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LIST OF SYMBOLS

Let B(H) be the C¤-algebra of all bounded linear operators acting on a complex Hilbert

space H , and let A 2B(H).
We denote by

� kxk The norm of x.

� hx, yi The inner product of x, and y .

� M? The orthogonal complement ofM .

� V ©W The direct sum of V , andW .

� ©n
iÆ1

Mi The direct sum ofMi for all (i Æ 1,2, ...,n).

� Conv(M) The convex Hull ofM .

� kAk The norm of A 2B(H).

� A¤ The adjoint of A 2B(H).

� ker (A) The kernel of A 2B(H).

� R(A) The range of A 2B(H).

� A
1

2 The square root of A 2B(H).

� jAj The absolute value of A 2B(H).



CONTENTS

� �A The Aluthge transform of A 2B(H).

� �At , t 2 [0,1] The generalized Aluthge transform of A 2B(H).

� Re(A) The real part of A 2B(H).

� Im(A) The imaginary part of A 2B(H).

� ¾(A) The spectrum of A 2B(H).

� ¾app(A) The approximate point spectrum of A 2B(H).

� r (A) The spectral radius of A 2B(H).

� [Ai j ]n£n An n£n Operator matrix.

� ©n
iÆ1

Ai The diagonal operator matrix.

� W (A) The numerical range of A 2B(H).

� !(A) The numerical radius of A 2B(H).

� AÅ TheMoore-Penrose Inverse of A 2B(H).
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INTRODUCTION

Themotivation behind this thesis is to prove several new numerical radius inequalities for

Hilbert Space Operators.

The numerical radius of bounded linear operator A 2 B(H) is denoted by !(.) and de�ned

by

!(A)Æ sup{j¸j : ¸ 2W (A)},

where W (A) is the Numerical Range of A. Thus the numerical radius is the smallest ra-

dius for the circular disc centred at origin which containsW (A). It is well-known that !(.)

de�nes a norm in H, which is equivalent to the usual operator norm k.k, we present this
equivalence as follows, for all A 2B(H)

1

2
kAk ·!(A)· kAk. (0.0.1)

These inequalities are sharp. The improvement of the second inequality in (0.0.1) received

much attention from many mathematicians. In (1971), Bouldin [10] has proved that, if

A 2B(H)
!(A)· 1

2
[cos®Å (cos2®Å1)

1

2 ],

where ® is the angle between R(A) and R(A¤). In (2003), Kittaneh [31] improved the sec-

ond inequality in (0.0.1) as follows

!(A)· 1

2
[kAkÅkA2k 1

2 ].
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After that in (2005), Kittaneh [34] found an upper and lower bound for !2(A), he proved

that
1

4
kjAj2jÅ jAj¤j2k ·!2(A)· 1

2
kjAj2jÅ jAj¤j2k.

This inequality was also reformulated and generalized in [14] but in terms of Cartesian

decomposition.

In (2007), Yamazaki [43] used the Aluthge transform which was de�ned by Aluthge [8] in

(1990) to improve the result of Kittaneh [31], this result says that

!(A)· 1

2
[kAkÅ!( �A)],

where �A Æ jAj 12U jAj 12 , andU is a partial isometry. In (2013) Abu-Omar, and Kittaneh [2]

have used the generalised Aluthge Transform to improve and generalise the result of Ya-

mazaki [43], so that

!(A)· 1

2
[kAkÅ!( �At )],

where �At Æ jAjtU jAj1¡t ,U is a partial isometry, and t 2 [0,1].
In (2008) Dragomir [12] used Buzano inequality to re�ne the second inequality in (0.0.1)

as follows

!2(A)· 1

2
[kAkÅ!(A2)].

This result has been generalised byM. Sattari, M. S. Moslehian, and T. Yamazaki [41]. They

proved that for all r ¸ 1

!2r (A)· 1

2
(!r (A2)ÅkAk2r ).

This thesis is devided into four chapters.

Chapter one is about prelimanary, it consists of �ve sections. In section 1.1, we present

some basic and important properties of Hilbert space, also fundamontal properties of

bounded linear operators on Hilbert space are included. We collect some basic notions

as Cartesian, orthogonal, and polar decomposition, spectrum, and operator matrices that

CONTENTS 6
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we used throughout this thesis. Sections 1.2, and 1.3 are about numerical range, and nu-

merical radius respectively, it discusses several important and intersting well-know prop-

erties about them. In Section 1.4 we introduce the notion of Moore-Penrose Inverse, and

we collect some of well-know results about them, that they will be used in the last chap-

ter of this thesis. In Section 1.5, we present some of most important improvements of the

second inequality in (0.0.1).

Numerical radius inequalities for operatormatrices is presented inChapter 2. In (1982)

Halmous [22] created the notion of operator matrices, which played an important role in

operator theory. In (1995) Hou, and Du [29] have proved that

!([Ai j ]n£n)·!([kAi jk]n£n).

After that in (2013) Abu-Omar, and Kittaneh improved this inequality as follows

!([Ai j ]n£n)·!([ai j ]n£n),

where

ai j Æ!
µ·

0 Ai j

A j i 0

¸¶
f or i , j Æ 1,2, ...,n.

and

ai i Æ!(Ai i ) f or i Æ 1,2, ...,n.

Chapter 2 is divided into 2 sections. In Section 2.1 we present a new numerical ra-

dius inequalities for n£n operator matrices. First we give numerical radius inequalities

for n £n operator matrices with a single non zero row, utilising this result we conclude

numerical radius inequalities for arbitrary n£n operator matries. Other results for 3£3

operator matrices that involve the skew diagonal part of 2£2 operator matrices are also

obtained in this section. Our results are a natural generalisation of some of numerical ra-

dius inequalities for 2£2 operatormatriceswhich are given in [25] , and references therein,

our results are sharp. In Section 2.2, we prove new numerical radius inequalities for the

skew diagonal part of 3£3 operator matrices. We give several upper and lower bounds for

CONTENTS 7
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!

0
@
2
4 0 0 A

0 B 0
C 0 0

3
5
1
A such that A,B ,C 2B(H), with an applicationwhen A, andC are positive

operator, and B is a self-adjoint operator.

An inequality involving the generalised Aluthge transform is also obtained in this Section.

Chapter 3 is devoted to prove numerical radius inequalities for products and commu-

tators of operators. In fact the numerical radius is notmultiplicative, for all A,B 2B(H) the
inequality

!(AB)·!(A)!(B) (0.0.2)

is not true even for commuting operators, which made many researchers to �nd condi-

tions under which re�nes the inequalty (0.0.2). The authors in [27], [21] have re�ned the

inequality (0.0.2) but under the condition AB Æ BA (i.e, A commute with B). They proved

that for all A,B 2B(H), such that AB ÆBA

!(AB)· 2!(A)!(B)

For additional results, see Gustafson and Rao [21].

Further, other mathematicians proved new numerical radius inequalities for the product

of two operators without commutativity conditions. In (2008) Dragomir has shown that,

for all A,B 2B(H)
!(B¤A)· 1

2
kjAj2ÅjB j2k.

M. Sattari, M. S. Moslehian, and T. Ymazaki [41] have established a generalisation of the

result of Dragomir, as follows

!r (B¤A)· 1

4
kjA¤j2r ÅjB¤j2r kÅ 1

2
!r (AB¤).

After that in (2015) Abu-Omar and Kittaneh [3] have shown that , for all A,B 2B(H)

!(AB)· 1

4
kkBkkAkjAj

2Å kAkkBkj(B)
¤j2kÅ 1

2
!(BA).

A new research appeared when they are looking for the improvement of the inequality

(0.0.2) that is �nding numerical radius inequalities for commutators of operators that im-

CONTENTS 8
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prove the inequalities folow directly by appliying the triangle inequality of numerical ra-

dius.

Chapter 3 is divided into 2 Sections. In Section 3.1, we present numerical radius inequal-

ities for products of three operators whithout assuming the commutativity of operators.

Our results re�ne and generalise recent results which are obtained by Abu-Omar and Kit-

taneh [3] in (2015), and M, Sattari, M. S. Moslehian, and T. Yamazaki [41] in (2015). In

Section 3.2, we give new numerical radius for sums and commutators of operators.

In Chapter 4, we establish a generalisation for recent results which are obtained by

Abu-Omar and Kittaneh [4] in (2014) and we give new generalised numerical radius in-

equalities. Using an analysis that is totaly different from the ones used in Chapter 2, we

obtain a new numerical radius inequalities for arbitrary n £n operators matrices, from

these results, we establish a new spectral radius inequalities for sums and products of

operators. A spectral radius inequality for commutators of operators is also obtained in

this Chapter. An improvement of the generalised triangle inequality of the usual operator

norm is given in this Chapter.

Finally, we apply some of the previous results to operators whith closed range, and we

found new spectral radius inequalities for Moore-Penrose inverse and we improve some

of well-known inequalities about them.

CONTENTS 9



CHAPTER 1
PRELIMENARIES

Throughout this thesis H denotes a complex Hilbert space with inner product h¢, ¢i and
B(H) is the C¤-algebra of all bonded linear operators on H . In this Chapter we collect

someof basic properties ofHilbert space and operator theory, thatwill be used throughout

this thesis. The most data of Section 1.1 is from [16, 18, 30, 37, 39, 40].

1.1 Basic facts

Dé�nition 1.1.1. LetH be a Complex vector space.

(1) A norm onH is a function k.k :H ¡!R such that for all x, y 2H and ® 2C

(a) kxk ¸ 0 (strictly positive).

(b) kxk Æ 0 if and only if x Æ 0

(c) k®xk Æ j®jkxk (strictly homogeneous).

(d) kxÅ yk · kxkÅkyk (triangle inequality).

(2) A vector space H on which there is a norm is called a normed vector space, or just a

normed space.

