L* (2 x (0,T)) .

Theorem 2.2.2. Under the above conditions, onm,r, A and B, and for (ug,uy), (v, v1) €
H}(Q) x L*(Q2), the problem (Q) has a unique local weak solution (u,v) on [0,T), in
the sense of Definition [2.2.1]

Proof. UNIQUENESS:

Assume that (@) has two weak solutions (uy,v1) and (ug,v2) on [0,7), in the sense
of Definition [2.2.1] Taking ® = uy; — ug and W = vy — vy, in this definition, we infer
that (u,v) = (u3 — ug,v; — v9) satisfies the following identities

d
— [/ (u?—{—AVu.Vu)dx] - / A'Vu.Vudz

+ 2/ <]u1t|m(x)_2 Uy — |ugy|™ u2t> wdr =0 (2.2.1)
Q
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2.2 Existence and Uniqueness of Local Weak Solution

and

da {/ (v? +BVU.VU)d:L‘:| — / B'Vv.Vudx
dt | Jo Q

+ 2/ <|U1t|r(a:)—2 Vi — |v2t|r(x)_2 U2t> ndr =0, (2.2.2)
Q

for all t € (0,T), since H}(Q) is dense in L*(),

i (/ AVu.Vudx) :/A'Vu.Vudx+2/AVu.Vutdx
dt \Jg Q Q

i </ BVU.Vvdx> :/B/VU.VUCZJZ—FQ/BVU.VUtdI.
dt \Jq Q Q

By ([2.1.6]), the equations (2.2.1)) and ([2.2.2) lead to

d mlx)— mlx)—
7 {/ (uf + AVu.Vu)da:} + 2/ (|u1t| @) 2 Uy — |ug| @) 2u2t) (uyy — ug)dzr <0
Q Q
(2.2.3)

and

and

d mix)— mix)—
L [/ (vf +BVU-VU)dx1 + 2/ (|U1t‘ ()72 40y — || (@) 2U2t> (u1y — ug)dx < 0.
Q 0
(2.2.4)
Integrating (2.2.3) and (2.2.4) over (0,t), where ¢t < T, we find

¢
/(ut2 + Avu.Vu)dzr + 2/ / <|ult|m(x)_2 Uy — |ugy| ™ u2t> (w1 — uge)dadt <0,

0 0 Jo
(2.2.5)

and

t
/(Ut2 + BVv.Vv)dx + 2/ / (\ult\m(x)_z Uy — ‘Ugt‘m(x)_2 u2t> (uyy — ug)dxdt < 0.
Q 0o Jo

(2.2.6)
Since we have, for all z € Q and Y, Z € R,

<|Y|Q(z)*2y _ |Z|Q(90)*2 Z) Y —-2)>0, q(x) > 2 (2.2.7)
and from ([2.1.5))

/ Avu.Vudz > ag||Vul; and / Bvv.Vudx > by ||Volf5,
Q Q

then, inequalities (2.2.5) and (2.2.6) give

w3 + ao || Vull; =0 and ||v||3 + bo [|[Vo||2 = 0, respectively.

Therefore, u;(z,.) = v(x,.) = 0 on Q and Vu(.,t) = Vou(.,t) =0, for all t € (0,7).
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2.2 Existence and Uniqueness of Local Weak Solution

Which implies u = v =0 on Q x (0,7, since v = v = 0 on 9 x (0,T). This proves
the uniqueness.
EXISTENCE:

To prove the existence of a local solution to problem(Q), we procced in several steps:
Step 1. Approximate problem.

Let {w;}>2, be an orthonormal basis of Hy(Q). For all k > 1, let (u*, v*) be a sequence
in the finite-dimensional subspace V;, = span {wy, wa, ...,wx } , defined by

uF(z,t) = E?Zlaj (t)w;(z) and v*(t) = E;?:lbj(t)wj(x), forall z € Q and t € (0,7)

and satisfying the following approximate problems, denoted by (Py):
/ ul (2, t)w;dx + / AV (2, t).Vw,dr + / !u,’f(w,tﬂm(x)_Z uf (x, t)w;dr
Q Q Q

= /Qf(x,t)wj, (2.2.8)

/vft(x,t)wjdxjt/BVvk(:v,t).ijd$—l—/ |vf(x,t)‘r(x)_2vf(x,t)wjdx

0 0 0

:/g(x,t)wj, (2.2.9)
Q

for all j = 1,2, ..., k, with the following initial data

uk(O) = ulg = E’-“Zl (U, w;) w;, uf(O) = u]f = Ef;l (U1, w;) w;

vk(()) = v(')“ = Zle (v, wi) wi, vf(()) = vf = Zle (v1, w;) wi, (2.2.10)

such that
uf — ug and vf — vy in Hy(Q),

ub — uy and of — vy in L3(Q).

This generates a system of k& nonlinear ordinary differential equations, which admits
a unique local solution (u*,v*) in [0,T},), Ty < T, by standard ODE theory.

In the following step, we will show, by a priory estimates, that T, = T,Vk > 1.
Step 2. A priori Estimates.

We multiply (2.2.8) and (2.2.9) by a}(t) and b/(t), respectively. We sum each result
over 7, from 1 to k, to obtain

1d 1 m(zx
5% [Hung—I—/AVuk.Vukdx} — 5/ A/Vuk.VukdI—i—/ |uy (1)) @) g
Q Q 0
= / f(x, t)ul(z,t)de, (2.2.11)
0

1d 1 r(z)
5% {va”%%—/BVvk.Vvkdx} —§/B’Vvk.Vvkdx+/ v (z, )| da
0 0 0

= /Qg(x,t)vf(x,t)d;p. (2.2.12)
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2.2 Existence and Uniqueness of Local Weak Solution

The integration of (2.2.11)) and (2.2.12)) over (0,¢), with ¢t < T}, leads to

t
| uk||3 — Hulng—l—/AVuk.Vukdx—/A(x,O)Vu'S.Vulgdx+2/ /‘uf(z,t)‘m(m) dxds
Q 0 0 Jo
(2.2.13)

t

§2/ /f(w,t)uf(m,t)dxds.
0o Jo

and

JF112 — b2 + / Bt votds — /

¢
B(a:,O)va.Vvlgdac—l—Z/ /‘Uf(x,t)r(w)dxds
Q 0 Ja

(2.2.14)
¢
§2/ /g(x,t)vf(x,t)dxds,
0 Jo

by virtue of (2.1.6)). Now, by adding (2.2.13) and (2.2.14)), using the assumptions on
A, B and Young’s inequality (1.2.2), we arrive at

Tk
[uf||3 + [[of |13 + aol|Vu¥||3 + bol| Vo™ (|5 + 2/0 /Q (’uf(x,tﬂm(x) + ’vf(x, t)}r(gc)) dxds
T
< Il + ot + @ v+ B veblls+2 [ [ (et t) + gl t)eta,1) dads
0
T
< Il + ot + @ 9+ 8 ebls + 20 [ [ (1 fnt) B+ Lgtat) P)das

T 2 2
+25/ (Il + [ 2) s, (2.2.15)
0

where

a= sup A(z,t)and f= sup B(z,t).
Qx(0,T) Qx(0,T)

But
uf — ug and vf — vy in Hy(Q),

ulf — uy and oF — vy in L*(Q)

so, inequality (2.2.15|) is rewritten as follows
T m(a) ()
o+ o1 + aolv 15 + bllv o 1 +2 [ [ (Jubta 0™ + ok ) ) dads
0

T; T
gM+25/’“(HufH§+;|fo;) ds+206/ /(|f(x,t)|2—|—|g(m,t)|2) drds, M > 0.
0 0 Q
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2.2 Existence and Uniqueness of Local Weak Solution

Since f,g € L*(Q x (0,T)), then

Tk
o+ o1 + ol 91 + bl 9o 1 +2 [ [ (Jubte 0™ + ot ) ) dods
(2.2.16)

T
g@+%/ﬂ@@ﬂwmw
0

This gives, for all € > 0,

Ty

o + et < €. 25 | (bl + o 12) ds. e € 0,73
0
Therefore,
|3 + o115 = ll(ug, o) 3 < Ce, vt € [0, Th] Yk > 1,
by virtue of Gronwall’s Lemma [1.3.3] Consequently, estimate (2.2.16|) leads to

sup [[lug |13 + [of 13 + [Vu®[f3 + [IVo*[3]
(Oka)

T
+/ k/ (‘Uf(l‘,t)lm(w)_}_’vf(%t)‘r(m)) drds < C..
0 Q

Taking ¢ = % to find

sup [[lug[l3 + lof 13 + V|3 + [V o*[3]

T
+/ k/ <|uf(:13,t)‘m(z) + |vf(:v,t)‘r(x)> drds < C,
0o Jo

where C' > 0, for all T, < T and k > 1. Therefore, the local solution (u*,v*) of
system (Py) can be extended to (0,7") for all £ > 1. Furthermore, we have

(u®)g, (V%)) are bounded in L®((0,T), Hi()),
(uf ) is bounded in L®((0,T), L*(Q)) N L™ (Q x (0,T)),
(vF)x is bounded in L=((0,T), L*(Q)) N L"O(Q x (0,T)).

Consequently, we can extract two subsequences of (u*); and (v*);, which we denote
by (u;); and (v;);, respectively, such that, when [ — oo, we have

u' — u and v' — v weakly * in L®((0,T), Hy()),

ul — u, weakly * in L°((0,7), L*(Q)) and weakly in L™ (Q x (0,T)),
v — v weakly * in L=((0,T), L*(Q)) and weakly in L'®(Q x (0,T)).

page 19



2.2 Existence and Uniqueness of Local Weak Solution

Step 3. The Nonlinear terms.
In this step, we show that
m(.)
| ul |02 ul — |y |mO72 4y weakly in LmO-1(Q x (0,7))

and
|0 [TO2 0l = |y |r()2v WeaklylnLTUl(Qx(OT))

By exploiting Hoélder’s inquality (1.2.3 , it results
(] ub |™O=2 4l); is bounded in L=0-1(Q x (0,T)),

since (u!); is bounded in L™ (2 x (0,T)). It follows that, there exists a subsequence
of (| ub |™=2 ul),, still denoted by (| ul |™)=2 wl),, for simplicity, such that

| ul 072 4l — & weakly in L#=0O-T(Q x (0,T)).

In what follows, we prove that ® =| u, [™)=2 v,.
For this purpose, we set h(z) =| z |")=2 2 and define the following sequence, for all
[ >1, see [27],

5 = / ' / (h(ul) — h(2))(ul — =), V= € L"O((0,T), HL(S)).

By the inequality (2.2.7), S; > 0, for all [ > 1. Replacing «* by ' in (2.2.11)) and
integrating the result over (0,7"), we find

5= ;{uulm (DI + / A, 0) 9.7y~ / A, T)Val(T). 72 (T)

// utz—// (ul — 2) /OT/qui,vzzl. (2.2.17)

By the definition of (u}), (u}) and since A € C* (Q x [0, 0o[) and

u' — u weakly * in L>®((0,7T), H}(Q))

we obtain
Tim o3 =
liminf/A(x,T)Vul(T).Vul(T) Z/A(x,T)Vu(T).Vu(T)
and

lim A(:U,O)Vué.Vuédm—/A(:L',O)Vuo.Vuod:c.

Also, we have
ul — uy weakly * in L((0,7), L*()) and weakly in L™ (Q x (0,T))

and
m(.)
h(ul) =| ul ™72 4l — & weakly in Lm0 (Q x (0,T)).
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2.2 Existence and Uniqueness of Local Weak Solution

Therefore,
11m1nf||ut( )3 > llu(T)|13,
T
hm/ /fut / /futa
l—ro0 0 Q
T
i [ [ ndy= [ [
[—o0 0 Q 0 Q
and

i [ foet 2= [7 [,

since f € L2(Q2x(0,T)), z € L™V ((0,T), H}(Q)) and H}(Q) € L™V (Q), by invoking
Lemma [1.2.8f Taking I — oo in (2.2.17) and substltutmg the above limits, it yields

1
0 < limsup S §§ [||u1||§ — [Jue(T)|3 + / Az, 0)Vug. Vuy — / Az, T)Vu(T).vu(T)
l 0 Q

_/OT/Q@Z_/OT/Qh(Z)(ut_Z)ju/OT/qut, (2.2.18)

i sup <— /Q A(x,T)wl(T).wl(me) ~ ~liminf /Q Az, TYVul(T). 90 (T)dz

since

<- / Az, TYVu(T). 9u(T)dz.

On the other hand, if we use u' instead of u* in and integrate the result over
(0,t), we find

t t t
/uiwj—/ ulle+/ /AVul.ij—l—/ / |l |72 il :/ /fwj, Vi<jg<l
Q Q 0o Jo 0o Jo 0 Ja

This leads to

t t t
/utw—/ulw—i—/ /AVu.Vw+/ /wa:/ /fw, Vw € Hy(9),
Q 0 o Jo 0o Ja 0 Jo

since Uy,>1Vy, 1s dense in Hj (Q2). Taking the derivative with respect to ¢, it comes for
a.e t € 10,77, that

/uttw + /(AVu.Vw + Pw) = / fw, Yw € Hy(Q). (2.2.19)
Q Q 0

. 1 . . 2 . .
Since H(2) is dense in L*(€2), we can set u; instead of w in (2.2.19)) to get

/uttut—i—/(AVu.Vut—i-CPut) :/fut, (2220)
Q Q Q
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2.2 Existence and Uniqueness of Local Weak Solution

By integrating ([2.2.20]) over (0,7, we arrive at

/ /fut {Hut TYE = [l |2 + /AxTVu(T) va( )—/QA(x,O)VuO.VuO]
+/0 /Q@ut, (2.2.21)

Combining (2.2.18)) and ([2.2.21]), we find

T T T
Oglimsupslg/ /Cbut—/ /@z—/ /h(z)(ut—
! 0 JQ 0 Ja 0 JQ

So,

/OT/Q (@ — ()] (g — 2) > 0, ¥z € L™O((0,T), HY(2)).