(3) A Banach space is a complet normed vector space .

Dé�nition 1.1.2. LetH be a Complex vector space.



CHAPTER 1. PRELIMENARIES

(1) An inner product on H is a function h,i : H 7¡! H such that for all x, y,z 2 H, and
®,¯ 2C

(a) hx,xi ¸ 0.

(b) hx,xi Æ 0 if and only if x Æ 0.

(c) h®xÅ¯y,zi Æ®hx,ziÅ¯hy,zi.

(d) hx, yi Æ hy,xi.

(2) A complex vector spaceHwith an inner product h,i is called Inner product space.

(3) An inner product space which is complete with respect to the metric associated with

the norm induced by inner product is calledHilbert space.

Any inner product salis�es an important inequality, called the Cauchy-Schwarz in-

equality which is due to John von Neumann (1930).

Proposition 1.1.3. LetH be an inner product space, and let x, y 2H. Then

(a) jhx, yij2 · hx,xihy, yi.

(b) The function k.k : H 7¡! C de�ned by kxk Æ hx,xi 12 , is a norm on H called the norm

induced by inner product.

An inner product hx, yi can be expressed in termes of norms as follows.

Theorem 1.1.4. (Polarisation identity)

LetH be an inner product space, and let x, y 2H. Then

hx, yi Æ 1

4
[kxÅ yk2¡kx¡ yk2Å ikxÅ i yk2¡ ikxÅ i yk2].

Dé�nition 1.1.5. Let H be an inner product space, and let M be a subspace of H. The or-

thogonal complement of M is the set

M? Æ {x 2H : hx, yi Æ 0 f or al l y 2M }.

1.1. BASIC FACTS 11



CHAPTER 1. PRELIMENARIES

Dé�nition 1.1.6. (Direct sum) A vector space H is said to be direct sum of two subspaces V

andW ofH, written

HÆV ©W,

if each x 2H has a unique representation

x Æ v Åw f or al l v 2V w 2W.

Theorem 1.1.7. LetH be an inner product space and let M be a closed subspace ofH. Then

HÆM ©M?.

The direct sum decomposition of Hmay be expanded to a �nit of mutualy orthogonal

closed subspacesMi 2H for all i Æ 1,2, ...,n, so that

HÆ©n
iÆ1

Mi .

Dé�nition 1.1.8. Let M be a subset of a Hilbert spaceH .

(a) M is said to be convex if

txÅ (1¡ t )y 2M f or al l x, y 2M and t 2 [0,1].

(b) The convex Hull of M denoted by conv(M) is the smallest convex set of H contained

M, in other word , conv(M) is the intersection of all convex sets containing M.

Dé�nition 1.1.9. LetH be a Hilbert space. An operator A :H 7¡!H is:

� Linear operator if

A(®xÅ¯y)Æ®A(x)Å¯A(y),

for all x, y 2H, and scalars ®,¯.

� Bounded Linear operator if A is linear and there exist a positive number k such that

kAxk · kkxk f or al l x 2H.

1.1. BASIC FACTS 12



CHAPTER 1. PRELIMENARIES

Dé�nition 1.1.10. Let A be a bounded linear operator. The norm of A is de�ned by

kAk Æ sup
kxkÆ1

kAxk.

An equivalent de�nition of the operator norm is

kAk Æ sup
kxkÆkykÆ1

jhAx, yij f or al l x, y 2H.

The set of all bounded linear operators A :H 7¡!K is denoted by B(H,K). IfK is a Banach

space, then B(H,K) is a banach space. WhenHÆK, we will write B(H) for B(H,H).
To each operator A 2B(H) correspends a unique operator A¤ 2B(H) that satis�es

hAx, yi Æ hx,A¤yi f or al l x, y 2H.

The operator A¤ is called the adjoint of the operator A. Moreover, A¤ satis�es

kAk Æ kA¤k and kAk2 Æ kA¤Ak Æ kAA¤k.

If A Æ A¤, then A is self-adjoint operator.

Theorem 1.1.11. (Generalized Polarization Identity). For each A 2 B(H) and x, y 2H, we
have

hAx, yi Æ 1

4
[hA(xÅ y),xÅ yi¡hA(x¡ y),x¡ yi]Å i

4
[hA(xÅ i y),xÅ i yi¡hA(x¡ i y),x¡ i yi].

Dé�nition 1.1.12. An operator A 2B(H) is called non-negative operator (or positive opera-
tor) if A is a self-adoint operator and hAx,xi ¸ 0, for all x 2H.

Theorem 1.1.13. Every positive operator A 2 B(H) hase a unique non-negative square root
B 2 B(H) de�ned by B Æ A

1

2 . Furthermore B commutes with each operator that commutes

with A.

If A 2B(H). Then

1.1. BASIC FACTS 13



CHAPTER 1. PRELIMENARIES

� The Kernel of A is the closd subspace ofH de�ned by

ker (A)Æ {x 2H : Ax Æ 0}.

� The Range of A is the subspace ofH de�ned by

R(A)Æ {Ax :H 2H }.

Dé�nition 1.1.14. An operatorU 2B(H) is called a partial isometry if

kUxk Æ kxk f or al l x 2 ker (U )?.

In that case ker (U )? is called the initial space ofU and R(U ) is called the �nal space.

The range ofU is always closed.

Theorem 1.1.15. Let A 2B(H). Then there exists a partial isometry

U 2B(H) such that

A ÆU jAj where jAj Æ (A¤A)
1

2 . (1.1.1)

Furthermore, U may be chosen such that R(jAj) Æ R(A) Æ ker (A)? is the initial space of U

and in that case the decomposition (1.1.1) is unique and is called the Polar decomposition

of A.

For every A 2 B(H). The Aluthge transform of A denoted by �A 2 B(H) was �rst de�ned
by Aluthge [8] as

�A Æ jAj 12U jAj 12 .

The generalised Aluthge transform of A denoted by �At , is de�ned by

�At Æ jAjtU jAj1¡t f or t 2 [0,1].

Theorem 1.1.16. Let A 2 B(H). Then there exists self-adjoint operators B ,C 2 B(H) such

that

A ÆB Å iC . (1.1.2)

1.1. BASIC FACTS 14



CHAPTER 1. PRELIMENARIES

Necessarily B Æ AÅ A¤

2
,and C Æ A¡ A¤

2i
. The decomposition (1.1.2) is called the Cartesian

decomposition of A. The operators B, and C are called real part , and imaginary part of A

respectively.

Dé�nition 1.1.17. [16] Let A 2B(H). Then

(a) The spectrum of A denoted by¾(A) is the non-empty compact set of all complex num-

bers ¸ de�ned by

¾(A)Æ {¸ 2C : A¡¸I i s not inver t ible}.

(b) The spectral radius of A is the number given by

r (A)Æmax{j¸j :¸ 2¾(A)}.

r (A) is the radius of the smallest closed disk centred at origin of the comlex plane and

containing ¾(A).

The most important property of the spectral radius is the Gelfand formula

r (A)Æ lim
n¡!1kA

nk 1

n .

It is well-Known that for all A 2B(H)

r (A)· kAk.

Proposition 1.1.18. [16] Let A,B 2B(H). Then

(a) ¾(AB)\{0}Æ¾(BA)\{0}.

(b) r (AB)Æ r (BA)

LetH1,H2,H3, ...,Hn be Hilbert spaces and letHÆ©n
iÆ1
Hi . denote by

PHi
for all i Æ 1,2, ...,n the projection into Hi . Let A 2 B(H), we can express A in the form

of operator matrix

A Æ [Ai j ]n£n f or al l (i , j Æ 1,2, ...,n),

1.1. BASIC FACTS 15



CHAPTER 1. PRELIMENARIES

where Ai j Æ PHi
(AjH j ) are the projections intoHi of the restriction of A toH j , so

Ai j 2 B(H j ,Hi ). the operations on operator matrices are the obious ones with respect the

same decomposition ofH. The adjoint of A Æ [Ai j ]n£n is the operator matrix

A¤ Æ [A¤j i ]n£n f or al l i , j Æ 1,2, ...,n.

The diagonal operator matrix [Ai j ]n£n with Ai j Æ 0 when i 6Æ j is the directe sum of the

operators [Ai i ]n£n for all i Æ 1,2, ...,n and denoted by ©n
iÆ1

Ai i .

Theorem 1.1.19. [1] Let Ai 2B(Hi ) for all i Æ 1,2, ...,n. Then

¾(©n
iÆ1

Ai )Æ[n
iÆ1

¾(Ai ).

Theorem 1.1.20. [9] Let A 2B(H) be a diagonal operator matrix (or A Æ©n
iÆ1

Ai i ). Then

kAk Æmax(kA11k,kA22k, ...,kAnn)k,

r (A)Æmax(r (A11),r (A22), ...,r (Ann)).

Theorem1.1.21. [29] LetH1,H2, ...,Hn beHilbert spaces and let A Æ [Ai j ]n£n be an operator

matrix, whith Ai j 2B(H j ,Hi ) for all i , j Æ 1,2, ...,n and let T Æ [kAi jk]n£n . Then

kAk · kT k Æ k[kAi jk]n£nk,

r (A)· r (T )Æ r ([kAi jk]n£n).

Proposition 1.1.22. [35, 9] LetH1,H2 be a Hilbert spaces and let A 2B(H2,H1),

B 2B(H1,H2). Then

(a) r

µ·
0 A

B 0

¸¶
Æpr (AB).

(b)

°°°°
·

0 A

B 0

¸°°°°Æmax{kAk,kBk}.

1.1. BASIC FACTS 16
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1.2 Numerical Range

Dé�nition 1.2.1. [21, 22] The Numerical Range (also known as �eld of values) of an opera-

tor A 2B(H) is the non empty subset of the complex numbers C, given by

W (A)Æ {hAx,xi, x 2H, kxk Æ 1}.

The following properties are immediate

Proposition 1.2.2. [21, 22] Let A,B 2B(H), F subspace ofH and ®,¯ 2C. Then

1. W (®I Å¯A)Æ®Å¯W (A),

2. W (A¤)Æ {¸,¸ 2W (A)},

3. W (U¤AU )ÆW (A) f or any uni tar y U 2B(H),

4. W (A/F )½W (A),

5. W (AÅB)½W (A)ÅW (B),

6. W (Re(A))ÆRe(W (A)) andW (Im(A))Æ Im(W (A)).

Example 1.2.3. [21] Let A 2 B(H) be the unilateral shift on l2, the Hilbert space of square

summable sequences. For any x Æ (x1,x2,x3, ...) 2 H,kxk Æ 1, we have Ax Æ (x2,x3,x4, ...)

and hence consider

hAx,xi Æ x1x2Åx2x3Åx3x4Å ...

with

jx1j2Åjx2j2Åjx3j2Å ...Æ 1.

Notice that

jhAx,xij · jx1jjx2jÅ jx2jjx3jÅ jx3jjx4jÅ ...

· 1

2
[jx1j2Å2jx2j2Å2jx3j2Å ...]

· 1

2
[2¡jx2

1j].

1.2. NUMERICAL RANGE 17
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Hence jhAx,xij Ç 1 if jx1j 6Æ 0. For jx1j Æ 0 and x containing a �nite number of nonzero

entries, we can show in the sameway that jhAx,xij Ç 1 by considering theminimumnatural

number n for which xn 6Æ 0.

ThusW (A) is contained in the open disk {z : jzj Ç 1}. We now show that it is in fact the open

unit disk. Let z Æ re iµ,0· r Ç 1, be any point of this disk.

Consider

x Æ (
p
1¡ r 2,r

p
1¡ r 2e iµ,r 2

p
1¡ r 2e¡2iµ, ...).

Observe that

kxk2 Æ 1¡ r 2Å r 2Å r 2(1¡ r 2)Å r 4(1¡ r 2)Å ...Æ 1.

Furthermore

hAx,xi Æ r (1¡ r 2)e iµÅ r 3(1¡ r 2)e iµÅ ...Æ re iµ.

Thus z 2W (A), so that

W (A)Æ {z : jzj Ç 1}.

Theorem 1.2.4. [21] Let A be an operator on a two-dimensional space. Then W (A) is an

ellipse whose foci are the eigenvalues of A.

Proof. Let A Æ
·
¸1 a

0 ¸2

¸
, where ¸1 and ¸2 are the eigenvalues of A.

First, if ¸1 Æ¸2 Æ¸, we have
A¡¸I Æ

·
0 a

0 0

¸
.

ThenW (A¡¸I )µ {z : jzj · jaj
2
}.

We now show thatW (A¡¸I )Æ {z : jzj · jaj
2
}.

Let z Æ re iµ, 0· r ·
jaj

2

2
, and let x Æ (a cos®, 1

jaj sin®e
iµ), where sin2®Æ 2

jajr · 1 and 0·®·
¼
4
, then

h(A¡¸I )x,xi Æ jaje iµcos®sin®Æ jaje iµ sin2®
2

Æ re iµ,

so that

W (A¡¸I )Æ {z : jzj · jaj
2
},
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thenW (A¡¸I ) is a cercle with center 0 and radius jaj
2
, soW (A) is a cercle with center ¸

and radius jaj
2
, which is an ellipse.

If ¸1 6Æ¸2 and a Æ 0, we have

A¡¸I Æ
·
¸1 0
0 ¸2

¸
.

Let x Æ hx1,x2i be a unit vector, then

hAx,xi Æ¸1jx1j2Å¸2jx2j2 Æ¸1t Å¸2(1¡ t ) where t Æ jx1j2.

SoW (A) is the set of combinations of ¸1 and ¸2 and is the segment joining them.

If ¸1 6Æ¸2 and a 6Æ 0, we have

A¡ (
¸1Å¸2

2
)I Æ

"
¸1¡¸2

2
a

0 ¡(¸1¡¸2
2

)

#
.

e¡iµ(A¡ (
¸1Å¸2

2
)I )Æ

·
r ae¡iµ

0 ¡r

¸
Æ A

0

where
¸1¡¸2

2
Æ re iµ.

Let x Æ hx1,x2i be a unit vector in C2, where x1 Æ e i® cosµ, x2 Æ e i¯ sinµ, ® 2 [0, ¼
2
] and,

¯ 2 [0,2¼]. Then we get

A
0

x Æ hre i® cosµÅae¡iµe i¯ sinµ,¡re i¯ sinµi Æ hre i® cosµÅae i¯¡µ sinµ,¡re i¯ sinµi,

and

hA0

x,xi Æ r (cos2µ¡ sin2µ)Åae i (¯¡®¡µ) cosµ sinµ

Æ r cos2µÅ jaj
2

sin2µ[cos(¯¡®¡µÅ°)Å i sin(¯¡®¡µÅ°)] where °Æ arg(a)

Æ v Å iw,

with

v Æ r cos2µÅ jaj
2

sin2µcos(¯¡®¡µÅ°),

and

w Æ jaj
2

sin2µ sin(¯¡®¡µÅ°).
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So

(v ¡ r cos2µ)2Åw2 Æ jaj2
4

sin22µ.

This is a family of circles Rewriting this last expression as

(v ¡ r cosÁ)2Åw2 Æ jaj2
4

sin2Á, 0·Á·¼.

and differentiating w.r.t. Á, we get

(v ¡ r cosÁ)r Æ jaj2
4

cosÁ.

Eliminating Á between the last two equations, one obtains

v2

r 2Å (jaj2/4) Å
w2

(jaj2/4) Æ 1.

This is an ellipse with center at 0, minor axis a, and major axis
p
r 2Å (jaj2/4).

The most important property ofW (A) is given in the so-called Hausdorff-Toeplitz theo-

rem.

Theorem 1.2.5. [21] The numerical range of an operator is convex.

Proof. Let ® Æ hAx,xi, ¯ Æ hAy, yi two separate points, with kxk Æ kyk Æ 1. It's enough to

prove that the segment containing ® and ¯ is contained inW (A).

Let F Æ Vecthx, yi the subspace spanned by x and y . From Theorem 1.2.4 w(A/F ) is an

ellipse, which contains the segment joining ® and ¯ and from Proposition 1.2.2, we get

W (A/F )½W (A). ThenW (A) contains the segment joining ® and ¯.

Theorem 1.2.6. [21](Spectral inclusion)

The spectrum of an operator A 2B(H) is contained in the closure of its numerical range.

Proof. Let ¸ 2¾app(A) and let { fn} be a sequence of unit vectors with

k(A¡¸I ) fnk! 0.
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By the Schwarz inequality,

jh(A¡¸I ) fn , fnij · k(A¡¸I ) fnk! 0.

so h(A¡¸I ) fn , fni!¸. Thus ¸ 2W (A).

As the boundary of the spectrum is included in the approximate point spectrum, and the

numerical range is convex, we conclude that the spectrum of A is contained in the closure

of its numerical range.

Theorem 1.2.7. [1] Let Ai 2B(Hi ) for all i Æ 1,2, ...,n. Then

W (©n
iÆ1

Ai )Æ conv[n
iÆ1

W (Ai ).

Theorem 1.2.8. [1] Let H1,H2, ...,Hn be Hilbert spaces and let A Æ [Ai j ]n£n be an operator

matrix, whith Ai j 2B(H j ,Hi ) for all i , j Æ 1,2, ...,n. Then

W (Ai i )½W (A) f or al l i Æ 1,2, ...,n. (1.2.1)

1.3 Numerical Radius

As the spectrum, the numerical range also links a set with each operator, this set called

the set of valued-function of operators and this link generates a numerical function called

Numerical Radius.

Dé�nition 1.3.1. [22] The numerical radius of an operator A 2 B(H) denoted by !(.) and

given by

!(A)Æ sup
kxkÆ1

jhAx,xij. (1.3.1)

Obviously, for any x 2H, we have

jhAx,xij ·!(A)kxk2. (1.3.2)
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Example 1.3.2. [21] Let T be the Unilateral Shift operator in Cn , de�ned by

T (x1,x2,x3, ...,xn)Æ (0,x1,x2,x3, ...,xn¡1).

The operator T is represented by the Matrix

A Æ

0
BBBBBBB@

0 0 0 ... ... 0
1 0 0 ... ... 0
0 1 0 ... ... 0
. . . ... ... .
. . . ... ... .
0 0 0 ... 1 0

1
CCCCCCCA

For all x Æ (x1,x2,x3, ...,xn) 2Cn , we have

jhT x,xij ·
n¡1X
iÆ1

jxi jjxiÅ1j.

In order to �nd!(T ), we must calculate sup {
Pn¡1

iÆ1
jxi jjxiÅ1j} over all unit vectors x 2Cn . To

acheive our goal we use the method of Lagrange Multipliar. Let yi Æ jxi j and consider the

Lagrange function

F (y1, y2, ..., yn ,¸)Æ y1y2Å ...Å yn¡1yn ¡¸(
nX
iÆ1

y2
i ¡1). (1.3.3)

From (1.3.3), we have
@F

@y1
Æ y2¡2¸y1 Æ 0,

@F

@y2
Æ y1Å y3¡2¸y2 Æ 0,

.

.

@F

@yn¡1

Æ yn¡2Å yn ¡2¸yn¡1 Æ 0,

@F

@yn
Æ yn¡1¡2¸yn Æ 0.