Under the assumption (2.1.1) and by virtue of Lemma H}(Q) is dense in
L™)(Q). Consequently,

T
/ / (® — h(2)] (s — 2) > 0, V= € L™O(Q x (0,T)). (2.2.22)
o Jao
Now, let z = Aw + uy, w € L™ (Q x (0,7T)). Hence, inequality (2.2.22) yields

—)\/OT/Q[QJ—h()\erut)]sz, VA £ 0.

We have two cases:
-If A >0, then

T
/ / @ — h(dw +u)]w < 0, Yo € L™O(Q x (0,T)).
Taking A — 0 and by the continuity of h with respect to A, it results that
T
/ /(@ — h(u))w <0, Yw € L™ (Q x (0,T)). (2.2.23)
Q
- If A <0, similarly, we get
T
/ /(@ — h(u))w >0, Yw € L™I(Q x (0,T)). (2.2.24)
Q
From (2.2.23)) and ([2.2.24)), we deduce that
T
/ /(cp — h(w))w = 0, Ya € L"O(Q x (0,T)).
0o Jo
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2.2 Existence and Uniqueness of Local Weak Solution

This gives ® =| u; [™®~2 u,. Therefore, inequality ([2.2.19)) leads to

/uttw+/AVu Vw+/ |y ™ utw—/fw, Yw € Hg(Q).
Q

Consequently,
wy — div(AvVu)+ | u "2 uy = fin D'(Q x (0,7)). (2.2.25)

Likewise and since H}(Q) is dense in L") () (Lemma [1.2.8), we obtain

| ol "2 0l = v, ["O72 v, weakly in LA 1(Q x (0,7))

and
— div(BVv)+ | v, '@ 72 v, = g in D'(Q x (0,T)). (2.2.26)

From and (2.2.26]), we conclude that u and v satisfy the two differential
equations of system (Q) on Q x [0,7].

Step 4. The Initial Conditions.

- First, we prove that

u(z,0) = ug(x) and v(z,0) = vo(z).
Invoking Lions’ Lemma [27] (Lemma 1.2, page 7) and since
u' — u weakly * in L>((0,T), H3(Q))

and
ul — u, weakly * in L*((0,7T), L*(2)),

we deduce that
u' — u in C([0,T], L*(Q)).

So, for all z € Q,u!(z,0) makes sense and
ul(z,0) — u(z,0) in L*(Q).
By the definition of u}, we have
ul(z,0) = ub(x) — up(z), in H(Q).

Therefore, u(x,0) = ug(z). Similary, we obtain v(z,0) = vo(z).
- Second, we handle the second intial condition, that is

ui(x,0) = ui(x) and v (z,0) = vy (2).

For any ¢ € C§°(0,T") and j < [, we obtain from ({2.2.8]) that

/ /utt vty / /Aw (2,1). 95 (2) (1)
—/O /Q]ui(x,t)\m ul (2, )w; (z / /fxtwj (t).  (2.2.27)
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2.2 Existence and Uniqueness of Local Weak Solution

But
(ot (@)) = (s (0) + () ()
then
[ bttriade = [ £ (ulotes () de — [ et (ord.
Therefore,

/OT /Q U d(tw)(z)dwds
- /OT/Q% (ul(t)w;(x)) dads — /O ! /Q (s s,

//uttgzﬁ wj(z)dxds

_ /Q (i, TYO(T) — ul(, 0)6(0)) w; () — /O /Q A () () dads.  (2.2.28)

Since ¢ € C°(0,T), then ¢(T') = ¢(0) = 0.
Consequently, (2.2.28)) leads to

T T
/ /Uitﬁb(t)wj(x)dxds: —/ /uigb’(t)wj(x)dxds. (2.2.29)
o Ja o Ja
By substituting (2.2.29) in (2.2.27), we obtain
//utxtwj //AVuxti] )o(t)
—//’ut, thwj //fxtw] , VI>1.
o Ja
Taking [ — +00 to get
//utrlrtw] //deVuxtw] z)p(t)
—//]utx,t Py, t)w; (@ //fxtw] ), Y5 >1,
0o Ja

since, w; € HY(Q) € L™O(Q), for all j > 1.
Thanks to ( m this gives

//utta:t //deth (2)6(t)
__/0 /Q|ut:v,t gz, tw //fﬁt
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2.2 Existence and Uniqueness of Local Weak Solution

for all w € Hy (). Consequently,

[ [t tietarot

= [ [aitamute, ) — e 0" o)+ 0.0t

This means uy € L0 ([0, T), H1(2)) and u solves the following equation
uy — div(AVu) + |ue| ™ 2w, = f, in D'(Q x (0,T)).
So, we have
w € L((0,T), L3(Q) and uy € L70T(0,T) , H-1(2)).

By Lions’s Lemma [27] (see Lemma 1.2, page 7), we deduce that u, € C([0,T), H1(Q)).
Hence, us(x,0) has a meaning, for all = € €, with

ub(x,0) — wuy(z,0) in H(Q).
In the other hand, by the definition of u}, we have
ub(x,0) = vl (z) — ui(z) in L*(Q).

Consequently, u;(z,0) = uq(x). Similary, we can prove that v(z,0) = vy(x).
Finaly, we deduce that (u,v) is a unique local solution of (Q). O

To prove the existence result for problem (P), we recall the following elementary
inequalities:

‘IXlk - |Y|'“( <C|X-Y] (|X\’“‘1 + |Y|’“‘1) : (2.2.30)
for some constant C' > 0, all £ > 1 and all X,Y € R. Also
\|X|"' X -y y] <CIX-Y] (\X!k/ + |Y|’f’) , (2.2.31)

for some constant C' > 0, all ¥ > 0 and all X,Y € R.

Theorem 2.2.3. Suppose that the assumptions of Theorem [2.2.2] are fulfilled and
that p, in the coupled terms, satisfies the following conditions on €)

3<p <p(r)<p<oo, if n=1,2,

p(@) =3 Fn—3 (2.2.32)

Then, problem (P) has a unique weak mazximal solution (u,v) (in the sense of Defin-
tion on [0,T), for some T > 0. Moreover, the following alternatives hold:

1. T = 400,
or

2. T < +o0 and limusr (| Vu @)]l3 + Vo (0)ll5 + lue ()15 + o (1)]13) = +oo.
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2.2 Existence and Uniqueness of Local Weak Solution

Proof. EXISTENCE:
Recall that the source terms are defined for all z € Q and (y, z) € R? by

0 0
fl (I,y,Z) = a_yF (%?Jaz) and f2 ('xuy?'z) - &F (%%Z%
where .
F(x,y,2) =aly+z"" +2blyz| =, a,b>0.
So,
. p(a:)—l p(z P(Z)+1
filw,y,2) = (o) + 1) [aly + 27 (g + 2) + by ly ]
and

2)— p(z p(m)+1
falw,9,2) = (p(@) + 1) [aly + 27" (g + 2) + b2z .

Let y,z € L>((0,T), H3(€2)). Using Young’s inequality (1.2.2) and the Sobolev

embeddings (Lemma [1.2.20)), then fi(y,2) and fy(y,2) are in L*(Q x (0,T)).
Indeed, for all ¢ € (0,7T), we have

[ 1oy 2o <2 / (p(2) + 1) [a® [y + 27 4+ 02 [y [P d
Q

<2<p +1 |: /|y—|—z| p(x dl‘—|—b2/ |y|p (z)— 1‘Z|p (z)+1 dZL':|
<Gy [/ |y+z|2p dm+/|y—|—z|2p dx+/|y|3(px_l dm—l—/ |Z|g(p(x)+l)dx}7
Q (9] Q Q
(2.2.33)

where Cy = 2(p™ + 1)?max {a?,3b*} > 0. By the embeddings (Lemma [1.2.20)) and
the fact that y,z € L> ((0,7), H}(2)), one can obtain the following results:

e If n=1,2, then

—_
MIOO
l\DICO

(P~ +1) <" +1) <2p" <307 -1) <oo,

since 3 < p~ < p(x) < pt < co. Therefore, estimate ([2.2.33) leads to

[ i o

+ - +_ -
<O IVl + 2 + IV + I + 19yl ™ + vyl
+ G 19037 4 1927 < oo, 1= GiC (2.2.34)

e If n = 3, then the Sobolev embeddings used in ([2.2.34]) take place since




2.2 Existence and Uniqueness of Local Weak Solution

and
1<6=3(p"—1)=3(p" —1) <

Therefore, estimate ([2.2.34)) is also saitisfied, when n = 3. Consequently, under the
assumption (2.2.32)), we have, for all ¢t € (0,7),

/ |f1(ZL’,y,Z>|2 dx < 00
Q

and, similarly,

/ | fal,y, 2)2 e < oo.
(9]

Therefore,
fl(yv Z)7f2(y72) € L2(Q X (07T))

By virtue of Theorem [2.2.2 there exists a unique (u,v), in the sense of Definition
2.2.1| which solves the following problem

— div (AVu) + Iut|m(g”)*2 ur = fi(y,2) inQx(0,T),
Vg — d’L’U (BVU) + ’Ut| r(=)-2 U = f2(y7 ) n Q X (Oa T) )

u=v=0 on 002 x (0,7) (R)
u (0) = up and uy (0) = uy in
v (0) = vy and v; (0) = vy in €,

since (ug,u1), (vo, v1) € HY(Q) x L*(Q).
Now, let G : W x Wy :— Wrp X Wy be a map defined by G(y, z) = (u,v), where

Wr = {w € L*((0,T), Hy()) /w, € L=((0,T),L*(2)) } .

Wr is a Banach space with respect to the norm
ol = sup | [Fultde s sup [ jofar
(0,7)

In what follows, our task is to prove that GG is a contraction mapping from a bounded
ball B(0,d) into itself, where

B(0,d) = { (4,2) € Wr x W/ I1(s, 2) Ly v, <

for d > 1 and Ty > 0 to be fixed later.

G : B(0,d) — B(0,d) is a map for certain d > 0
Taking (¢, V) = (u, v¢) in Definition [2.2.1] and integrating each result over (0,¢) we
get, for all t < T

1 1
|| w |5 — ||u1||2 /AVU Vud:z:—§/A(x 0)Vug.Vugdz

//|ut (z,t)|™™ </ /utfl y, z)dxds (2.2.35)
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2.2 Existence and Uniqueness of Local Weak Solution

and

1 1 1 1
il vl — ||le2 Q/BVU Vvdx—§/B(x 0) Vol . Vugdz

/ /]vt (z, )" / /vth y, z)dxds, (2.2.36)

by virtue of (2.1.6). Under the assumptions on A and B, inequalities (2.2.35]) and

(2.2.36|) lead to

1 t
(sl -+ a0 170l3) < 5 (laalls+ @ Naoll) + [ [ i s
0

DO | —

and

2 2
(lvelly + bo |70]l3) <

t
(ol -+ 819wl) + [ [ wufoly, 2)eods
0 JQ

N | —
N | —

where v = supg, o) A(7,1) and B = supg, o) B(z,1). Consequently,

1 uy|ly + af|Vu
Sl vy < Pl LUl L[

and

Lo oy _ llllz + e f[Veoll; 1 [
glllvdly +11velly) < =252 == b | [ wefaly, 2)duds,

where Cy = min{1,ao} and C3 = min{1,by}. Therefore,

1
5l = ﬁwumm+WW)<M+—ﬂm//ﬁmy,mw

(0,7)
and
1
3 ey, = 3 50 (el + 1912) < 6o+ Z-swp [ [ wufaty s,
(0,7) Cs (0.1)
2 2 2 2
where, \g = % and By = W. The addition of the last two in-

equalities gives

1 t
31000, <0+ Comp [ ( [ty 2pte+ [ iy, 21 ) as
(0,7) Q Q

t
<o+ Cosup [ ( [ wniw2)da] + | [ wtaly. o ) ds.
0,7 Jo Q Q

(2.2.37)
where 79 = Ao+ o (depending on the initial data) and Cy = CLQ+C% (depending on the
two mtrices A, B). Under the assumption (2.2.32) and applying Young’s inequality
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2.2 Existence and Uniqueness of Local Weak Solution

and the Sobolev embeddings, we obtain, for all ¢ € (0,7),

p(:l‘ p(x)+1
ug f1(y, z)dx |ut| ly + 2| dz + b \ut] | |2 de
Q

b) .
<(p"+1) r(a—'— / || da + —/ ly + 27 da + —/ |y [P |+ dx]

[—||Utllz+0(/|y+z|2p [l [ oo+ e >)}

e lludll + 1Vylly" + V215" +||Vy||2p + (V215 ]

1 ~1) 3p 3(ptT+1)
[nvynzp D Iyl Y s

(2.2.38)

where ¢, c1, ¢y are positive constants. Likewise, we get

p(r)-&-
[ty { [l + s+ [ fud 1o b dx]
Q

<o [é?HthﬁHVyllf 7=+ 19yl + 92" ]

_ - ( 3(pt+1)
o (IR w2 4 ol + oyl

Combining (2.2.38)) and (2.2.39), it comes that, for all ¢ € (0,7),

/ (/Utfl(yaz)dx + /Utf2(y»z)d$)d3§502/ (luelly + lvell3) ds
0 0 Q 0

t
2p~ 2pt 3 -1
+ e / (21100 2) 125+ 2100 D s + M 20 ) + 1 2 ) ds
0

t
+1) t+1)
wer [ (10 + 1) s

Therefore,

(801717% /Ot < /Qutfl(y, z)dx| + /Qvth(y, z)dx

+ 273 (11, 2) 3 + 18 Frory ) (2:2.40)

3(p~—1 - S(p+1 (p
73 (I It + 1 D50+ 1 e + 1 ey )

2
) ds < eTe ||, v) |2, o

By substituting (2.2.40)) into (2.2.37]), we obtain, for some c3 > 0,

2 2
5 H(U>U)HWT><WT < Y + eTcs H(uv U)HWTXWT
.
+ 27y (119 2 e + 10 2) [ ory ) (2:241)

-1) -1) S(p~+1 (pt+1)
+T63(||(y, I e + 1w 2w + 1w 2) ey + 1y, 2 )||6vwaT>
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2.2 Existence and Uniqueness of Local Weak Solution

Choosing e such that eTcs = ; and recalling that ||(y, 2)|lyy, c, < d for some

d > 1 (large enough), inequality (2.2.41]) implies

) R < 40 + 8T (||<y, DI EANES [080] AN

(p*+1)

4Ty (110, 2) iy + 10 2) i)
—1 —1

4Te, (||<y,z>||wf;xw; + 1))

< 4’}/0 + TC4d3(p , cq > 0.