(1.3.4)

We can write the equation (1.3.4) in the form

BY Æ¸Y where Y Æ (y1, y2, ..., yn),
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and

B Æ

0
BBBBBBB@

0 1

2
0 0 ... 0

1

2
0 1

2
0 ... 0

0 1

2
0 1

2
... 0

. . . . ...

. . . . ... 1

2

0 0 0 0 1

2
0

1
CCCCCCCA

Thus, ¸ is an eigenvalue of B, it is well known that

¸Æ cos
k¼

nÅ1
, k Æ 1,2, ...,n.

!(T ) is the maximum value of the expression for ¸, we have

!(T )Æ sup {cos
k¼

nÅ1
, k Æ 1,2, ...,n}.

Thus

!(T )Æ cos
¼

nÅ1

It easy to see that !(.) de�ne a norm. That is for all A,B 2B(H) and ® 2C

� !(A)¸ 0 and !(A)Æ 0 if and only if A Æ 0.

� !(®A)Æ j®j!(A).

� !(AÅB)·!(A)Å!(B).

This norm is unitary invariant, means that

!(A)Æ!(U¤AU ). (1.3.5)

for all unitary operatorU and it is equivalent to the usual operator norm, we present this

equivalence in this Theorem.

Theorem 1.3.3. [21] Let A 2B(H), Then

1

2
kAk ·!(A)· kAk. (1.3.6)
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Proof. Let ¸Æ hAx,xi, with kxk Æ 1 and let y 2H, we have by the Schwarz inequality

j¸j Æ jhAx,xij · kAxk · kAk.

to prove the second inequality, we use the polarization identity, which may be veri�ed by

direct computation,

4hAx, yi Æ hA(xÅ y), (xÅ y)i¡hA(x¡ y), (x¡ y)iÅ i hA(xÅ i y), (xÅ i y)i¡ i hA(x¡ i y), (x¡ i y)i.

Hence,

4hAx, yi · !(A)[kxÅ yk2Åkx¡ yk2ÅkxÅ i yk2Åkx¡ i yk2]

Æ 4!(A)[kxk2Åkyk2].

Chosing kxk Æ kyk Æ 1, we get

4hAx, yi · 8!(A).

Thus,

kAk · 2!(A).

The next Theorem gives a useful characterization of the numerical radius.

Theorem 1.3.4. [43] Let A 2B(H). Then

!(A) Æ sup
µ2R

kRe(e iµA)k

Æ sup
µ2R

kIm(e iµA)k.

Proof. For all A 2B(H), and x 2H, we have

sup
µ2R

Re(e iµhAx,xi)Æ jhAx,xij.

Thus,

sup
µ2R

kRe(e iµA)k Æ sup
µ2R

!(Re(e iµA))Æ!(A).
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Theorem 1.3.5. [9] Let A 2B(H) be a diagonal operator matrix (or A Æ©n
iÆ1

Ai i ). Then

!(A)Æmax(!(A11),!(A22), ...,!(Ann)).

Theorem 1.3.6. [29] Let H1,H2, ...,Hn be Hilbert spaces and let A Æ [Ai j ]n£n be an operator

matrix, whith Ai j 2B(H j ,Hi ) for all i , j Æ 1,2, ...,n and let T Æ [kAi jk]n£n . Then

!(A)·!(T )Æ!([kAi jk]n£n). (1.3.7)

Theorem 1.3.7. [21] Let A 2B(H). If !(A)Æ kAk. Then

r (A)Æ kAk.

Proof. Let !(A)Æ kAk Æ 1. Then there is a sequence of unit vectors { fn} such that

hA fn , fni!¸ 2W (A), and j¸j Æ 1. From the inequality

jhA fn , fnij · kA fnk · 1,

we have k fnk! 1 . Hence

k(A¡¸I ) fnk2 Æ kA fnk2¡hA fn ,¸ fni¡h¸ fn ,A fniÅk fnk2! 0.

Thus, ¸ 2¾app(A) and r (A)Æ 1.

Theorem 1.3.8. [21] Let A 2B(H). If R(A)?R(A¤). Then

!(A)Æ kAk
2

.

Proof. Let x Æ x1Åx2 be a unit vector inHÆN (A)©R(A¤), where x1 2N (A) and x2 2R(A¤).
Thus we have,

jhAx,xij Æ jhA(x1Åx2),x1Åx2ij Æ jhAx2,x1ij.

Since, Ax1 Æ 0 and hAx2,x2i Æ hx2,A
¤x2i Æ 0, we get

jhAx,xij · kAkkx1kkx2k ·
kAk
2

[kx1kÅkx2k]Æ
kAk
2

,

then,
kAk
2

·!(A)· kAk
2

.
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Theorem 1.3.9. [21] Let A 2B(H). If A is idempotent and!(A)· 1, then A is an orthogonal

projection.

Proof. To prove this theorem it is suf�cient to prove that A is null on R(A)?. Let x 2R(A)?

and y Æ Ax. Then for t ¸ 0, we have

A(xÅ t y)Æ y Å t A2y Æ (1Å t )y.

As x ? y , we have

hA(xÅ t y),xÅ t yi Æ h(1Å t )y,xÅ t yi

Æ h(1Å t )y, t yi

Æ (1Å t )tkyk2.

On the other hand, we have

(1Å t )tkyk2 Æ jhA(xÅ t y),xÅ t yij ·!(A)kxÅ t yk2 Æ kxk2Å tkyk2

because !(A)· 1. Thus

tkyk2 · kxk2.

Since t is arbitrary, we conclude that kyk Æ 0 and A Æ 0 on R(A)?.

Theorem 1.3.10. [19, 38] Let A 2B(H), Then

!(Am)·!m(A), f or al l m Æ 1,2, ..., (1.3.8)

or equivalently

!(A)· 1 implie !(Am)· 1, f or al l m Æ 1,2, ..., (1.3.9)

Proof. First we prove the equivalence between (1.3.8), and (1.3.9), clearly (1.3.8) implies

(1.3.9). Conversely, suppose that (1.3.9) hold. Assume that A 6Æ 0 because if A Æ 0 there

is nothing to prove. As A 6Æ 0, consider the operator B Æ A

!(A)
, by Proposition 1.2.2 (1),

1.3. NUMERICAL RADIUS 26



CHAPTER 1. PRELIMENARIES

!(B)Æ 1. Hence !(Bm)Æ!( Am

!m(A)
)· 1. So by Proposition 1.2.2 (1) also we obtain (1.3.8).

let now prove the theorem , letm be a nonegative integer, note the two polynomial identi-

ties

1¡ zm Æ
mY
kÆ1

(1¡ rkz), (1.3.10)

and

1Æ 1

m

mX
jÆ1

mY
kÆ1,k 6Æ j

(1¡ rkz), (1.3.11)

where

rk Æ e2¼i
k
m .

The two previous equations are correct when z is replaced by any operator B 2B(H). Now,
for an arbitrary unit vector x 2H de�ne the vectors,

x j Æ
"

mY
kÆ1,k 6Æ j

(1¡ rkB)x

#
, j Æ 1,2, ...,m.

The following list of equations was found by using the two equations (1.3.10) and (1.3.11),

1

m

mX
jÆ1

kx jk2
·
1¡ r j h

Bx j

x j
,
x j

x j
i
¸

Æ 1

m

mX
jÆ1

h(1¡ r jB)x j ,x j i

Æ 1

m

mX
jÆ1

*"
mY
kÆ1

(1¡ rkB)x

#
,x j

+

Æ 1

m

mX
jÆ1


(1¡Bm)x,x j

®

Æ h(1¡Bm)x,
1

m

mX
jÆ1

x j i

Æ
*
(1¡Bm)x,

1

m

mX
jÆ1

"
mY

kÆ1,k 6Æ j
(1¡ rkB)

#
x

+

Æ h(1¡Bm)x,xi

Æ 1¡hBmx,xi.

In particular, setting

B Æ Ae iµ, µ 2R.
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Thus
1

m

mX
jÆ1

kx jk2
·
1¡ r j e

iµhAx j
x j

,
x j

x j
i
¸
Æ 1¡e imµhAmx,xi.

As !(A) · 1, the real part of each term in the right-hand side of the previeus equation is

positive, so that for any unit vector x and real µ, we have

Re(1¡e imµhAmx,xi)¸ 0,

thus,

jhAmx,xij · 1.

Then (1.3.8) follows.

1.4 Moore-Penrose inverse

Dé�nition 1.4.1. Let A 2 B(H), the Moore-Penrose Inverse of A denoted by AÅ 2 B(H) is the
unique solution of the following set of equations

AAÅA Æ A, (1.4.1)

AÅAAÅ Æ AÅ, (1.4.2)

AAÅ Æ (AAÅ)¤,

AÅA Æ (AÅA)¤.

Notice that AÅ exists if and only if R(A) is closed [23]. In this case AAÅ and AÅA are the

orthogonal projections onto R(A) and R(A¤) respectively. The following assertions will be

used in the last chapter of this thesis.

(A¤A)Å Æ AÅ(AÅ)¤ (1.4.3)

AÅ Æ (A¤A)ÅA¤ Æ A¤(AA¤)Å (1.4.4)

A¤ Æ AÅAA¤ Æ A¤AAÅ (1.4.5)
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If A is a partial isometry, then AÅ Æ A¤.

Many re�nments and generalisations of the equation (0.0.1) have been given by many

mathematicians. In the following section we give some important improvements of the

equation (0.0.1).

1.5 Some improved numerical radius inequalities

In (2003) Kittaneh [31] re�nes the second inequality in (0.0.1) as follows.

Theorem 1.5.1. [31] Let A 2B(H). Then

!(A)· 1

2
[kAkÅkA2k 1

2 ].

Proof. The author in [31] need the following Lemmas to prove his result, the �rst and the

second Lemmas contains a Mixed Schwarz inequality, the third Lemma contains a norm

inequalitywhich is equivalent to someLöwer-Heinz type inequality and the fourth Lemma

contains a norm inequality for sums of positive operators that is sharper than the triangle

inequality.

Lemma 1.5.2. [22] Let A 2B(H) be a positive operator and let x, y 2H. Then hAx,xi de�nes
an inner product, it follows that A satis�es the schwartz-like inequality

jhAx, yij2 · hAx,xihAy, yi. (1.5.1)

Lemma 1.5.3. [22] Let A 2B(H) and let x, y 2H. Then

jhAx, yij · hjAjx,xi 12 hjA¤jy, yi 12 . (1.5.2)

Proof. Let A ÆU jAj be the polar decomposition, whith jAj Æ (A¤A)
1

2 . Since

AA¤ ÆU jAjjAjU¤ ÆU jAj2U¤ Æ jA¤j2,
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it follows that,

jA¤j ÆU jAjU¤.

From Lemma 1.5.2, we have

jhAx, yij2 Æ jhU jAjx, yij2

Æ jhjAjx,U¤yij2

· hjAjx,xihjAjU¤y,U¤yi

Æ hjAjx,xihU jAjU¤y, yi

Æ hjAjx,xihjA¤jy, yi.

Lemma 1.5.4. [17] Let A,B 2B(H) be positive operators. Then

kA 1

2B
1

2 k · kABk 1

2 .

Lemma 1.5.5. [33] Let A,B 2B(H) be positive operators. Then

kAÅBk · 1

2
[kAkÅkBkÅ

q
(kAk¡kBk)2Å4kA 1

2B
1

2 k2]

Proof of Theorem

Let x 2H, by Lemma 1.5.3, and the arithmetic-geometric mean inequality, we have

jhAx,xij · hjAjx,xi 12 hjA¤jx,xi 12

· 1

2
[hjAjx,xiÅhjA¤jx,xi]

Æ 1

2
h(jAjÅ jA¤j)x,xi

Thus,

!(A)· 1

2
kjAjÅ jA¤jk (1.5.3)

As jAj and jA¤j are positive operator and by Lemmas 1.5.4 and 1.5.5, we have

kjAjk Æ kjA¤jk Æ kAk and kjAjjA¤jk Æ kA2k.
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we have also,

kjAjÅ jA¤jk · kAkÅkA2k 1

2 . (1.5.4)

The desired inequality in Theorem 1.5.1 now follows from (1.5.3) and (1.5.4).

The author in [31] gave an immediate consequence of Theorem 1.5.1 when A2 Æ 0.

Corollary 1.5.1. [31] Let A 2B(H), is such that A2 Æ 0. Then

!(A)Æ 1

2
kAk. (1.5.5)

The Aluthge transform was introduced by Aluthge in [8]. The idea behind the Aluthge

transform is to convert an operator into another operator which shares with the �rst one

some spectral properties. It is well known the following properties of �T :

(i) jj �Ajj · jjAjj,

(ii) w( �A)·w(A),

(iii) r ( �A)Æ r (A) .

The Aluthge transform has received much attentions by many mathematicians in re-

cent years, among them is Takeaki Yamazaki [43], who proved the following important

result which re�nes the result of Kittaneh [31].

Theorem 1.5.6. Let A 2B(H). Then

!(A)· 1

2
[kAkÅ!( �A)]. (1.5.6)

Proof. Let A ÆU jAj be the polar decomposition of A. Then by the Generalised Polarisa-

tion identity, we have

he iµAx,xi Æ he iµjAjx,U¤xi

Æ 1

4
(hjAj(e iµÅU¤)x, (e iµÅU¤)xi¡hjAj(e iµ¡U¤)x, (e lµ¡U¤)xi)

Å i

4
(hjAj(e iµÅ iU¤)x, (e iµÅ iU ¢)xi¡hjAj(e iµ¡ iU¤)x, (e iµ¡ iU¤)xi).
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Thus,

Rehe iµAx,xi Æ 1

4
(h(e¡iµÅU )jAj(e iµÅU¤)x,xi¡h(e¡iµ¡U )jAj(e iµ¡U¤)x,xi)

· 1

4
h(e¡iµÅU )jAj(e iµÅU¤)x,xi

· 1

4
jj(e¡iµÅU )jAj(e iµÅU¤)jj

Æ 1

4
kjAj 12 (e iµÅU¤)(e¡iµÅU )jAj 12 k (by jjX ¤X jj Æ jjX X ¤jj)

Æ 1

4
jj2jAjÅe iµ �AÅe¡iµ( �A)¤jj

Æ 1

2
jjjAjÅRe(e iµ �A)jj

· 1

2
jjAjjÅ 1

2
jjRe(e�¶µ �A)jj

· 1

2
jjAjjÅ 1

2
w( �A)

(by Theorem1.3.4).

Since,

jhAx,xij Æ sup
µ2R

Re(e iµhAx,xi)

· 1

2
jjAjjÅ 1

2
w( �A),

then

!(A)· 1

2
jjAjjÅ 1

2
w( �A).

Remark 1.5.7. The result of Yamazaki [43] is sharper than the result of Kittaneh [31], this

follows from the Heinz inequality [24]

jjAr XB r jj · jjAXB jjr jjX jj1¡r f or A,B ¸ 0 and r 2 [0,1].

we have,

w( �T )· jj �T jj Æ jjjT j 12U jT j 12 jj · jjjT jU jT jjj 12 jjU jj 12 Æ jjT 2jj 12 .
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Abu-Omar and Kittaneh [2] used the generalized Aluthge transform to improve the

inequality 1.5.6, they proved that

!(A)· 1

2
(kAkÅ!( �At )). (1.5.7)

The inequality (0.0.1) was also re�ned by Kittaneh [34], he proved that

1

4
kjAj2ÅjA¤j2k ·!2(A)· 1

2
kjAj2ÅjA¤j2k (1.5.8)

If A ÆB Å iC is the cartesian decomposition of A, then

jAj2ÅjA¤j2 Æ 2(jB j2ÅjC j2).

Thus, the inequalities in (1.5.8) can be written as

1

2
kjB j2ÅjC j2k ·!2(A)· kjB j2ÅjC j2k.

This inequalitis was also reformulated and generalized in [14].

In (2008) Dragomir [13] used Buzano inequality to improve (0.0.1) as follows

!2(A)· 1

2
[kAk2Å!(A2)]. (1.5.9)

This result was also recently generalized by M, Sattari, M. S. Moslehian, and T. Yamazaki

[41] in (2015), they proved that, for all r ¸ 1

!2r (A)· 1

2
(!r (A2)ÅkAk2r ).
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CHAPTER 2
NUMERICAL RADIUS INEQUALITIES FOR

OPERATOR MATRICES

The n£n operator matrices A Æ [Ai j ]n£n are regarded as operators on ©n
iÆ1
Hi (the direct

sum of the complex Hilbert spaces H1,H2, ...,Hn), where Ai j 2 B(H j ,Hi ) for i , j Æ 1,2, ...,n.

Here, B(H j ,Hi ) denotes the space of all bounded linear operators from H j to Hi . When

i Æ j , we simply write B(Hi ) for B(Hi ,Hi ). Operator matrices played important role in

operator theory. This Chapter is about new numerical radius inequalities for arbitrary

n£n operator matrices. Related to this direction Hou, and Du [29] have been proved that

!([Ai j ]n£n)·!([kAi jk]n£n).

After that Abu-Omar, and Kittaneh improved this inequality as follows

!([Ai j ]n£n)·!([ai j ]n£n),

where

ai j Æ!
µ·

0 Ai j

A j i 0

¸¶
f or i , j Æ 1,2, ...,n.

and

ai i Æ!(Ai i ) f or i Æ 1,2, ...,n.

In the �rst Section of this Chapter, we present numerical radius inequalities for n£n op-

erator matrices with a single nonzero row. Then we use these inequalities to establish nu-

merical radius inequalities for arbitraryn£n operatormatrices. Moreover, we give numer-

ical radius inequalities for 3£3 operator matrices that involve the numerical radii of the
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skew diagonal (or the secondary diagonal) parts of 2£2 operator matrices. Our new nu-

merical radius inequalities for n£n operator matrices are natural generalizations of some

of the numerical radius inequalities for 2£2 operator matrices given in [25], [26], [42], and

references therein. In the second section, we present numerical radius inequalities for the

skew diagonal (or the secondary diagonal) parts of 3£3 operator matrices, including an

inequality involving the generalized Aluthge transform. Related numerical radius inequal-

ities for 2£2 operator matrices can be found in [25], [42] and refrences therein.

2.1 Numerical radius inequalities for n£n operator matri-

ces

To present our results, we need the following lemmas.

Lemma 2.1.1. [28, p. 44] Let A Æ [ai j ]n£n be an n £n matrix such that ai j ¸ 0 for all

i , j Æ 1,2, ...,n. Then

!(A)Æ 1

2
r ([ai j Åa j i ]).

Lemma 2.1.2. [29] Let H1,H2, ...,Hn be Hilbert spaces, and let A Æ [Ai j ]n£n be an n £n

operator matrix with Ai j 2B(H j ,Hi ). Then

r (A)· r ([kAi jk]n£n).

Lemma 2.1.3. [6] Let A Æ [Ai j ]n£n be n£n operator matrix with Ai j 2B(H j ,Hi ). Then

!(A)·!([ai j ]),

where

ai j Æ!
µ·

0 Ai j

A j i 0

¸¶
f or i , j Æ 1,2, ...,n.

Note that ai i Æ!(Ai i ) for i Æ 1,2, ...,n and the matrix [ai j ] is real symmetric.

Our �rst result in this section can be stated as follows.
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Theorem 2.1.4. Let A1 2B(H1),A2 2B(H2,H1), ...,An 2B(Hn ,H1). Then

!