Here d®®"~1) = max {d2p dz® “)} , since d > 1 and p™ > 3.

So, if we take d such that d> >> 4yy and T < Tj) = %, we arrive at
4

Ay + Teyd®® =1 < @2,
It follows that

2
G, 0) v ey <

Therefore, G : B(0,d) — B(0,d).

G : B(0,d) — B(0,d) is a contraction

In what follows, we prove that for Ty (even smaller), G is a contraction mapping,.
Let (y1,21) and (ye,22) be in B(0,d) and set (uj,vi) = G(y1,21) and (ug,ve) =
G(ya, 22). Then (u,v) = (u; — ug, vy — v9) is a solution of the following problem, in
the sense of Definition [2.2.1]

( uy — div (AVu) + (|u1t|m(m)72 Uiy — |u%|m(m)f2 Usg)
= filyr, 21) = fi(y2, 22) in Q x (0,7,
vy — div (BVv) + (]vlt]T(gc)_Q Vi — |’U2t|r($)_2 Vay) ()
= fa(y1, 21) = fa(y2, 22) in Qx(0,7),
u=v=0 on 09 x (0,7,
( (u(0),v(0)) = (u (0) ,v, (0)) = (0,0) in €.

Taking ® = u; in the first equation of Definition [2.2.1], we obtain, for all ¢ € (0,7,
d / m(x)—2 m(x)—2
||ut||2 Avu.vu| — | A'Vu.Vu+ 2 <|u1t| Uy — g th> Uy
dt Q ) Q
= 2/ wy (f1(y1, 21) — f1(y2, 22)) do, (2.2.42)
Q

since 4 ([, AVu.Vudz) = [, A'Vu.Vudz + 2 [, AVu.Vu,dz.
Now, by integrating (2.2.42)) over (0,¢) and using the initial conditions, we get

t
||ut||§—l—/AVu.Vudx—/ /A'Vu.Vud:Eds
0 0 Jo

< 2/0 /Qut (fi(yr, 21) = f1(y2, 22)) dxds,
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2.2 Existence and Uniqueness of Local Weak Solution

by virtue of (2.2.7). Under the assumption (2.1.5) and ([2.1.6)), this gives

t
laall? + a0 [Vl < 2 / / wr (fr (s 21) = fr (g, 22)) dads,
0 Q

for all t € (0,T). Consequently,
||U||WT <CSUP/ /Ut filyr, z1) — f1(ye, 22)) dzds

< Csup/ / lug| | f1(y1, 21) — fi1(ya, 22)| dxds, (2.2.43)

where C' = m By repeating the same computations with ¥ = v, in the second
equation of Definition [2.2.1], we arrive at

Iy, < €' st / / o (Fawr. 1) — Falun, 29)) dds

<C Sup/ / lve| | fo(y1, 21) — fa(ya, 22)| dxds, (2.2.44)

for all t € (0,7"), where C =

(2.2.43]) and ([2.2.44)) lead to

t
Il < <CT Julfy, +C.snp / / iy 1) — film, 22) [ dads

m By exploiting Young’s inequality, estimates

and
2 2 ¢ 2
v, <eCT ||vlly, + C- (SUII})/ /|f2(y1721) — fay2, 22)|” dads.
01 Jo Jo

By the addition of the last two inequalities and choosing ¢ small enough, we infer
that

2
1, ) ey

<C; Sup// fi(y1, 21) = fi(ye, 22)° + | oy, 21) — folye, 22)|°] dads. (2.2.45)

(0,T))

Now, for all t € (0,7, we set Y = y; — ya, Z = 21 — 29 and we estimate

/Q | f1(y1, 21) — fi(ye, 22)|2 dx

and

/ | alyr, 21) = folya, 22) [ da.
Q
For this purpose, we recall inequalites (2.2.30) and ([2.2.31]) to obtain the following
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2.2 Existence and Uniqueness of Local Weak Solution

estimates enjoyed by f; and fs, respectively, as in [2].

|f1(y1,zl) - f1(?J2722)|
< Ci(lyr — yo| + |21 — 22]) <|y1|p(w)_1 + |Z1]p($)_1 + |y2|p(m)_1 + |z2‘p(x)_1>

p(z)—1 p(z)—1 p(z)—1
+Csla =zl ™ (]l 12l

p(x)+1 p(z)=3 p(z)—3
+Csly1 — yal - 22| 2 <|yl| | 2 > ) (2.2.46)
and

|f2(y1721) - fz(y2722)|
< Cy(Jyr — ya| + |21 — 22|) <|y1|p(a:)—1 + ‘lep(m)—l + |y2|p(gc)_1 + |,7;2‘p(x)_1>

p(z)—1 p(z)—1 p(z)—1
+ Cs|yh — yol - |2 2 (‘yl‘ S )

p(z)+1 p(z)—3 p(z)—3
+Cs |21 — 2| Jyo| 2 (|Z1| T 4 |z 2 ) (2.2.47)

for some constants Cy, C5 > 0 and for almost all z € Q and all ¢t € (0,T). So,

/Q 1fi(yr, 21) = fi(ye, z2)[Pda < I+ I + Is + I, (2.2.48)
where
I = 04/9 lyn — s <|y1|2<p<z>—1> 2 [PE@ D 2@ |22|z<p(x)_1>> da,
I = 04/ 21 — 22 <‘y1|2<p<x)71> | [fE@D |y 20@-D ,22|2<p<x>71>) dz,
Q

Is = 05/ |Z1 - 22’2 ‘y1|p(a:)—1 <|Zl|p(w)_1 + |22‘p(x)_1> dx
Q

and

Iy = 05/ 1 — o [P (|y1|p(x)—3 + |y2|p(x)_3> dz.
Q

By using Holder’s and Young’s inequalities and the Sobolev embeddings, we get the
following estimate for a typical term in [; and Is,

1 2
3 3
/ [y — 2’ |?/1|2(p(m)_1) dv <2 (/ 1 — y2|6d95> </ |yl|3(p(m)1)>
Q Q 0
< Ollyr — w23 [(/ |y1\3(p+_1)dw> + (/ ]yl\?’(p_l)dx) ]
Q Q

2(pt—1 2(p~—1
< ANV — )l (ol B2 + ol 22273
2(pt—1 2(p——1
< VY1 (1199l B + 193 5"

2(pt—1 2(p~—1
< CIVY I (I 20w + 1l 20l ) (2.2.49)
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2.2 Existence and Uniqueness of Local Weak Solution

since
e 1 <3(p—1)<3(p"—1) < oo, whenn =1,2.
e 1<3(p~—1)=3(pt—1)=6= 2%, when n=3.

Likewise, we obtain

r)—1 -1) —1
[ = sl a5 de < OB (1 225 + o 2

Therefore,
—1) -1)
1 < 2009Y13 (s 20l + 1 20) a0,
2 -1)
+ 201V 113 (12 22w + 1w 2 )
and

1, < 201192113 (1, 201t + 1w, 20250
+ 20019215 (11, 22) B0 + 1w 22|00 )
But (y1, 21), (y2, 22) € B(0,d), then for all t € (0,7, we infer
I+ I, < OPP D (||VY )2+ |[VZ]]2) . (2.2.50)

Similarly, a typical terms in /3 can be handled as follows

J !z1—22\2|y1\p“>—1w“““‘ldx<2</ ) (/ 0 )

Q

< Cllz1 — 23 [(/ |y1|3<p<w>—1>dx) (/|z1| 1>d;c)
Q

+,1 ,1 —
< OV = 2B (sl + 8,7 0 llalie )
-1 -1 -1 -1
<Ol = 2) B (I9slle ™ + 1Vl + 19218 + vl )

—1) —1
< 201921 (11w 201yl + 11, 2010 )

+H21Hp

and

r)—1 -1)
[l = 2 7 o e < 2009 21 (1o 220, + o, 20850 )

-1
+ 201V 213 (102, 22 )Gy + 1102 2] it )

e 1<3(p~—1)<3(p"—1) <oo, whenn=1,2.
3 3
2 2

(pt —1)=3= 22 whenn=3.
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2.2 Existence and Uniqueness of Local Weak Solution

Consequently,
I; < Cd” Y|V Z|)3, vt e (0,T), (2.2.51)
since (y1, 21), (Y2, 22) € B(0,d) and d > 1.

By using the same arguments, we estimate the terms in Iy, as follows:
Case 1: If n = 1,2, we have 3 < p~ < p* < c0. So,

/ 1 — ol |22/ P2 dae
Q

2 1
3 3
<2 (/ |y1 —y2|3dx> (/ |Z |3(p z)+1) |y |3 p(x)—S))
Q Q
: :
( / |Z2,6(p<x>+1>dx) n ( / |y1‘6(p(z>s>d$> ]

+1) ~+1) 2 -3) 2(p——3
< DY (IIV2l 37 + 19257 + [1Vall3® ) + IVl 57 )
2 +1) 1
< 2019V 13 (1192, 22) 5250 + (g, 22) 050 )

-3) -3)
+ 2009 Y13 (Il 20l e + 1, 20100 ) -

< C’||y1 - yz”%

Case 2: If n = 3, then p = 3 on Q. Hence,

/ lyn — y2|2 |Z2|p(m)+1 |y1|p(x)73 dx = / lyn — ?JQ|2 |Z2|4 dx
Q Q

SC(/ \yl—y2|6dx) (/\22]6613:)
Q Q

< Cllyr — yQHE'HZQHé
< C||VY[3]IVz2)ll3

< ClIVY I3z, 22) -

So, for all t € (0,T), we deduce that
I, < C||VY|]2d*@" D), (2.2.52)

since (y1,21), (Y2, 22) € B(0,d) and d > 1.

Finally, by substituting (2.2.52)), (2.2.51)) and (2.2.50) in (2.2.48)), we arrive at

/Q |fr(y1, 21) = fi(yz, 22)]” do < C@*@™+Y (IIVY 3+ IVZ])3), (2.2.53)

for all t € (0,7). Similarly, we get

/Q [fa(y1, 21) = falya, 22)[* de < CPC D (||[VY |5+ |V Z][3) .- (2.2.54)
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Now, we replace (2.2.53) and ([2.2.54)) into ([2.2.45)) to get

t
1ty 0) 2 < Co?®) sup / (VY ()2 + IV Z(5)]2) ds

(0,T)
< CEdQ(p++1)T H (Y7 Z)H?/VTXWT

< AT (Y. Z) oprw

where v = C.@2®"+1),
Therefore, if we take T small enough, we get for 0 < k£ < 1

1, ) vy < KNV 2) vy

Thus,

2 2
1G(y1,21) = G(y2s 22) [y < Kl (y1,21) = (92, 22) gy -

This proves that G : B(0,d) — B(0,d) is a contraction. Then, the Banach-
fixed-point theorem guarantees the existence of a unique (u,v) € B(0,d), such that
G(u,v) = (u,v), which is a local weak solution of (P).

UNIQUENESS:

Suppose that (P) has two weak solutions (u1,v;) and (ug,v9) on [0,7), in the sense
of Definition [2.2.1] Then, (u,v) = (u1 — u2, v; — ve) satisfies, for all ¢ € (0,7,

d mlx)— m(x)—
— [Hutﬂg—l—/AVu.Vu} —/A’Vu.Vu—i—Z/ (|u1t| @2 — | uay | (@) 2th> Uy
dt Q Q Q
=2 [ (il v1) i) d
Q

and

d r(z)— r(z)—
7 [Hthg —i—/BVU.VU} — / B/VU.VU+2/ <’Ult’ (@) 2'Ult — |vg| @) 2U2t> Vg
t Q Q Q

= 2/ V¢ (fQ(U1,U1) — fg(U,Q,’Ug)) d!L’,
Q

by the density of H}(Q2) in L?(Q) and in fact that

d
— (/ AVu.Vud:z:) :/A'Vu.Vud:U—i—Q/AVu.Vutdx.
dt \Jo Q Q

We integrate each result over (0,t), with ¢ < 7. The addition of the two results yields

(as in (2.2.43) and ([2.2.44))),
t
o0l + 10903 <€ [l fiGun,0) = fulu, )| o
0o Ja

+0/0 /Q|Ut||f2(u1,vl)—fg(u2,02)|dxdt.
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2.3 Blow up of Negative Initial Energy Solution

Under the assumption (2.2.32)) and applying similar arguments as in above, we
arrive at

y(t) = [l(u, vl + 1V, 70) |5 < Ce/o (1 Cue(s), w(sDlly + [(Vu(s), Vo(s))l5) ds,

for all t € (0,7"). Gronwall’s lemma leads to
(e, v) 15 + [(Va, Vo)[l3 = 0, for all ¢ € (0,7).