0
BBB@
2
6664

A1 A2 ¢ ¢ ¢ An

0 0 ¢ ¢ ¢ 0
...

... ¢ ¢ ¢ ...

0 0 ¢ ¢ ¢ 0

3
7775
1
CCCA· 1

2

0
@!(A1)Å

vuut!2(A1)Å
nX
jÆ2

kA jk2
1
A .

Proof. Applying Lemmas 2.1.1, 2.1.3 and the identity (1.5.5), we obtain

!

0
BBB@
2
6664

A1 A2 ¢ ¢ ¢ An

0 0 ¢ ¢ ¢ 0
...

... ¢ ¢ ¢ ...
0 0 ¢ ¢ ¢ 0

3
7775
1
CCCA · !

0
BBBBBBBBBB@

2
66666666664

!(A1) !

µ·
0 A2

0 0

¸¶
¢ ¢ ¢ !

µ·
0 An

0 0

¸¶

!

µ·
0 0
A2 0

¸¶
0 ¢ ¢ ¢ 0

...
... ¢ ¢ ¢ ...

!

µ·
0 0
An 0

¸¶
0 ¢ ¢ ¢ 0

3
77777777775

1
CCCCCCCCCCA

Æ !

0
BBBB@

2
66664
!(A1)

kA2k
2

¢ ¢ ¢ kAnk
2kA2k

2
0 ¢ ¢ ¢ 0

...
... ¢ ¢ ¢ ...

kAnk
2

0 ¢ ¢ ¢ 0

3
77775

1
CCCCA

Æ 1

2
r

0
BBB@
2
6664

2!(A1) kA2k ¢ ¢ ¢ kAnk
kA2k 0 ¢ ¢ ¢ 0
...

... ¢ ¢ ¢ ...
kAnk 0 ¢ ¢ ¢ 0

3
7775
1
CCCA

Æ 1

2

0
@!(A1)Å

vuut!2(A1)Å
nX
jÆ2

kA jk2
1
A .

Based on Theorem 2.1.4, we obtain the following numerical radius inequality for arbi-

trary n£n operator matrices.

Corollary 2.1.1. Let A Æ [Ai j ]n£n be an n£n operator matrix with Ai j 2B(H j ,Hi ). Then

!(A)· 1

2

nX
iÆ1

0
BB@!(Ai i )Å

vuuut!2(Ai i )Å
nX
jÆ1

j 6Æi

kAi jk2

1
CCA .
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Proof. For i Æ 2, ...,n, letUi be the n£n permutation operator matrix obtained by inter-

changing the �rst and the i th rows of the identity operator matrix. Then Ui is a unitary

operator, and so by the triangle inequality and the identity (1.3.5), we have

!(A) · !

0
BBB@
2
6664

A11 A12 ¢ ¢ ¢ A1n

0 0 ¢ ¢ ¢ 0
...

... ¢ ¢ ¢ ...
0 0 ¢ ¢ ¢ 0

3
7775
1
CCCAÅ!

0
BBB@
2
6664

0 0 ¢ ¢ ¢ 0
A21 A22 ¢ ¢ ¢ A2n
...

... ¢ ¢ ¢ ...
0 0 ¢ ¢ ¢ 0

3
7775
1
CCCA

Å¢¢ ¢Å!

0
BBB@
2
6664

0 0 ¢ ¢ ¢ 0
...

... ¢ ¢ ¢ ...
0 0 ¢ ¢ ¢ 0
An1 An2 ¢ ¢ ¢ Ann

3
7775
1
CCCA

Æ !

0
BBB@
2
6664

A11 A12 ¢ ¢ ¢ A1n

0 0 ¢ ¢ ¢ 0
...

... ¢ ¢ ¢ ...
0 0 ¢ ¢ ¢ 0

3
7775
1
CCCAÅ!

0
BBB@U¤

2

2
6664

A22 A21 ¢ ¢ ¢ A2n

0 0 ¢ ¢ ¢ 0
...

... ¢ ¢ ¢ ...
0 0 ¢ ¢ ¢ 0

3
7775U2

1
CCCA

Å¢¢ ¢Å!

0
BBB@U¤

n

2
6664

Ann An2 ¢ ¢ ¢ An1

0 0 ¢ ¢ ¢ 0
...

... ¢ ¢ ¢ ...
0 0 ¢ ¢ ¢ 0

3
7775Un

1
CCCA

Æ !

0
BBB@
2
6664

A11 A12 ¢ ¢ ¢ A1n

0 0 ¢ ¢ ¢ 0
...

... ¢ ¢ ¢ ...
0 0 ¢ ¢ ¢ 0

3
7775
1
CCCAÅ!

0
BBB@
2
6664

A22 A21 ¢ ¢ ¢ A2n

0 0 ¢ ¢ ¢ 0
...

... ¢ ¢ ¢ ...
0 0 ¢ ¢ ¢ 0

3
7775
1
CCCA

Å¢¢ ¢Å!

0
BBB@
2
6664

Ann An2 ¢ ¢ ¢ An1

0 0 ¢ ¢ ¢ 0
...

... ¢ ¢ ¢ ...
0 0 ¢ ¢ ¢ 0

3
7775
1
CCCA .

Now, using Theorem 2.1.4, we have

!(A)· 1

2

nX
iÆ1

0
BB@!(Ai i )Å

vuuut!2(Ai i )Å
nX
jÆ1

j 6Æi

kAi jk2

1
CCA .
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Other related results are given as follows.

Theorem 2.1.5. Let A1 2B(H1),A2 2B(H2,H1), ¢ ¢ ¢ ,An 2B(Hn ,H1). Then

!

0
BBB@
2
6664

A1 A2 ¢ ¢ ¢ An

0 0 ¢ ¢ ¢ 0
...

... ¢ ¢ ¢ ...

0 0 ¢ ¢ ¢ 0

3
7775
1
CCCA· 1

2

0
@kA1kÅ

vuutk
nX
jÆ1

A j A
¤
j
k2
1
A .

Proof. Let A Æ

2
6664

A1 A2 ¢ ¢ ¢ An

0 0 ¢ ¢ ¢ 0
...

... ¢ ¢ ¢ ...
0 0 ¢ ¢ ¢ 0

3
7775. Then for every µ 2R, we have

kRe(e iµA)k Æ r (Re(e iµA))

Æ 1

2
r

0
BBB@e iµ

2
6664

A1 A2 ¢ ¢ ¢ An

0 0 ¢ ¢ ¢ 0
...

... ¢ ¢ ¢ ...
0 0 ¢ ¢ ¢ 0

3
7775Åe¡iµ

2
6664

A¤
1

0 ¢ ¢ ¢ 0
A¤

2
0 ¢ ¢ ¢ 0

...
... ¢ ¢ ¢ ...

A¤n 0 ¢ ¢ ¢ 0

3
7775
1
CCCA

Æ 1

2
r

0
BBB@
2
6664

e iµA1Åe¡iµA¤
1

e iµA2 ¢ ¢ ¢ e iµAn

e¡iµA¤
2

0 ¢ ¢ ¢ 0
...

... ¢ ¢ ¢ ...
e¡iµA¤n 0 ¢ ¢ ¢ 0

3
7775
1
CCCA

Æ 1

2
r

0
BBB@
2
6664

A¤
1

e iµI ¢ ¢ ¢ 0
A¤

2
0 ¢ ¢ ¢ 0

...
... ¢ ¢ ¢ ...

A¤n 0 ¢ ¢ ¢ 0

3
7775
2
6664

e¡iµI 0 ¢ ¢ ¢ 0
A1 A2 ¢ ¢ ¢ An
...

... ¢ ¢ ¢ ...
0 0 ¢ ¢ ¢ 0

3
7775
1
CCCA .

It follows by the commutativity property of the spectral radius and Lemma 2.1.2 that
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kRe(e iµA)k Æ 1

2
r

0
BBB@
2
6664

e¡iµI 0 ¢ ¢ ¢ 0
A1 A2 ¢ ¢ ¢ An
...

... ¢ ¢ ¢ ...
0 0 ¢ ¢ ¢ 0

3
7775
2
6664

A¤
1

e iµI ¢ ¢ ¢ 0
A¤

2
0 ¢ ¢ ¢ 0

...
... ¢ ¢ ¢ ...

A¤n 0 ¢ ¢ ¢ 0

3
7775
1
CCCA

Æ 1

2
r

0
BBBB@

2
66664

e¡iµA¤
1

I ¢ ¢ ¢ 0Pn
jÆ1

A j A
¤
j

e iµA1 ¢ ¢ ¢ 0
...

... ¢ ¢ ¢ ...
0 0 ¢ ¢ ¢ 0

3
77775

1
CCCCA

· 1

2
r

0
BBBB@

2
66664

°°A¤
1

°° 1 ¢ ¢ ¢ 0°°°Pn
jÆ1

A j A
¤
j

°°° kA1k ¢ ¢ ¢ 0
...

... ¢ ¢ ¢ ...
0 0 ¢ ¢ ¢ 0

3
77775

1
CCCCA

Æ 1

2

0
@kA1kÅ

vuut°°°°°
nX
jÆ1

A j A
¤
j

°°°°°
1
A .

Now, using Lemma 1.3.4, we get

!(A) Æ sup
µ2R

kRe(e iµA)k

· 1

2

0
@kA1kÅ

vuut°°°°°
nX
jÆ1

A j A
¤
j

°°°°°
1
A .

Using Theorem 2.1.5 and an argument similar to that used in proof of Corollary 2.1.1,

we have the following corollary.

Corollary 2.1.2. Let A Æ [Ai j ]n£n be an n£n operator matrix with Ai j 2B(H j ,Hi ). Then

!(A)· 1

2

nX
iÆ1

0
BB@kAi ikÅ

vuuutkAi i A
¤
i i
Å

nX
jÆ1

j 6Æi

Ai j A
¤
i j
k

1
CCA .

Theorem 2.1.6. Let A Æ [Ai j ]n£n be an n£n operator matrix with Ai j 2B(H j ,Hi ). Then

!(A)·max(!(A11),!(A22), ¢ ¢ ¢ ,!(Ann))Å
1

2

nX
iÆ1

vuuutk
nX
jÆ1

j 6Æi

Ai j A
¤
i j
k.

2.1. NUMERICAL RADIUS INEQUALITIES FOR N £N OPERATORMATRICES 39



CHAPTER 2. NUMERICAL RADIUS INEQUALITIES FOR OPERATORMATRICES

Proof. We have

2
6664

0 A12 ¢ ¢ ¢ A1n

0 0 ¢ ¢ ¢ 0
...

... ¢ ¢ ¢ ...
0 0 ¢ ¢ ¢ 0

3
7775

2

Æ

2
666664

0 0 0 ¢ ¢ ¢ 0
A21 0 A23 ¢ ¢ ¢ A2n

0 0 0 ¢ ¢ ¢ 0
...

...
... ¢ ¢ ¢ ...

0 0 0 ¢ ¢ ¢ 0

3
777775

2

Æ

.

.

.

Æ

2
666664

0 0 ¢ ¢ ¢ 0 0
...

... ¢ ¢ ¢ 0 0
0 0 ¢ ¢ ¢ 0 0
0 0 ¢ ¢ ¢ 0 0
An1 An2 ¢ ¢ ¢ An(n¡1) 0

3
777775

2

Æ

2
6664

0 0 ¢ ¢ ¢ 0
0 0 ¢ ¢ ¢ 0
...

... ¢ ¢ ¢ ...
0 0 ¢ ¢ ¢ 0

3
7775 .
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By the triangle inequality and the identity (1.5.5), we have

!(A) · !

0
BBBB@

2
66664

A11 0 ¢ ¢ ¢ 0

0 A22

. . .
...

...
. . .

. . . 0
0 ¢ ¢ ¢ 0 Ann

3
77775

1
CCCCAÅ!

0
BBB@
2
6664

0 A12 ¢ ¢ ¢ A1n

0 0 ¢ ¢ ¢ 0
...

... ¢ ¢ ¢ ...
0 0 ¢ ¢ ¢ 0

3
7775
1
CCCA

Å¢¢ ¢Å!

0
BBBBB@

2
666664

0 0 ¢ ¢ ¢ 0 0
...

... ¢ ¢ ¢ 0 0
0 0 ¢ ¢ ¢ 0 0
0 0 ¢ ¢ ¢ 0 0
An1 An2 ¢ ¢ ¢ An(n¡1) 0

3
777775

1
CCCCCA

Æ max(!(A11),!(A22), ¢ ¢ ¢ ,!(Ann))Å
1

2

°°°°°°°°°

2
6664

0 A12 ¢ ¢ ¢ A1n

0 0 ¢ ¢ ¢ 0
...

... ¢ ¢ ¢ ...
0 0 ¢ ¢ ¢ 0

3
7775
°°°°°°°°°

Å1
2

°°°°°°°°°°°

2
666664

0 0 0 ¢ ¢ ¢ 0
A21 0 A23 ¢ ¢ ¢ A2n

0 0 0 ¢ ¢ ¢ 0
...

...
... ¢ ¢ ¢ ...

0 0 0 ¢ ¢ ¢ 0

3
777775

3
777775Å¢¢ ¢Å

1

2

°°°°°°°°°°°

2
666664

0 0 ¢ ¢ ¢ 0 0
...

... ¢ ¢ ¢ 0 0
0 0 ¢ ¢ ¢ 0 0
0 0 ¢ ¢ ¢ 0 0
An1 Tn2 ¢ ¢ ¢ An(n¡1) 0

3
777775

°°°°°°°°°°°

Æ max(!(A11),!(A22), ...,!(Ann))Å
1

2

vuuuuut
°°°°°°°°

nX
jÆ1

j 6Æ1

A1 j A
¤
1 j

°°°°°°°°

Å1
2

vuuuuut
°°°°°°°°

nX
jÆ1

j 6Æ2

A2 j A
¤
2 j

°°°°°°°°
Å¢¢ ¢Å 1

2

vuuuuut
°°°°°°°°

nX
jÆ1

j 6Æn

An j A
¤
n j

°°°°°°°°
Æ max(!(A11),!(A22), ...,!(Ann))Å

1

2

nX
iÆ1

vuuutk
nX
jÆ1

j 6Æi

Ai j A
¤
i j
k.

The proof of the following theorem has been pointed out to us by Amer Abu-Omar. For

simplicity, we state it for 3£3 operator matrices.
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Theorem 2.1.7. Let A Æ [Ai j ]3£3 be a 3£3 operator matrix with Ai j 2B(H j ,Hi ). Then

!(A)· 1

2

0
@ 3X
iÆ1

ai i Å
X

1·iÇ j·3

s³ai i ¡a j j

2

´2
Å4a2

i j

1
A ,

where,

ai j Æ!
µ·

0 Ai j

A j i 0

¸¶
f or i , j Æ 1,2, ...,n

and

ai i Æ!(Ai i ) f or i Æ 1,2, ...,n.

Proof. By the triangle inequality and Lemma 2.1.3, we have

!(A) · !

0
B@
2
64

A11

2
A12 0

A21
A22

2
0

0 0 0

3
75
1
CAÅ!

0
B@
2
64

A11

2
0 A13

0 0 0

A31 0 A33

2

3
75
1
CAÅ!

0
B@
2
64 0 0 0

0 A22

2
A23

0 A32
A33

2

3
75
1
CA

· !

0
@
2
4

a11
2

a12 0
a21

a22
2

0
0 0 0

3
5
1
AÅ!

0
@
2
4

a11
2

0 a13

0 0 0
a31 0 a33

2

3
5
1
AÅ!

0
@
2
4 0 0 0

0 a22
2

a23

0 a32
a33
2

3
5
1
A

Æ r

0
@
2
4

a11
2

a12 0
a21

a22
2

0
0 0 0

3
5
1
AÅ r

0
@
2
4

a11
2

0 a13

0 0 0
a31 0 a33

2

3
5
1
AÅ r

0
@
2
4 0 0 0

0 a22
2

a23

0 a32
a33
2

3
5
1
A

Æ 1

2

0
@ 3X
iÆ1

ai i Å
X

1·iÇ j·3

s³ai i ¡a j j

2

´2
Åat2

i j

1
A (recall that ai j Æ a j i ).

With the same notations used in Theorem 2.1.7, we have the following related result.

Theorem 2.1.8. Let A Æ [Ai j ]3£3 be a 3£3 operator matrix with Ai j 2B(H j ,Hi ). Then

!(A)·max(a11,a23)Åmax(a22,a13)Åmax(a33,a12).

Here,

ai j Æ!
µ·

0 Ai j

A j i 0

¸¶
f or i , j Æ 1,2, ...,n

and

ai i Æ!(Ai i ) f or i Æ 1,2, ...,n.
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Proof. LetU Æ
2
4 I 0 0

0 0 I

0 I 0

3
5. ThenU is a unitary operator, and so by the triangle inequality

and the identity (1.3.5), we have

!(A) · !

0
@
2
4 A11 0 0

0 0 A23

0 A32 0

3
5
1
AÅ!

0
@
2
4 0 A12 0

A21 0 0
0 0 A33

3
5
1
AÅ!

0
@
2
4 0 0 A13

0 A22 0
A31 0 0

3
5
1
A

Æ !

0
@
2
4 A11 0 0

0 0 A23

0 A32 0

3
5
1
AÅ!

0
@
2
4 0 A12 0

A21 0 0
0 0 A33

3
5
1
AÅ!

0
@U¤

2
4 0 A13 0

A31 0 0
0 0 A22

3
5U

1
A

Æ !

0
@
2
4 A11 0 0

0 0 A23

0 A32 0

3
5
1
AÅ!

0
@
2
4 0 A12 0

A21 0 0
0 0 A33

3
5
1
AÅ!

0
@
2
4 0 A13 0

A31 0 0
0 0 A22

3
5
1
A

Æ max(a11,a23)Åmax(a22,a13)Åmax(a33,a12).

Concerning Theorems 2.1.7 and 2.1.8, we note that several bounds for ai j have been

given in [25, 26, 42] and references therein. Moreover, whenHi ÆH j , it has been shown in

[6] that if Ai j and A j i are positive, then ai j Æ
kAi j Å A j ik

2
.

We conclude by remarking that the numerical radius inequalities presented in this

chapter are sharp. Moreover, by employing similar analysis to different partitions of oper-

ator matrices, it is possible to obtain further numerical radius inequalities.

2.2 Numerical radius inequalities for the skewdiagonal parts

of 3£3 operatormatrices

Our �rst result in this section can be stated as follows.

Theorem 2.2.1. Let A,B ,C 2B(H). Then

!

0
@
2
4 0 0 A

0 B 0
C 0 0

3
5
1
A·max(

kjA¤jÅ jC jk 1

2 kjAjÅ jC¤jk 1

2

2
,!(B)).