Thanks to the boundary conditions, we get u =v = 0 on Q x (0,7"). This prove the
uniqueness of the solution of (P).
- For the proof of the alternative statement, we use the idea in [14]. O

Remark 2.2.4. Theorem [2.2.3|is a generalization of the local existence of Agre and
Rammaha [Z], which dealt with constant exponents only, to the situation of variable
exponents.

2.2.2 Decreasingness of the Energy
We define the energy functional associated to system (P) for all ¢ € [0,7T) by

1
E(t) = (HutHg + Hthg) + —/ (AVu.Vu + BVo.Vv)dx — / F(x,u,v)dx,
0

2 Q
(2.2.55)

N | —

Lemma 2.2.5. The energy functional E is a decreasing function.

Proof. By multiplying the first differential equation in (P) by u,, the second one by vy,
integrating the two equations over €2, adding the two results and using the boundary
condition in (P), we get

1 !/ !/
E (t)=— /Q | ™) do — /Q |oe|" da + 5/9 (A Vu.Vu + B W.W) dz
<0, (2.2.56)

by virtue of (2.1.6). O

2.3 Blow up of Negative Initial Energy Solution

The purpose of this Section is to show that any solution (u,v) of problem (P) blows
up in finite time, i.e, there exists T > 0, such that

limyr (| (8]l + V0 (@)1l + llue (5 + o (B)]5) = +oo.
under the following conditions

E(0) < 0 and maz {m" —1,r" -1} <p~,
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2.3 Blow up of Negative Initial Energy Solution

in addition to the assumptions of Theorem First, we state and prove some
preliminary results.

2.3.1 Preliminary Results

As in Komornik [22], we introduce
Qr={zeQ/ |lu(z,t)| > 1} and Q_ ={2 € Q / |u(x,t)] < 1},

and we define H by
H(t)=—-E(t), forallt € [0, T). (2.3.1)

From the definition of E and its decreasingness ([2.2.56), it follows that

H(O)gH(t)S/F(x,u,v)dx, forallt e [0, T).
Q

By (1.3.1) and since E(0) < 0, then there exists Cy > 0 such that
0<HO)<H(@{) <Cy(p(u)+p(v)), forallt €0, T), (2.3.2)

where

p(u) = / lu |W>+1 dx and p (v) = / lv ]WH dx.
Q 0

Lemma 2.3.1. There exists Cs > 0 such that
p +1 p +1
lull ., +1lll < Cslp(w) +p(v)). (2.3.3)

Proof. Since p~— < p(.) < p*, one has

p (u) —/ \u|m)+1 dx +/ \u]mm dx
Q4

Z/ lulP ™ da +/ [P+ da
Q. o
pr+1

— — —+1
> / lulP Tde + ¢ (/ P dx) )
Q. _

p_+1

_ = _
p(u) Z/ lul” "' dx and (p(u)) - 2/ lul? ! da.
Q4 &1 _

which implies
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2.3 Blow up of Negative Initial Energy Solution

By addition, it results

+1 p_+1

lull’ < pu)+e(p(u)r™, >0

< p(u) +p(v) + 2 (p () + p (v) P11

p

— () + p () {1 s (p(w)+p <v>>p+‘+’1+] .

But, from (2.3.2)), we have
p(u)+pv) = H(0)/C,.

Therefore,

So,

Similarly, we find

loll . <ea(p(u)+p ()
Thus, (2.3.3) is verified. O
Corollary 2.3.2. There exist two constants Cy, Cs > 0 such that
m+ m_
L1 as < [0+ 0D o0+ 23
Q
and + —
[ e <c, [<p (W) + p ()71 + (p () + p(v))m] . (2.3.5)
Q

Proof. Since p~ > max {m™,r"}, it follows that

/|u]m(w)dac§/ ™" da +/ lu|™ dx
Q o

m+ m
<a ( | dm) T L ( | dx)
Q4 -
< (||u " ) , 1 > 0.
p~+1

By recalling Lemma [2.3.1], we arrive at

+
+ ||u
1

m
P+

TTL+ m

(p(uw) +p (V)= 4 (p(u) + p(v)) =+

,C4>0.
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2.3 Blow up of Negative Initial Energy Solution

Likewise, we obtain

/Q|U‘T(x) dz < Gs [(p (u) + p (o)1 + (p(u) + p(v))pﬁ , G5 > 0.

2.3.2 Blow up Result

In this subsection, we state and prove our main result.

Theorem 2.3.3. Suppose that the above assumptions hold. Then, any solution of
the system (P) blows up in finite time.

Proof. For small € > 0 to be fixed later, we define the following auxiliary functional

G(t)=H""(t) + 8/ (uuy + vvy) dx, for all t € [0,7T),
Q

where

(2.3.6)

- _ ot - _ ot - _
0<a§min{ P me+l P ol P 1 }

(= +1)(m*=1)" (p~ +1)(r" =1)" 2(p~ +1)

Our purpose is to show that G satisfies a differential inequality which leads to a
blow up in finite time. It will be carried out in the following four steps.
Step 1: By using the two differential equations in (P) and Green’s formula, we
obtain for all ¢ € (0,7),

G'(t)= (L —o)H 7 () H'(t) +e (Juellz + luel5)

+ 5/ (ufi (x,u,v) +vfy (x,u,v))de — 5/ (AVu.Vu + BVv.Vv)dx
Q Q

—c / (|ut|m<’ﬁ>*2 e + |y W) dz. (2.3.7)
0

Invoking Lemma [1.3.5] we get

/Q(Ufl (z,u,v) +vfy (l’,u,v))dx—/(p(a:)—l—l)F(x,u,v)dx

0
> (p~+1) / F (z,u,v)dx. (2.3.8)
Q
The definitions of F and H lead to

/ (AVu.Vu + BVv.Vv)dr = 2/ F (z,u,v) dx — (|Jug]|3+ [vell3) — 2H (t) . (2.3.9)
Q 0
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2.3 Blow up of Negative Initial Energy Solution

By inserting (2.3.9) and (2.3.8) in (2.3.7), it results
G (1) 2 (L= o) B (6) H'(8) + 22 (Jull3 + ) + 22H (1)

—i—e(p_—l)/QF(x,u,v)dx

iy / (1 ™+ ol [l 1) (2.3.10)
Q

which gives
G'(t) > (1—o)H(t) H' (t) + 2 (|Juell3 + [[ve]l2) +601/F(:1:,u,v) dz
Q

+25H(t)—5/

(e " = o o7 ) i, (2.3.11)
Q

where ¢; =p~ — 1 > 0, since p~ > 1.
Step 2: In this step, we estimate the last two terms in the right hand-side of (2.3.11]),
which we note by

I = / ul [ue|™ ™  da and I := / o] o] d.
Q Q

Applying the following Young inequality

XY<6AXA+6_/BY5f NX, V>0 6>0 d1+1—1
- — or a and —+ — =
D\ g o= A B ’

with
X=lul, Y =|u"™™" A=m(z), = ———— and § >0,

we obtain

ym(@) -1
I g/ |u|m(z) dr +/ M(rm(x)/(m(w)fl) |ut|m(m) de. (2.3.12)
o m(z) o m()

By taking
1—m(z)
§ = [KH—O’ (t)} m(x) ,
where K is a large constant to be chosen later, we arrive at
mt —1

m-

Kl—m_
m—

I < / [H (£)]7™@D o™ g 4 KH™ (t) / g™ dz. (2.3.13)
Q Q

Using (|2.2.56f), we have
]. / /
H'(t) = / || ™) da +/ v da — —/ (A Vu.Vu+ B VU.VU) dx
Q Q 2 Jo
> [ fu ™ da, (2.3.14)

by virtue of (2.1.6)). On the other hand, we have H (t) > H (0) > 0.
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2.3 Blow up of Negative Initial Energy Solution

Therefore,

[ ree e - [ 120

< ¢ [H (#)7(™ ) / [H (0))7@~D @ dz, ¢, > 0,
Q

[H (O)]U(m(m)—l) |u’m(w) dx

since m (z) < m*. But for all z € Q, we have

[H (0)]7"@7) < e ¢y > 0.

So,
lu|™ @ dz, ¢y >0.  (2.3.15)

/Q H @™ ™ d < ey [H (8707 ) /Q

Replace (2.3.15)) and (2.3.14)) in (2.3.13)) to find

Kl—m* + _ 1
I < ey [H (t)]”(m+_1>/ W™ dr + " KH (t)H' (t). (2.3.16)
m— Q m—
Likewise, we can prove that
K= a(r*—l) r(x) rt—1 —o /
I <es— [H (1)) " de + ——KH° (t)H'(t), ¢5 > 0. (2.3.17)
T Q r

Also, from (2.3.2)), we obtain
a(m+—1

H 670 < g (p (u) + p (v))

Combining with (2.3.4)), we get

H@C D [ i < er (o) + (o)

+er(p(u) + p(v))o(m R Cer>0. (2.3.18)

Now, under the condition ([2.3.6) and using the following algebraic inequality

1
T <z4+1< (1+—) (z+a), forall z>0, 0<7<1anda>0, (2.3.19)
a

m™

with
= + ,a=H(0), 7= 1)+
z=pw) +p), a 0), 7 a(m ) e
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2.3 Blow up of Negative Initial Energy Solution

and then with 7 =0 (m*™ — 1) + respectively, we obtain

- +1’

+

(p(u) + p (0)" " "% < [1 + H%)] (p(u) + p (v) + H (0))

<7 (p(u)+p(v)+ H (1)) (2.3.20)
and -
olmT— _m_
<p<u>+p<>>< 1>*f+1<v<p< >+p<>+H<>> (2:3.21)
where v = 1+ w5 0 . By replacmg and into , it follows
1
) / u| ™ da < s (p(u) + p (v) + H (1)), s > 0. (2.3.22)
Q
Similar computations lead to
+_1>
/ W dz < o (p () + p(v) + H(2)), co > 0. (2.3.23)
Q

Incerting ([2.3.22)) into (2.3.16)), we get

K )+ o)+ H (1) + T

and (2.3.23)) into (2.3.17)) to obtain

) o)+ H (D) +

I <o KH™° (t) H' <t>7 c1o > 0. (2324)

m—

1
IQ § C11 KH™° (t) H, (t) , C11 > 0. (2325)

r—

Step 3: Now, we estimate G’

By substituting (2.3.25)) and ( into (| , it yields

G'(t)>1—0—eM)H ™ (t)H (t)+ 2 (||ut||§ + [Jo]l3) + 2¢H (¢)

o)+ p () + H (1)

+ ecio (p (U) + 1% (’U)) — EC10
Kl—r*

— &C11 [p (U) +p (’U) + H (t)] , C19 > 0. (2326)

where M = K<m+ Ly T: 1) Thus,

G'(t) > (1 =0 —eM)H™ (t) H' () + 2= (||uwll; + [lve]5)
Kl—m* Kl—r*
+ € (2 — — Ci0 — — CH> H (t)
m r

+e ( SR ) (0 () + p (1)) . (23.27)
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2.3 Blow up of Negative Initial Energy Solution

For large value of K, we can find c;3 > 0 such that
G'(t)> (1 —0a—eM)H ™7 (t) H () + ecis (uelly + [los3 + H(t) + p(u) + p(v))
(2.

Once K is fixed (hence M), we pick € small enough so that

l—0—eM >0 and G(O):Hl"(0)+€/(u0u1+vov1)d:€>0.
Q

On the other hand, from Lemma we have H'(t) > 0. Hence, there exists T > 0
such that

G (t) = eX (H (1) + l[uelly + lvells + p (u) + p (v)) - (2.3.29)

Therefore,
G(t)>G(0)>0, forallt €[0,T).

Step 4: The completion of the proof.
By the definition of GG, we have

1/(1-0)
G () < (H (t)+e / \uut+vvt\dx>
Q

oo 1/(1-o0)
<9 H () + <g/ (] + |vvt])dx>
Q
1/(1—0)
<eu | H@)+ (/ (] || + |v] |ve]) dx) , c14 >0, (2.3.30)
Q

since,
(X +Y) <27(X2+Y?), forall X,Y >0and > 1. (2.3.31)

Also, we have

1/(1-0) ) 1/(1-0)
([ tuttul + ltoae) <27 ([ Juljud az)
Q Q
P 1/(1-0)
42 ( / » |Utydx) C (2332)
Q

Since p~ > 1, Holder’s and Young’s inequalities give

1/(1-0)
([rultodds) ™ <l ugy

< e Jull X577 ey ) eas > 0

< e (Il + el 7) s e >0, (23.33)

Where%—l—%:l. If we take =2 (1 —0), we get u/ (1 —0) =2/ (1 — 20).

Then,
1/(1=0) 2/(1-20) 2
ullwldr) < e (" + ) (2334)
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2.4 Blow up of Solution with Positive Initial Data

From Lemma [2.3.1} estimate ({2.3.34) leads to
1/(1-0) ,
([l dr) ™ < (o) + @) + ulf).
Q
where ¢17 > 0 and 7 =2/ (p~ + 1) (1 — 20) . Again, by using (2.3.6) and (2.3.19)), we

obtain

1/(1-0)
</ | |y dx) < ¢18 (p (u)+p(v)+ H(t)+ ||ut||z> , 18 > 0, (2.3.35)
Q

since 7 < 1.
Similarly,

1/(1-0) .
([rlilar) " <as(pe)+ o0+ HO+ ). (2330)
Q
By substituting (2.3.36) and (2.3.35)) into ([2.3.32)), it results
1/(1—0) ] ]
([ uttad + ol das) ™ < (o) + 9+l + 1l + £ 0)) crn >0

Hence, inequality (2.3.30)) becomes

G (1) < e (p () 4 p (o) H (0 + lally + ) oo > 0. (2:3.37)

By combining ([2.3.37)) and (2.3.29)), we obtain

G'(t)>cG"" 7)), forallt €10,T),C > 0.

Therefore, by virtue of Lemma [1.3.4] the solution (u, v) of system (P) blows up in a
finite time. O

2.4 Blow up of Solution with Positive Initial Data

In this section, we discuss the blow up of certain solutions of problem (P), with pos-
itive initial energy, paying more attention to the difficulties caused by the variable
exponents m (.),r (.) and p (.). This section consists of three subsections. In the first
one, we give some preliminary results. Subsection 2 is devoted to the statement and
the proof of the blow-up theorem. In the last subsection, we present two numerical
examples to illustrate our theoretical findings.

ASSUMPTIONS:

As in Section [2.3] we suppose that the conditions of Theorem [2.2.3] are fulfilled and
that the source term, in each differential equation of system (P), dominates the
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2.4 Blow up of Solution with Positive Initial Data

damping; namely, we require that
max {m* —1,7r" —1} <p~. (2.4.1)

To obtain the finite time blow up result for system (P), we set

1 1 1
cn:(k@+U)HF,E1:(§—p_+1)ai (2.4.2)
where -
p 41 B? .
k;:(a2 P —I—Zb)( *) , co = min{ag, by} >0
Co

and B, is the best constant of the Sobolev embedding H} () < L' (Q), and we
derive the following results.

2.4.1 Preliminary Results

Lemma 2.4.1. Assume that
0< E(0) < F; (2.4.3)

1/2 o \ 172
o) < (/ (AVuy.Vug + BVUO.VUO)d:)J) < ( 0 ) )
o 2B?

*

and

Then, there exists ag > a1 such that

1/2
ay < (/ (AVu.Vu + BVv.Vv) d:c) , forallt €0,T). (2.4.4)
Q
Proof. From the definition of the energy, it results that

E(t) > %/ (AVu.Vu + BVo.Vv)dr — / F(z,u,v)dx.
0 0

If we set 12
a= </ (AVu.Vu + BVv.Vo) dx) (2.4.5)
Q
then )
E(t) > 5042 — / F(x,u,v)dz. (2.4.6)
Q

From ([2.1.5)), we have

Jo (AVu.Vu + BVv.Vv) dx

2 2
Vully + [[Voll; < .
0

So

2
IVu|)? + || Vo2 < Z‘—O (2.4.7)
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2.4 Blow up of Solution with Positive Initial Data

On the other hand, from the definition of F, we have

@)
/F(:L‘,U,U) :a/ |u 4 [P dx+2b/ luv|” 7 dr.
Q Q Q

Invoking Lemma [1.2.9, we obtain

pT 41 pT+1
/S;F (:c,u,v) < amaX{Hu + U”p(,)-o-l ’ Hu - UHp(»Hl}
P S
4—261nax<{”uv”p£+l,Huva£+1}. (2.4.8)
e 2

The embedding Theorem [1.2.20] and (2.3.31]) lead to

Jutoll < BV (v,
211/2
< B. [([IVull, + I Vv]ly)7]
) N\ 112
< B.[2 (Ivull, + 1¥el3)]
Using (2.4.7)), this gives
283202\ /2
oo, < (225)
p(.)+1 Co
Consequently,
p 41 pr41
P+l 28202\ 2 pt+1 2B2a%\ 2
lutol < |{— and [ju+v|’ = < ==
p(.)+1 Co p()+1 Co
Thus
p+1 pt 41
pTH1 pt1 2B2a%\ 2 2B2%a%\ 2
e d o7 ol b < ma ,
p()+1 p()+1 Co Co
(2.4.9)
Similarly, Holder’s ([1.2.3]) and Young’s inequalities and the embedding theorem give
||7W||p(')+1 <2 ||U||p(_)+1 ||U||p(.)+1

2
2 2
< Nl yer + 1012
2 2
< BZ(|Vulls + [|Vvll3) -

Again, by (2.4.7)) we arrive at

B2a?
[[uv]] < —.
p()+1 Co
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Then,
2 .2 r A
1 B 2 +
] = s( *‘“) and Juv] % <
p()+1 p()+1
2
So,
p- +1

pT+1 pt+1 B2a2\ °
max { fluv| Z " fluv| Z 6 < max : ,
P(-%+ p(-%Jr Co

Replacing (2.4.9) and (2.4.10)) in (2.4.8]), it comes

pT41

p_+1
2B2 2 2 282 2 2
/F(x,u,v)gamax ( *a) ,( *a>
Q Co Co

p_+1

B2 2 P} B2 2
+ 2bmax ( *oz> ,( x &

Co Co

Now, by inserting (2.4.11)) into (2.4.6)), we obtain
E(t) > h(a), forall « >0,

where

p++1

)

pt41

1 28262\ "7 (2B2a?\ "7
h(a):= —a* — amax ( o > , ( 2 )
Co

B2a2 7;1 B2a2 2
—2b * *
med (50) 7 (50

1/2
For a in [O, (%) ] , one can easily check that

B%a?  2B2%a?
<
c G

<1

Consequently, we have

pT+1 p_+1

28202 2 2B%a%\ 2 B%a?\ 2 B2a?
> and >
Co Co Co Co

Thus, inequality (2.4.12)) leads to

1 p_ .B2 72 p- +1
E(t) > -o® — (a2 2 Zb) < *) o
2 Co

(2.4.11)

(2.4.12)
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That is 2
E(t) > g(a), for al a € |0, (%) ] : (2.4.13)
where 1 )
gla) = §a2 —ka” .

It is easy to verify that g is strictly increasing on [0, o) and strictly decreasing on
(a1, +00). Therefore, since

E(O) < Fy and E; :g(al),

we can find as > «y such that g () = E (0). But,

1/2 c 1/2
Qo = / (AVug.Vug + BVvy.Vy) do € |, 575 ’
o 2B?

then by (2.4.13]), we get
(02) = B(0) > glao).

1/2
This implies that ag > ay. Consequently as € (a, (2%) ].
To establish (12.4.4)), we suppose on the contrary that

(/ﬂ (AVu (., t7) .Vu (., t") + BVu (., t7) . Vo (., 1)) dm) v < as,

for some t* € [0,7). By the continuity of (fQ AVu.Vu + BV'U.Vvdx) Y2 and since
a9 > ap, we can choose t* such that

VQ (AV (., 8°) V(%) + BVo (1, 7) Vo (1)) dm} e

1/2
The decreasingness of g on {al, <2%> } and the inequality (2.4.13) imply that

1/2
E({t")>g ([/Q (AVu (., t") .Vu (., t") + BV (., t7) Vo (., t7)) dx} )
> g (az) = E(0).

This is impossible since F (t) < E(0) for all ¢ € [0.7'). Thus, inequality (2.4.4) is
established. 0

Now, we set
H(t)=FE,—E(t), forallt € [0, T) (2.4.14)

and present the following lemma.
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2.4 Blow up of Solution with Positive Initial Data

Lemma 2.4.2. We have

0<H(0)<H(()< / F(z,u,v)dx, forallt €0, T). (2.4.15)
0
and
/F(m,u,v) dz > kay . (2.4.16)
Q

Proof. From Lemma and inequality (2.4.3)), we have
0<E, —E(0)=H(0) <H(t) (2.4.17)

and by ([2.4.6), we infer

1
H (t) §E1—§a2—|—/F(a:,u,v)dx.
Q

Since E = g(ay) and a > ay > ay, then

1
H(t) < (9 (a1) — ?ﬁ) +/F(m,u,v) dx
0
S _kazl)_Jrl—i_/F('rauav)dvrg/F(x,u,v)dl’.
Q 9)

This prove the first inequality.
To prove the second estimate, we use (2.4.6)) and the decreasingness of g to get

Ly
E(0)> E(t)zﬁa —/QF(ac,u,v)dx.

Consequently,
1
/ F (z,u,v)dx > §0z2 —E(0).
)

But E(0) = g(ag) and a > ag, so
1 2 p~+1
F(z,u,v)dx > 2029 (ag) = kay ™.
Q

]
Remark 2.4.3. We note that Lemma[2.3.1] and Corollary remain valid in this

case.

Now, we state and prove our main result.

2.4.2 Blow up Result

Theorem 2.4.4. Assume that the assumptions of Lemma hold. Then, any
solution of system (P) blows up in finite time.
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Proof. We recall that the auxiliary functional is given by
G(t)=H""(t)+ 5/ (uuy +vvy) dx, for all t € [0,T),
Q

where € > 0 is a constant to be fixed later and
p-—mt+1 pm—rt+1 p-—1
(p~+1)(m*t—=1)" (p~+1)(rt =1)" 2(p~ + 1)

Our goal is to show that G satisfies the conditions in Lemma [I.3.4]
For all t € [0,T"), we have

O<a§min{

} L (2418)

G'(t) = (L—o) H™" (t) H' (t) +e (llusll3 + lvil|3)

+ 5/ (ufi (x,u,v) +vfy (x,u,v))de — 5/ (AVu.Vu + BVv.Vo)dx
Q Q

- 8/9 (|ut|m(gc)_2 w + vy vw) dz. (2.4.19)
By using inequality , it comes
/Q (wfi (z,u,v) +vfo(z,u,v))dr = /Q (p(z) + 1) F (,u,v) dx
> (p~ +1) /QF(:c,u,v) dx. (2.4.20)

By the definitions of H and E, we obtain

/ (AVu.Vu + BVo.Vv)dx = 2/ F (z,u,v)de — |lu|s = o3 +2E1 —2H (t).
Q 0

(2.4.21)
If we insert (2.4.21)) and (2.4.20)) in (2.4.19)), it results
G/ (1) > (1= o) H" (t) ' (8) + 22 (el + ul2) + 227 (1)
—2eF +¢ (p’ — 1) / F (z,u,v)dx
Q
—5/ (|u| g™+ o] |vt|r<$>—1) dz. (2.4.22)
Q

Using (2.4.16)), we get
E, < (ka120+1>_1 E1/QF(:c7u,v) dx.
Hence, becomes
60> (=) B () H (1) + 2= (Juli + o) + s [ F ) do

—|—25H(t)—5/

(e ™" = o o7 ) i,
Q
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2.4 Blow up of Solution with Positive Initial Data

RN
where ¢c; =p~ —1—2 (ko/Q’ H) E; > 0, since ap > .
By repeating the Steps (2,3 and 4), of the proof of Theorem [2.3.3] we arrive at
G't)>cG'"7 @), forallt €[0,T),

where C' > 0. By invoking Lemma we deduce that the solution (u,v) of system
(P) blows up in a finite time 7% > 0. O

2.4.3 Numerical Tests

In this subsection, some numerical experiments have been performed to illustrate the
theoretical results in Theorem [2.4.4] where we have used the Free Fem++ software
and Matlab. We solve the system (P) under specific initial data and Dirichlet bound-
ary conditions. We exploit a numerical scheme based on the finite element method
in space and the Newmark method in time [54} [55].

We consider problem (P) in two space-dimensions and take the functions m,r and p

fulfilling the assumptions ((2.1.1)), (2.1.2)) and (2.2.32)).

Precisely, we have

:2
:2
r(z,y) +1+y2
and
(x )—3+—2
Py 1+ 22 +y?

and the source terms are given by (2.1.3) and (2.1.4) with a = b = 1. Whereas, the

matrices A and B are given as follows

A:(l—l—e_t)<g 1)

o= () (1e)

and
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2.4 Blow up of Solution with Positive Initial Data

Test 1: For the first test, we consider a circular domain

Q= {(:16,y)/x2 +y? < 1}

with a triangulation discretization (see the mesh-grid in Figure which consists of
281 triangles and 162 degrees of freedoms [44] and use the following initial conditions:

uo(w,y) = 2(1 — 2 —y?),

vo(z,y) = 3(1 — 2 — o)

and
Uy = v = 0.

We run our code with a time step At = 1073, which is small enough to catch the
blow-up behavior.

<IN
ﬂkwi’
AVAVAVVVAVAVA
I RYAVAVAVAVAY VAVAV

0.5 vVAvV KK A‘Xﬁ
VV

> 0

-0.5+

FIGURE 2.1: Uniform mesh grid of €.
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2.4 Blow up of Solution with Positive Initial Data

(D) ¢ =0.024

FIGURE 2.2: The numerical results of Test 1 at different times.

Figure shows the approximate numerical results of the solution (u,v) at dif-
ferent time iterations t = 0, t = 0.02, t = 0.023 and t = 0.024, where the left column
shows the approximate values of u and the right column shows the approximate values
of v. Notice that the blow-up is occurring at instant ¢ = 0.024.

Figure presents the numerical values of the functional H defined by
during the time iterations. It shows the blow-up of the energy of the system (P).
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2.4 Blow up of Solution with Positive Initial Data

«1 0250

0 0.005 0.01 0.015 0.02 0.025
Time

FIGURE 2.3: Test 1: The blow-up of H in finite time.

Test 2: For the second test, we consider an elliptical domain

0= {5 +07 <1

with a triangulation discretization (see the mesh-grid in Figure which consists of
311 triangles and 180 degrees of freedoms [44] and take the following initial conditions:

2 2
uo(z,y) = 2(1 — % — %), volz,y) = 3(1 — % —y*) and u; =v; = 0.
We run our code with a time step At = 5-107%, which is small enough to catch the
blow-up behavior.

In Figure we show the approximate numerical results of the solution (u,v) at
different time iterations t = 0, t = 0.02, ¢ = 0.0205 and ¢ = 0.021, where the left col-
umn shows the approximate values of u and the right column shows the approximate
values of v. Notice that the blow-up takes place at instant ¢t = 0.021.

NAVAVAVAY,
ANE&%AVAVA%HK»

ALY ANV, VAV§1Q
. s‘% *nﬁm‘ e

'%ﬁ YAV VVAYAvAY) §'4'4
I N AVAVAVAY AV VA VAVAVAY:

A
S AVAVAVAVAVAYATAVAR N
D AVA%'%"’NNL £

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

FIGURE 2.4: Uniform mesh grid of €2,.
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2.4 Blow up of Solution with Positive Initial Data

U(0,2,y)

x
o o O
x
3

T7(0.02,2,9)

o N &

%10%2 x10%2

U(0.0205 2, y)

x
5 ° b
o &~ aw

AL b Lo

U(0.021,2,y)

(D) ¢ =0.024

FIGURE 2.5: The numerical results of Test 2 at different times.

253
15 10 ;

10r .

0 L Il L 1
0 0.005 0.01 0.015 0.02 0.025

Time

FIGURE 2.6: Test 2: The blow-up of H in finite time.
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2.5 Global Existence and Decay Rates of Solution

For Test 2, the numerical values of the functional H are presented in Figure [2.6]
Observe the blow-up of the function H from ¢ = 0.02.

2.5 Global Existence and Decay Rates of Solution

Our goal in this section is to establish the global existence and the decay rate of
solution of system (P) , under appropriate conditions on the initial data. In subsection
1, we state and prove a global existence theorem, for initial data in certain stable set.
Second, we prove that the decay estimates of the energy solution are exponential or
polynomial deponding on the exponents m (.) and r (.).

For this purpose, we introduce the two functionals defined for all ¢ € (0,7") by

I(t) = /Q (AVu.Vu + BVv.Vv)dx — (p* + 1)/9F(x,u,’u) dx (2.5.1)

and

J(t) = %/Q(AVU.VU + BVv.Vv)dx — /QF(:U,u,v) dx.

Clearly, we have
1
E{t)=J()+3 (Ihuell3 + [loell3)

where E is the energy functional associated to system (P) (see in ([2.2.55)).

2.5.1 Global Existence result
Lemma 2.5.1. Suppose that I (0) > 0 and

p_—1 pT—1
_ Cy (pt +1) p+1 2(pt +1) ? pt+1 2(p" +1) 2
Then
I(t)>0, forallte (0,T). (2.5.2)

Proof. By continuity of I, there exists T,, in ]0,T") such that
I(t)>0, Vte (0,T,]. (2.5.3)

In what follows, we will prove that this inequality is strict.
For all t € (0,7, we have

1

T =3 /Q (AVuVu + BV0.Vu)dr — !

t+1

[/Q (AVu.Vu + BVvu.Vv)ds — I (t)

_ ol
=25 1 1) /Q (AVu.Vu + BVv.Vv) dx +

I(t).
pt+1 ®)
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2.5 Global Existence and Decay Rates of Solution

So, using (219

s> @ =1

— 2(pt+1)
By ([2.5.3]), we obtain

1
++1

(IVulls + [ Vvlf3) + I(t). (2.5.4)

co(pt —1) 2 2
J(t) > —— vt € (0,T,,] .
(1) 2 G (IVul + IV0lE) . ¥t € (0.7,
Thus 2t + 1)
pr+
Vul2 4 ||[Vo||2 < —~—LJ(t).
IVully + [IVoll; o (7 —1) (t)
The definition of E leads to
2(pt +1)
Vuls + ||[Vo|)2 < t
IVull + IV < S )
By the decreasingness of F, we find
2(p" +1)
V|2 < ————F(0). 2.5.5
IVull; < S0 EO (255)
From Lemma [1.2.9, we have
T +
[P e < mas (g g

By (1.2.1]) and the embedding, we get
/Q [P dz < maz{ BE [ Vully T B [ulp
- -_1 + | 2
< mazx {BY T [Vully T, B | Vullf T [ Vall;,

Recalling (2.5.5)), we obtain

/ |U,|p(x)+l dx
Q
. +

- 2(pt+1) )p2 N (2(p++1) >p2 )
< max { B ! (—E 0 B 2 B(0 V7,
— o <p+ . 1) ( ) co (p+ . 1) ( ) || HQ

for all t € (0,7T5,]. Then,

z)+1 COB 2
/{;|U|p( )+ dx S m ||VU||2,

and similarly,

z cofs
/|v|p L dy < ol (jr+1) IVol[3.
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2.5 Global Existence and Decay Rates of Solution

By addition, it comes

p(@)+1 p(a)+1 cof 2 2
dr < ———— (||V \V4 . 2.5.6
J N e (A 2t R CE Y

On the other hand, by (1.3.1]), we have

/ F(xz,u,v)dx < 02/ <|u|p(m)+1 + |v|p(z)+1> dr.
Q Q
By (1.3.1)), it results

(IVull; + Voll2) - (2.5.7)

Since § < 1, then

Co
pt+1

/ F(z,u,v)dzx < (||Vu||g + ||VUH§) ,Vt € (0,T,].
Q
By inserting this inequality in (2.5.1)) and using the assumption ({2.1.5)), it yields
I(t) > / (AVu.Vu + BVv.Vo)dr — ¢ (||[Vull + | Vo[f3) >0,
Q

for all t € [0, T,,] . Consequently,
I(7T,,) > 0.

From the decreasingness of F and the condition on 3, we find

Cy(pt+1
Mﬂm <B<1,
Co
where
2 (p+ + 1) p_fl 2 (p+ + 1) —
_ -+ 2 + D + 2
m — Max Bf+1< P ETm) 7Bf+1( ET?”)

’ w -1 w1
By repeating this procedure, we can extend T, to T. This proves (2.5.2). ]

Theorem 2.5.2. Under the assumptions of Lemma the local solution (u,v) of
system (P) exists globally.

Proof. By the definition of F and using (2.5.2)) and (2.5.4), it results

B (1) =7 (0) + 5 (hl + Inl3)

< (pt —1)

2 2 1 2 2
Z 3t +1) (IVull; + Voll3) + B (llelly + [oell3) .Vt € (0, 7).
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2.5 Global Existence and Decay Rates of Solution

Therefore, there exists a constant C' > 0 such that
2 2 2 2
IVul? + 117012 + el + lloll2 < CE ). (2.5.8)
Using the decreasingness of F/, we obtain
IVully + IV0ll; + lluell; + [loill; < CE(0),Vt € (0,T).

Consequently, by the alternative statement, (u,v) exists globally. O]

2.5.2 Decay Rates of Solution

To study the decay of the solution energy of (P), we give the following Lemma.

Lemma 2.5.3. Suppose that the assumptions of Lemma are fulfilled. Then,
there exists a positive constant Cs, such that the global solution (u,v) of (P) satisfies

/ ()™ dz + / ()" dz < C4E(t) for all t > 0. (2.5.9)
Q Q

Proof. Let B be the best constant of the Sobolev embedding H} () «— L™0) (Q),
then we have

/QIU(?me(I) dr < maz {B™ |Vuly ,B"™" |Vully" }
M= mT— HPmt mt—
<maz {B™ ||Vully" 72, B™" [|Vully" 2} Vull;.
By (2.5.8)), this gives
[l ds < eiE),
Q

for all t > 0, where ¢ is a positive constant. Similarly, we get
/ lv ()" dz < (), ¢z > 0.
Q

By addition of the last two inequalities, we obtain the desired result. O

Theorem 2.5.4. Under the assumptions of Lemma there exists two constants
c,w > 0 satisfying the following decay estimates:

W, vVt > 0, Zf)\+>2,

E(t) < { (+0?

2.5.10
ce v, Vt >0, if \t =2, ( )

where AT = max {m™, r*}.

Proof. Let T'> S > 0 and ¢ > 0 to be specified later. Multiplying the first equation
of (P) by uE? and the second one by vE? and integrating each result over Q x (5, 7T),
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2.5 Global Existence and Decay Rates of Solution

we obtain
/ / B (1) [ (8) we (8) — w0 (8) div (AVu () + w (8) s (6)] 2 wp (8)] duedt

/ /Eq £) f1 (z,u,v) dwdt

/ / 29 1) [o (1) i (1) — v (0) div (A9 (1)) + v (1) o ()2 v (1)) vl

/ /Eq t) fo (z,u,v) dzdt.

So, we get

/ ' / B (¢ s (O + AV (t) V(8 + u (t) we () [y ()" 2] dedt
/ /Eq t) f1 (z,u,v) dzdt, (2.5.11)

/ ' / B (t o (8)[2 + BV (£) Vo () + v (6) v (8) o (]2 durdt
/ /Eq t) fo (z,u,v)dxdt. (2.5.12)

Now, we add and subtract the following two terms

/s /Q E*(t) [BAVu () Vu (t) + (1 + 5) [ue (8)]] dodt
and .
/S /QEQ () [BBVv (1) . Vv (t) + (1 + B) v, (t)[*] dadt,

to (2.5.11) and ([2.5.12)), repectively, exploit (2.1.5) and (2.5.7]) and results to obtain

(1—5)/5 E1 (t)/Q(AVu(t) Vu(t) + BV (t).Vu ) + [u ) + v )]?) dwdt
[ B [ o @)= @5 (u O + o) do
+ /S B (1) /Q (u () g (8) Jug (O™ 40 (8) v, (£) |ve (t)y”@)*?) dedt (2.5.13)

= —/S E1(t) /Q 1B (AVu (t) .Vu(t)+ BVu(t).Vo(t) — (p(x) + 1) F (z,u,v)] dzdt < 0.
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2.5 Global Existence and Decay Rates of Solution

Since
% (Eq (t) /Q (w(t)ue () +v(t) v (t))dx)
— QBT () E (1) /Q (e (8) e (1) + v (£) vy (1)) da
LB (1) /Q (u () w () + 0 (£) vy (1)), de,
then

B (1) /Q (u (£) e (8) + 0 (£) vy (1)), d = % (Eq ) /Q (w (£) wn (£) + v (1) vy (1)) dx)

—qETL () E (1) / (u () ue (1) + v (8) vg () da.

Q

Replacing this term in (2.5.13]), we find

2(1—5)/5 BT (1) dtgq/S EY()E (t)/Q(u (t) ug (t) + v () v (1)) dadt
- /S %(Eq ) /Q (u (£) s (8) + v (1) v, (t))dx) dt
_ /S B (1) /Q (o (0 0 g ()72 0 6 () o (62 vl
+(2—ﬁ)/$ Jo (t)/ﬂ(]ut OF + [o, (£)[2) dedt. (2.5.14)

In what follows, we estimate the terms in the right-hand side of (2.5.14]).

First, by exploiting Young’s and Poincaré’s inequality, we obtain
T /
o [ ETOE @) [ (w(0)u )+ o)) dode
5 Q
q [T ! 2 2 2 2

<! / B (1) (=B () (U ()13 + llwe (013 + llo 013 + lor (1))t
<c | po E ; ; ; J)d
== @) (—£ &) (IVu @z + Vo @l + llue (@15 + llve ()12)dt,

where C'is a positive generic constant. By ([2.5.8)), this yields

q /S CErtnE o /Q (w (t) we (8) + v (£) vy (£)) dxdt < C / ") (2 ) ar

< Cpr (S) — CE™(T)
< CE1(0)E(S) < CE(S).
(2.5.15)
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2.5 Global Existence and Decay Rates of Solution

For the second term, we have
T4 ,
_/S - (E (t) /Q (w (t) ug (t) + v (t) vy (t))d:v) dt
= E7(9) (/Q (u(z,S)ut (z,9) +v(x,S) v (x,9)) dm)
— E9(T) (/Q (u(z, T)uy (x,T) + v (x,T) v (2, 7)) d:v) (2.5.16)
Again, by ([2.5.8), we get

/Qu (x,S) u (x,S)dx

g9/\vu(S)FdHl/yut(S)deSOE(S),
2 Jo 2 Ja

/Q v (@, S) v (2, 8) dz

and similarly

1
g€/|VU(S)|2d:p+—/|vt(S)|2dx§CE(S)
2 Ja 2 Jo

/Q w(z, T)uy (,T) da

g9/\Vu(T)|2dx+1/\ut(T)\degCE(S),
2 Ja 2 Jo

/v(:v,T) v (z, T) dz
Q
Therefore, ([2.5.16) leads to

1
§9/|VU(T)|2d:B+—/|vt(T)|2d:r§CE(S).
2 Ja 2 Ja

_ /S T% (Eq 0 /Q (e () g () + v () vy (1)) d:c) dt < CE™(S)

< CE'(0)E(S) < CE(S).
(2.5.17)

Concerning the third term, we have
T 2 2
- / B9 (1) / (u (£) g () [ ()] D72 0 (£) vy (£) oy (£)]7@) ) dzdt
S Q

’ q u u m(z)—1 X ’ q v v r(z)—1 T
S/SE(t)/Q| ()] g (2)] d +/SE(t)/Q! ()] o (2)] d
:J1+J2.

Using the following Young’s inequality:

X0y 11
XY§6X +5’65'/5Y , for all X, Y20,5>Oand5+5,_1,
with
X=lu@)], Y =lu@)"", s=m), 5':% and ¢ €0, 1[,
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2.5 Global Existence and Decay Rates of Solution

we find

I < /S " (1) {5 /Q mzx) lu (8)|™®) dz + /Q m<g(:1>/<;<i>1> g (£)™ dw} dt.

Since for all x € Q, we have m(x) > 2 then £"/(™(®)~1 > ¢ Hence,

T 1
Ji < / E7(t) F / u ()™ da + = / |ug ()™ da:} dt.
S 2 Ja € Ja

Likewise,

r 1
I < / B (#) F / o ()" dz + / oy (8)7) dx} dt.
S 2 Jg € Ja

By addition and use of Lemma [2.2.5] and (2.5.9)), we arrive at

T

T4y < g/STEq (t)/Q (ju O + o () d:rdt%—é/s (1) (£ (1) dt
ggc/TEq+1 (t)dt + C.E(S).
S
So,
. /S B9 (t) /Q <u () g (£) e ()72 40 () v (1) [, (t)\”x)—?) dwdt

T
< 50/ ET () dt + C.E (S). (2.5.18)
S

Finally, we estimate the last term in (2.5.14]) as follows:
We have

/ E1 (t)/ (lue (B + Jog ()) dwdt = J3 + Ju,
S Q
where
Jy = /5 B (1) /Q g (O dadt, J, — /S B (1) /Q vy (8)2 davdt.

We set, similarly to [22]

O ={z€Q/ Ju(z,t) 21}, O ={z€Q/ |u(a,t)] <1}.
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2.5 Global Existence and Decay Rates of Solution

Therefore,

/ U g (t)|2dx+/9+ - (t)|2dx] it

i N 2/AF - 2/2~
< / (/ g ()] d:c) + (/ g (£)] d:c) ]dt
i 2/xt 2/~
<o [ wo|([ woroa) + ([ wore ) ]dt,
. - QJF
where
AT = mm{m r } AT = m(m:{m+ +}
This leads to
2/AF 2/2~
J3<C/ E(t (/ |ug (£)]™) da:) + (/ |ug ()™ dx> ]dt
Q

T

go/g B (t) (—E ()" dt+0/s E9(t) (—E" ()" dt.

Similarly, we obtain

T

Jy < C/T E9(t) (—E (£))7 dt+C/ E9(t) (—E" ()" dt.
S S

By addition, this yields

T T

EY(t) (-E )Y at+ C / E9(t) (—E @)Y dt.  (2.5.19)

J3+J4§C’/
S

s
We claim that

T
Js+ Jy < gc/ BT (t)dt + C.E (S).
S

Indeed, we distinguish two cases:
Case 1: if AT =2, then A~ = 2. Hence,

Js+ Jy < C/T B (1) (—E’ (t)> dt < CE(S) < eC /T BT (#) dt + C.E (S).

Case 2: if AT > 2, we use Young’s inequality with
d=(¢+1)/gand &' =qg+1

to obtain

/ST B (t) (B ()Y dt < eC /T

S

T
BT () dt + C. / (—E' ()27 gy,
S
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2.5 Global Existence and Decay Rates of Solution

By taking ¢ = AT /2 — 1, it comes

T T T
/ B (t) (—E ()" dtgsC/ BT () dt+C’€/ (—E' (t))dt.
S s S
T
< 50/ BT (t)dt + C.E (9). (2.5.20)
s
For the second term in the right-hand side of (2.5.19)), we have the following two
cases:
e if \= =2, then

/ ") (B (1) dt = / "B (1) (1)) dt < OB (S).

S

Adding this inquality to (2.5.20)), we find
T
Js+ Jy < 56’/ B (t)dt + C.E(S).
S

e if \™ > 2, we use Young’s inequality with
§=X"/(A —=2) and &' =\ /2
to obtain

/ " () (—E' ()Y dt < eC / ‘B O /02 g4 0B (S).
S S

Since, g\ /(A —=2)=q+ 1+ (AT = A7)/ (A~ —2), then

/ " (1) (—E' (1) dt < eC (B (8)X )0 =2) / " pen (t)dt + C.E (S)
S S

T
< 50/ B (#)dt + C.E (9).
S

Therefore, for A= > 2, we have

T
Jy+ Jy < 50/ ET () dt + C.E (5). (2.5.21)
S

Consequently,

/ E? (t)/ (| ) + |v, (t)|2) dedt = Js + Jy
S Q

T
< 50/ ET (t)dt + C.E (95).
S
(2.5.22)
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2.5 Global Existence and Decay Rates of Solution

Finally, by inserting (2.5.22)), (2.5.18)), (2.5.17) and (2.5.15) in (2.5.14)), we obtain

T T
2(1- 5)/ BT () dt < eC/ ET (t)dt + C.E (S).
S S
Since, ¢ = AT /2 — 1, it follows
T T
2<1—6)/ B /2(t)dt§ec/ EN2(t)dt+ C.E(S).
S S
Chosing € small enough, we get
T
/ N2 (1) dt < CE(S).
S
When T' — o0, it yields
/ X2 (1) dt < CE(S).
s

By applying Komornik’s integral inequality given in Lemma [1.3.1, we obtain the

decay estimates ([2.5.10)). O]
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Chapter 3

Coupled System of Nonlinear
Hyperbolic Equations with
Variable-exponents in the Damping
and Attractive terms

3.1 Introduction
This chapter deals with the following initial-boundary-value problem:

Uy — Au A4 a(t)|wg 2 + |ulP@2ufu|P® =0 in Q x (0,7),
0 — Do+ B2, + [0 2ol =0 in Q x (0.7

u=v=0 on Q2 x (0,7), (P)
u (0) = ug, u (0) =y in €,
v (0) = v, v (0) =0y in €,

where T" > 0 and Q is a bounded domain of R™(n € N*) with a smooth bound-
ary 0. a, 3 : [0,00) — (0,00) are two non-increasing C'-functions and m,r and
p are given continuous functions on €2 satisfying some conditions to be specified later.

This class of coupled systems of nonlinear wave equations with variable exponents
occur in the mathematical modeling of various physical phenomnas such as flows of
electro-rheological fluids or fluids with temperature dependent viscosity, nonlinear
viscoelasticity, filtration processes through a porous media and image processing,
thermorheological fluids, or robotics, etc. Our system (f’) can be regarded as a model
for interaction between two fields describing the motion of two nonlinear "smart"
materials. For more details, the interested reader can see |1} [12].

Under suitable assumptions on the functions «, 5 and the variable exponents m,r
and p, we establish the decay of the solution energy, by using the multiplier method.

Then, we give some numerical examples.
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3.2 Existence of Global Weak Solution

ASSUMPTIONS:

For all x € (), we assume that

2 < m(x), if n=1,2,
2 H.1
2<m” <m(z) <m" < n27 if n>3, (H.1)
n—
2 <r(x), if n=1,2,
2
2<r  <r(x)<rt< n’ if n> 3,
n—2
and
2 < p(z), if n=1,2,
<p <plx)<ph< n27 if n>3. (H2)
n_

3.2 Existence of Global Weak Solution

Definition 3.2.1. Let (ug,uy), (vo,v1) € Hg(Q) x L*(Q). A pair of functions (u,v)
is said to be a weak solution of (P) on [0,T) if u,v € Cy, ((0,T), H{(Q)),us, v, €
Co, ((0,T), L) ,u; € L™ (Qx (0,T)), v, € L' (Qx (0,T)) and for all test
functions ®, ¥ € H}(Q) and allt € (0,T), we have

t
/utCD dm—/ulq) d:v+/ /a(7‘)|ut|m(x)_2ut® dxdr
Q Q 0o Jo

¢ t
+/ /VUVCD dzdr —|—/ / e [P 20 oP@ & dadr = 0
0o Ja 0o Ja

t
/Ut\I/dx—/vl\If dm+/ /B(T)|vt|r(w)_21)t\11 dxdr
Q Q 0o Jo

t t
+/ /VUV\I’ dxd7'+/ / |0 [P 20 u|P @)W dedr = 0.
0 Jo 0 Jo

Proposition 3.2.2. Assume that the above assumptions hold. Then, for any initial
data ug,vg € HL(Q) and uy, vy € L?(Q), there exists a unique global weak solution
(u,v) of (P) (in the sense ofDeﬁm'tz'on defined in [0,T) for allT > 0. Moreover,
we have the energy inequality

and

t t
E(t) + / a(7) / |ug|™ ) dzdr + / B(r) / v "™ dadr < E(s), (3.2.1)
s Q s Q
for 0 <s <t <T, where

]uv ’p(l)

E(t) =: ()

dz.

[lwalls + lloelly + 1 Vally + V0] +/Q

N | —
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3.3 Decay Rates of Solutions

Remark 3.2.3. The proof of this proposition can be established by the Faedo-Galerkin
approzimation and combining arguments from [2, 171, [35] for coupled systems with
constant exponents.

3.3 Decay Rates of Solutions

In this subsection, we state and prove our main result.

Theorem 3.3.1. Suppose that the assumptions (H.1) and (H.2) hold. Assume, fur-
ther, that [;° o(s)ds = oo and [, f(s)ds = oo. Then, there exists two constants

c,w > 0 such that the solution of (P) satisfies, for all t > 0,

cem i, if A =2,
E(t) < ) |
D2\ Grmme U2

where
AT =maz {m*,r"} and v = min{a, 8}.

Proof. Let T' > S > 0 and ¢ > 0 to be specified later. Multiplying the first differential

equation of (P) by vFE%u, the second one by vE% and integrating each result over
Q2 x (S,T), we obtain

T
/ ”y(t)Eq(t)/ [wny — ulu + a(t) Ju ™ upu] dedt
s 0

T
= —/ fy(t)Eq(t)/ Juw P dadt
s Q

and

T
/ y(t)E4(t) / [ove — vAV + 5(t)|vt|T($)_21)tv} dxdt
s

Q
T
:—/V@W@/WW@MM
s Q
These can be rewritten as:
T
/ ”y(t)Eq(t)/ [(uwe)e — uf + | Vul® + a(t)u ™ 2upu] dadt
s Q
T
= —/ fy(t)Eq(t)/ luw P dadt (3.3.1)
s 0

and

T
/ y(t)Eq(t)/ [(vve)s — vf + |Vol* + B(E)[o|" ) 2v,0] dadt
s Q

= _ ! 1 wv[P®) dadt. 9.
/Sw<t>E<t>/Q| @) ddt (3.3.2)
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3.3 Decay Rates of Solutions

We add and subtract the following two terms

(— /S Tv(t)EQ(t) /Q ufdxdt) and (— /S Ty(t)Eq(t) /Q vfdxdt)

to (3.3.1)) and (3.3.2), respectively. The addition of the two results yields
/ nyq/ u? 4+ o7 + |Vul? + | Vo) dodt
/ 7Eq/ g + vuy) d:vdt—{—?/ 'yEq/ u? 4 v7)dxdt
—/ 'yEq/ (g™ 2w + Blvy " 20,0) dadt
s Q

T
—2/ vK/ |uv|P@ dadt. (3.3.3)
S Q

Recalling the expression of E, equality ((3.3.3) becomes

T T
2/ YEIdt = / ’yEq/ uuy + vvy)pdardt + 2/ 'yEq/(ut + v?)dxdt
S Q

/ VEQ/ |U |m(x) upu + 5|Ut| vtv) dxdt

+/ vK/ (——2) Juv|P dadt.
s o \p(z)
Then,

T
2/ yEIdt < — / ’yEq/ (uwuy + vy, d:cdt—l—Z/ nyq/ up + v7)ddt
s
/ 'yEq/ afug ™ 2w+ Bluy " 2o dadt, (3.3.4)

since p(x) > 1, for all z € .
On the other hand, we have for a.e. t € [S,T]

d
y (nyq/Q (uuy + vuy) da:) :(nyq)'/Q(uut —Hwt)dx—l—nyq/Q (uuy + vvy), de,

which gives,

d
vK/ (wuy + vvy), do = pr (yEq/ (uutJrvvt)dx) - (vK)// (uuy + voy) dx.
Q Q Q
(3.3.5)

Substituting (3.3.5) in (3.3.4)), we arrive at

T
2/ ’yEq+1dt S Il + .[2 + ]3 + ]4. (336)
S
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3.3 Decay Rates of Solutions

In what follows, we estimate I;, for 1 =1, .... 4.

o [, = — th Jo (uuy + vvy) dx]g
Using Young’s and Poincaré inequalities and the definition of E, we obtain

/ (uuy + vuy) da
0

56 IVull3 + Vo3 + lucls + lul3] < CE®), (3.3.7)
where ¢, is the Poincaré constant. Therefore,

L zv(S)Eq(S)/ (u(z,S)u (z,9) +v(x,9) v (x,5))dx

Q
~AT)ET) [ (ule Ty ) + o T)or (0, 7)) da
Q
< C[(S)ETHS) +(T)ETH(T)] < Oy(S)ET(S) < CE(S), (3.3.8)
by the non-increasingness property of the two functions v and F.

o = [{ (YE!+qvETE") [, (uu, + vv,) dudt.
Again by (3.3.7), we get

T
L, <C / (YE+ qyE*'E') E(t)dt
S
T T
< C|/ v BT dt| + C|/ qyEE'dt|
S S

< CETTH(9)| /S y'dt| + Cqvy(S)| /5 E1E'dt|
< CETY(S) [v(S) — ~(T)] + CE(S) < CE(S). (3.3.9)

o ;= 2fST YE® [ (uf + v7)dxdL.

We have
T T
13—2/ VEq/ |ut|2dxdt+2/ WE‘]/ || *dadt
s Q s Q

= J1—|—J2.

Therefore, by Holder’s inequality and the definition of A*, we obtain

Q4
2/t T
/ </ |ut|’\+d:c) dt+C’/ nyq/ |y | dadt
S Q
2/AF T
/ </ |ut|m(m)dx> dt—l—C/ E1 (7/ |ut|m(z)dx> dt,
S Q4

I/\
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3.3 Decay Rates of Solutions

such that Q, and €2_ are introduced in Subsection [2.3.1} This yields

T ) 2/At T
J; < C/ ~I=5F) e (fy/ ]ut\m(m)daﬁ> —l—C’/ E1 <fy/ |ut|m(x)dx) dt
S Q S Q
T , 2/At T
C/ AI=3F) pa (a/ |ut|m(x)dx) +C/ E1? (a/ |ut|m(“”)dx> dt
s Q S Q

T T
C/ 7(1A+)Eq(—E')2/A+dt+C/ E9(—E')dt
S S

IN

IN

T
< C/ VIS B (BN dt + CE(S),
S
using (3.2.1)) and the definition of ~. Similarly, we find
T
Jy < C/ FISF B (— YN dt + CE(S).
S
By addtion of J; and Js, it results
r 1—-2 2/AF
I; < c/ AITSF B (BN dt + CE(S).
s

Two cases are possible:
Case 1: if At = 2 then,

I < C/T ok (—E) dt + CE(S)
<C [;‘”1(3) — E9Y(T)] + CE(S) < CE(9).
Case 2: if AT > 2, we exploit Young’s inequality, with
d=q+1land & =(q+1)/q,
to get, for any € > 0,
T

2(g+1
A

T atl )
I;<eC / AOSED) gty 4 O / (—E) 5 dt + CE(S).
S

S

Ifwetake»s:%andq:%—l,then

Is

IA

T T
/ VBTt 4 C. / (—E')dt + CE(S)
S S

VAN
N~ DN~

T

/ VETdt + CE(S).
s

Therefore, for A\t > 2

T
I < / VE™dt 4 CE(S). (3.3.10)
S
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3.3 Decay Rates of Solutions

o [, =— fST VE1 [, (ofuy| ™ 2w + Blog " 200) dadt.
Since o and /3 are bounded functions on R, then
T T
I, < C/ ’yEq/ |l |uy | dadt + C’/ ’yEq/ |v| v, |~ dadt
5 Q s Q
- Jg ‘I— J4.
Now, applying Young’s inequality with

m(x)

= w1

and &' (z) = m(z),

we obtain, for all € > 0

T
J3 S/ yE? {e/ |u]m(:”)d:c—|—/C’E(x)]ut|m(m)dx} dt,
s Q Q

where ot
_ 1 mix)—
Coiay — Iz ="
[m(x)]m(x) em(z)—1
Likewise,
T
Jy S/ vE? [5/ ]v|’"(w)dx—i—/C’é(m)]vtv(‘”)dx] dt,
s Q Q
where ot
1 r(x)—
(o) o) 1

[T(I)]T(I) gr(w)—l ’
By addition, we get

T
I < / yE1 / (£|u]™® + |v"® + CL(@) [ug|™ @ + CL(x)|v ")) dwd.
S Q
(3.3.11)

Now, we have the following estimate, using (H.1),
T
Js = 5/ vK/(|u|m(x)) + [o]"@))dzdt
S o)
T
gg(]/ vK/ (™ + [u]™ + |o]~ + [o]™*) dedt
S Q
T
< EC/S YE([[Vully™ + [Vull™ + IVolly” + [[Volly") dt

m

T
50/ ~ Bt (E -l pT ol Tl E7+‘1> dt
S
(0)= '+

IN

A r +
5 1

E(0) +E(0)z '+ E(0)2 ) / ' yEdt,
S

IN

eC (E
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3.3 Decay Rates of Solutions

since, m~,r~ > 2. By taking
m__ m T_ T 71
(E(O)T‘l + E(0) 5 4+ B(0)T ! + E(O)%—l)

°= 20 ’

it results
1 /7
J5 < —/ ’}/Equldt.
2 /s

Moreover, C.(z), C.(z) will be bounded since m(z) and r(z) are bounded.
Consequently, inequality (3.3.11)) becomes

T T
I < /7Eq+1dt+(]/ YE (Jug ™™ + |v,|"®) dwdt
S S

I
— N~ N

T T
/ yEdt + C’/ B (afug ™) + Blog|" ™)) drdt
s s

T T

< _/ 7Eq+1dt+0/ EY(—E'(t))dt

2 S S

1 T

<3 / yE dt + CE(S). (3.3.12)
S

Finally, by inserting (3.3.12)), (3.3.10), (3.3.9) and (3.3.8)) in (3.3.6)), it results

T
/ yET dt < CE(S).
S
Taking T" — oo, we get
/ VET(1)dt < CE(S).
S

Invoking Lemma with o(t) = fot v(s)ds, we obtain the desired result.
m
In the special case, o and § are constants, we have the following corollary

Corollary 3.3.2. Assume that assumptions (H.1) and (H.2) hold. Then, there exist
two constants c,w > 0 such that the solution of (P) satisfies, for allt >0,

iR < ce vt if N\t =2,
SOME EXAMPLES

We end this section with some examples illustrating our stability result.

e If a(t) = B(t) = 7, then the estimate in Theorem m gives

1+t
T if AT =2,
B <y . if AT > 2
(14In(144))>/ (A 7=2)7 :
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Numericals Tests

o If a(t) = ﬁ,ﬁ(t) = ﬁ, for 0 < b < a < 1, then the estimate in Theorem
B3] gives
ce%[(lﬂ)(l_a)*l], if \t =2,
E(t) < 1 (1—a) 2/(At-2) P
C/(l—f—m[(l—l—t) a—l}) s lf)\ >2.

o Ifa(t) =1/(2+t)In(2+1¢),B(t) =1/(2+t)*(In(2 +¢))?, the estimate in Theorem

B30 gives

In2 @ ; _
C (m) s ’Lf )\+ = 2,

PO e ()Y e

3.3.1 Numericals Tests

In this subsection, we illustrate numerically the theoretical results of the present

work. We solve the system (P) under the corresponding initial and boundary condi-
tions. The nonlinear system (P) is discritized using the classical second order finite
difference method in time and space. In addition, we implement the stable and con-
servative scheme of Lax-Wendroff. For more details and similar techniques, we refer

to [21I]. Here we give five performed tests, for 2 =]0, 1[ and [0, 7] = [0, 20]:

e TEST 1: Based on the result of Theorem and the result explained in the
example 1, we obtain the polynomial decay of the energy (FE):

C
(1+t)w’

Ex(t) < BMt) =
for two positive constants ¢ and w. For this test, we use the functions:
() = () = 2 pla) = 2— 1 Vr e Q
m(z) =r(x) =2; p(x)= 2— Vo
) p 1 _"_ I” )

at) = B(t) = 1%# Vi > 0.

e TEST 2: In Test 2, we examine the second result explained in the example 1,
we obtain a logarithmic-polynomial decay of the energy (E):

(14 1In(141))*

Ey(t) < E}(t) =

for a positive constants ¢. For this test, we use the functions:

1 1
= 2 =2+ —; = 2——: Q
m(x) and r(x) + T2 p(z) T2 Vo € Q,




Numericals Tests

e TEST 3: In Test 3, we examine the result explained in the example 2, we
obtain a sub-exponential-type decay of the energy (FE):

Ey(t) < E3(t) = cre™V",

for two positive constants ¢; and cy. For this test, we use the functions:
(x) (x) =2; p(x) 1+ —1 Va € )
m(x) =r(x)=2; p(x) = ; Vo ,
b 14+

a(t) = p(t) = \/%; vt > 0.

e TEST 4: In Test 4, we examine the second result explained in our example 2,
we obtain a polynomial-type decay of the energy (E):

C
(T+8)

EA(t) < EX (1) =

for two positive constants ¢ and w. For this test, we use the functions:

1 1
m(x):r(x):2+1+—x;p($)=1+1+—$§V$€Qv
1
t)=B(t) = ——; Vt > 0.
a(t) = A(t) = <=

e TEST 5: In Test 5, we examine a result explained in the example 3, we obtain
a logarithmic-polynomial decay of the energy (F):

Cc

Es(t) < Ej(t) = e+ )’

for two positive constants ¢ and w. For this test, we use the functions:
m(z) =r(z) = p(z) = 2; Vo € Q,
1

alt) = and B(t) — !

((2+1t)In(1 +1))°

; Vi > 0.
(2+1t)In(1 +1¢) v

It should be stressed that the numerical stability of the implemented method is
ensured by taking in consideration the Courant-Friedrichs-Lewy (CFL) inequality
At << 0.5Az, where At represents the numerical time step and Ax the numerical
spatial step. The spatial interval Q =|0, 1] is subdivided into 200 subintervals and
the temporal interval [0,7] = [0, 20] is deduced from the stability condition above.

Using the Free Fem+-+ software in addition to Matlab, we run our code for 10000
time steps At = 2 - 1072 under the following initial conditions:

u(z,0) =sin(rz) and wv(x,0) = —sin(7z) in]0,1[,
ug(z,0) =1 and wv(x,0) =1 1in]0,1].

Our computational simulations show in Figures [3.143.5(left) all decay types. We
restrict ourselves to plot three cross-section cuts for the numerical solution (u,v) at
x = 0.25 x = 0.5 and at x = 0.75. For all components of the solutions, the decay
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Numericals Tests

behavior is clearly demonstrated for all tests. Moreover, the dotted curves in Figures
(right) represent the corresponding upper bound of the energy function E}(t)
fore=...,5.

u(0.25,¢ u(0.5,t u(0.75,t Test 1.
0.4 ( ) 0.4 05,4 0.4 ( ) 1 ;
—E(t)
09 i
02 0.2 0.2 —--Bj(t)
038
0 0 0 07
0.2 0.2 -0.2 0.6
0 10 20 0 10 20 0 10 20
v(0.25,t v(0.5,¢ v(0.75,¢
0.4 (0.25.9 0.4 ( ) 0.4 ( )
0.2 0.2 0.2
0 0 0
0.2 0.2 )] SN S_—_—— L
0 10 20 0 10 20 0 10 20 5 10 15 20
Time Time

FiGURE 3.1: TEST 1: Damping cross section waves, energy decay and the upper bound

1
function F2(t) = —.
! (1+1)2
u(0.25,t u(0.5,t u(0.75,t Test 2.
020 w050 a0 1 ‘
—E(t)
0.9 1
02 02 02 —--Ej(t)
0.8
0 0 0 07
-0.2 -0.2 -0.2
0 10 20 0 10 20 0 10 20
v(0.25, ¢ v(0.5,¢ v(0.75,t
0.4 ( ) 0.4 ( ) 0.4 ( - )
0.2 0.2 0.2
0 W 0 U\/\/\/\/\/m ) L/v\/\/\/\m -
-0.2 -0.2 -0.2
0 10 20 0 10 20 0 10 20 10 15 20
Time Time

FI1GURE 3.2: TEST 2: Damping cross section waves, energy decay and the upper bound
function E? (t) =

1+ (1 +)2
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1(0.25,¢) u(0.5,t) u(0.75,t) Test 3.
04 04 04 1 w
—E(t)
0.9 () 1
02 0.2 0.2 —--E}(1)
08 ]
0 0 0 ]
02 0.2 0.2 1
0 10 20 0 10 20 0 10 20
v(0.25,t v(0.5,¢ v(0.75,¢
04 (025, 0.4 05,9 0.4 ( ) i
0.2 0.2 0.2 |
e 1
0 0 0 e
0.2 0.2 02 ‘ P el
0 10 20 0 10 20 0 10 20 5 10 15 20
Time Time

FicUre 3.3: TEST 3: Damping cross section waves, energy decay and the upper bound
function E?(t) — ¢ 08T

u(0.25,¢ u(0.5,¢ u(0.75,t Test 4.
( ) 0.4 ( ) 0.4 ( ) 1 T
—E()
0.9 () 1]
02 0.2 0.2 —--E}(1)
0.8 ]
0 0 0 0.7 i
0.2 0.2 02 ]
0 10 20 0 10 20 0 10 20
v(0.25,t v(0.5,¢ v(0.75,¢
04 (0:25,1) 04 05,9 04 ( ) ]
02 02 0.2 1
0 W 0 u\/\/\/\w 0 L/\/VV\M
-0.2 -0.2 ool A e
0 10 20 0 10 20 0 10 20 10 15 20
Time Time

FI1GURE 3.4: TEST 4: Damping cross section waves, energy decay and the upper bound

function E4(t) = )
unction Ey(t) (=1 +2y/1+1)2

u(0.25,1) u(0.5,1) u(0.75,t) Test 5.
0.4 0.4 0.4 1 T
—E(t)
0.9 5 1
02 02 02 —-=E}(t)
0.8 ]
0 0 0 0.7 i
0.2 0.2 0.2 067 1
0 10 20 0 10 20 0 10 20 =
E 0.5 R
v(0.25,t) v(0.5,1) v(0.75,t)
0.4 0.4 0.4 04l i
02 02 0.2 03y |
02 ]
0 0 0
o1t 1
-0.2 -0.2 -0.2 0 Tt —————a —————————a
0 10 20 0 10 20 0 10 20 0 5 10 15 20
Time Time

FiGURE 3.5: TEST 5: Damping cross section waves, energy decay and the upper bound
(In(2))?

function E3(t) = ————.
unction E'%(t) @+ 1)
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Conclusion and Open Problems

CONCLUSION:

In this work, we studied two coupled systems of nonlinear hyperbolic equations
where the coupling and damping terms are of non-standard forms. Under appropriate
assumptions, on the initial data and the exponents of nonlinearity, we obtained several
results concerning existence, decay and blow up of solutions. For the first system, we
proved an existence and uniqueness theorem of local weak solution, a finite time of
blow up result, global existence and decay rates. We also gave some numerical tests
to illustrate our theoretical results. Whereas, concerning the second system, which is
a coupled system of two weakly damped hyperbolic equations, we established decay
results in terms of the damping exponents and the coefficients. For the latter problem,
we gave some examples and presented few numerical tests to illustrate our theoretical
findings. All numerical tests came in agreement with the theoretical results and the
particular examples.

Our results generalize and improve many previous results in the literature.

OPEN PROBLEMS:

The following open questions can be made regarding the material presented in this
thesis.

1. Study of the existence of coupled systems with exponent variables for the case
n > 3.

2. Study of certain problems with Biarmonic operateur (Existence, blow up and
stability).

3. Study of some equations and systems in more general spaces (Besov, Orlicz,
..,ete).
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