2.2. NUMERICAL RADIUS INEQUALITIES FOR THE SKEWDIAGONAL PARTS OF 3£3
OPERATORMATRICES
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Proof. Let T Æ
2
4 0 0 A

0 B 0
C 0 0

3
5 and x Æ

2
4 x1

x2

x3

3
5 be a unit vector inH©H©H

(i.e., kx1k2Åkx2k2Åkx3k2 Æ 1). Then

jhT x,xij Æ jhAx3,x1iÅhBx2,x2iÅhCx1,x3ij

· jhAx3,x1ijÅ jhBx2,x2ijÅ jhCx1,x3ij

· hjAjx3,x3i
1

2 hjA¤jx1,x1i
1

2 ÅhjC jx1,x1i
1

2 hjC¤jx3,x3i
1

2 Å!(B)kx2k2

(by Lemma 1.5.3)

· [hjA¤jx1,x1iÅhjC jx1,x1i]
1

2 [hjAjx3,x3iÅhjC¤jx3,x3i]
1

2 Å!(B)kx2k2

(by the Cauchy-Schwarz inequality)

Æ h(jA¤jÅ jC j)x1,x1i
1

2 h(jAjÅ jC¤j)x3,x3i
1

2 Å!(B)kx2k2

· kjA¤jÅ jC jk 1

2 kjAjÅ jC¤jk 1

2 kx1kkx3kÅ!(B)kx2k2

· kjA¤jÅ jC jk 1

2 kjAjÅ jC¤jk 1

2

kx1k2Åkx3k2
2

Å!(B)kx2k2

(by the arithmetic-geometric mean inequality)

· max

Ã
kjA¤jÅ jC jk 1

2 kjAjÅ jC¤jk 1

2

2
,!(B)

!
.

Hence,

!(T )Æ sup
kxkÆ1

jhT x,xij ·max

Ã
kjA¤jÅ jC jk 1

2 kjAjÅ jC¤jk 1

2

2
,!(B)

!
.

As an application of Theorem 2.2.1, we have the following numerical radius inequality

involving positive operators and self-adjoint operators.

Corollary 2.2.1. Let A,B ,C 2B(H) such that A,C be positive operators and B is self-adjoint

operator. Then

!

0
@
2
4 0 0 A

0 B 0
C 0 0

3
5
1
AÆmax

µkAÅCk
2

,kBk
¶
.
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Proof. Let T Æ
2
4 0 0 A

0 B 0
C 0 0

3
5. Since A,C be positive operators and B is self-adjoint opera-

tor, it follows from Theorem 2.2.1 that

!(T )·max

µkAÅCk
2

,kBk
¶
.

On the other hand, it follows from [36, Theorem 2.1] that

!(T )¸ kRe(T )k Æ
°°°°°°
2
4 0 0 AÅC

2

0 B 0
AÅC
2

0 0

3
5
°°°°°°Æmax

µkAÅCk
2

,kBk
¶
.

Hence, !(T )Æmax
³
kAÅCk

2
,kBk

´
.

The 2£2 operator matrix version of the folowing Lemma can be founed in [26].

Lemma 2.2.2. Let A,B ,C 2B(H) and µ 2R. Then

(a) !

0
@
2
4 A 0 0

0 B 0
0 0 C

3
5
1
AÆmax(!(A),!(B),!(C )),

(b) !

0
@
2
4 0 0 A

0 B 0
e iµC 0 0

3
5
1
AÆ!

0
@
2
4 0 0 A

0 B 0
C 0 0

3
5
1
A ,

(c) !

0
@
2
4 0 0 A

0 B 0
C 0 0

3
5
1
AÆ!

0
@
2
4 0 0 C

0 B 0
A 0 0

3
5
1
A ,

(d) !

0
@
2
4 A 0 B

0 C 0
B 0 A

3
5
1
AÆmax(!(AÅB),!(A¡B),!(C )),

Proof. (a) This part is well-known.

(b) This part follows by applying the identity (1.3.5) to the operator T Æ
2
4 0 0 A

0 B 0
C 0 0

3
5

and the unitary operatorU Æ
2
4 e iµI 0 0

0 I 0
0 0 e¡iµI

3
5.
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(c) This part follows by applying the identity (1.3.5) to the operator T Æ
2
4 0 0 A

0 B 0
C 0 0

3
5

and the unitary operatorU Æ
2
4 0 0 I

0 I 0
I 0 0

3
5.

(d) This part follows by applying the identity (1.3.5) to the operator T Æ
2
4 0 0 A

0 B 0
C 0 0

3
5

and the unitary operatorU Æ 1p
2

2
4 I 0 ¡I

0
p
2I 0

I 0 I

3
5. In fact, we have

!

0
@
2
4 A 0 B

0 C 0
B 0 A

3
5
1
A Æ !

0
@U¤

2
4 A 0 B

0 C 0
B 0 A

3
5U

1
AÆ!

0
@
2
4 AÅB 0 0

0 C 0
0 0 A¡B

3
5
1
A

Æ max(!(AÅB),!(A¡B),!(C )).

Remark 2.2.3. Let B 2B(H). Then

!

0
@
2
4 0 0 B

0 B 0
B 0 0

3
5
1
AÆ!

0
@
2
4 0 0 B

0 0 0
B 0 0

3
5
1
AÆ!(B).

Remark 2.2.4. The results of Lemma 2.2.2 are true for the usual operator norm.

The following lemma contains pinching inequalities for the numerical radius. It is also

true for every weakly unitary invariant norm, including the usual operator norm (see, e.g.,

[9, p. 107]).

Lemma 2.2.5. Let A,B ,C ,D,E ,F,G ,H ,K 2B(H). Then

!

0
@
2
4 A B C

D E F

G H K

3
5
1
A¸!

0
@
2
4 A 0 0

0 E 0
0 0 K

3
5
1
A

and

!

0
@
2
4 A B C

D E F

G H K

3
5
1
A¸!

0
@
2
4 0 0 C

0 E 0
G 0 0

3
5
1
A .
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Theorem 2.2.6. Let A,B ,C 2B(H). Then

!

0
@
2
4 0 0 A

0 B 0
C 0 0

3
5
1
A· min(kAÅCk,kA¡Ck)

2
Åmin(!(A),!(C ))Å!(B).

Proof. LetU Æ 1p
2

2
4 I 0 ¡I

0
p
2I 0

I 0 I

3
5. ThenU is a unitary operator, and so by the identity

(1.3.5), we have

!

0
@
2
4 0 0 A

0 B 0
C 0 0

3
5
1
A Æ !

0
@U¤

2
4 0 0 A

0 B 0
C 0 0

3
5U

1
A

Æ 1

2
!

0
@
2
4 AÅC 0 A¡C

0 2B 0
¡(A¡C ) 0 ¡(AÅC )

3
5
1
A

Æ 1

2
!

0
@
2
4 AÅC 0 AÅC

0 0 0
¡(AÅC ) 0 ¡(AÅC )

3
5Å

2
4 0 0 ¡2C

0 0 0
2C 0 0

3
5Å

2
4 0 0 0

0 2B 0
0 0 0

3
5
1
A

· 1

2
!

0
@
2
4 AÅC 0 AÅC

0 0 0
¡(AÅC ) 0 ¡(AÅC )

3
5
1
AÅ 1

2
!

0
@
2
4 0 0 ¡2C

0 0 0
2C 0 0

3
5
1
A

Å1
2
!

0
@
2
4 0 0 0

0 2B 0
0 0 0

3
5
1
A .

Since 2
4 AÅC 0 AÅC

0 0 0
¡(AÅC ) 0 ¡(AÅC )

3
5

2

Æ
2
4 0 0 0

0 0 0
0 0 0

3
5 ,

we have

!

0
@
2
4 AÅC 0 AÅC

0 0 0
¡(AÅC ) 0 ¡(AÅC )

3
5
1
A Æ 1

2

°°°°°°
2
4 AÅC 0 AÅC

0 0 0
¡(AÅC ) 0 ¡(AÅC )

3
5
°°°°°°

Æ kAÅCk.

Here, we used the fact that kT k Æ kT ¤T k 1

2 for every operator T . By Lemma 2.2.2 (b) and

(c) and Remark 2.2.3, we have

!

0
@
2
4 0 0 ¡2C

0 0 0
2C 0 0

3
5
1
AÆ!

0
@
2
4 0 0 2C

0 0 0
2C 0 0

3
5
1
AÆ 2!(C ).
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Hence,

!

0
@
2
4 0 0 A

0 B 0
C 0 0

3
5
1
A· kAÅCk

2
Å!(C )Å!(B). (2.2.1)

In the inequality (2.2.1) replacingC by ¡C , we have

!

0
@
2
4 0 0 A

0 B 0
¡C 0 0

3
5
1
A· kA¡Ck

2
Å!(C )Å!(B).

By Lemma 2.2.2 (b) and (c), we have

!

0
@
2
4 0 0 A

0 B 0
C 0 0

3
5
1
AÆ!

0
@
2
4 0 0 A

0 B 0
¡C 0 0

3
5
1
A .

Thus,

!

0
@
2
4 0 0 A

0 B 0
C 0 0

3
5
1
A· kA¡Ck

2
Å!(C )Å!(B), (2.2.2)

From the inequalities (2.2.1) and (2.2.2), we have

!

0
@
2
4 0 0 A

0 B 0
C 0 0

3
5
1
A· min(kAÅCk,kA¡Ck)

2
Å!(C )Å!(B). (2.2.3)

In the inequality (2.2.3), interchanging A andC , we have

!

0
@
2
4 0 0 C

0 B 0
A 0 0

3
5
1
A· min(kAÅCk,kA¡Ck)

2
Å!(A)Å!(B).

By Lemma 2.2.2 (c), we have

!

0
@
2
4 0 0 A

0 B 0
C 0 0

3
5
1
AÆ!

0
@
2
4 0 0 C

0 B 0
A 0 0

3
5
1
A .

Thus,

!

0
@
2
4 0 0 A

0 B 0
C 0 0

3
5
1
A· min(kAÅCk,kA¡Ck)

2
Å!(A)Å!(B). (2.2.4)
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From the inequalities (2.2.3) and (2.2.4), we have

!

0
@
2
4 0 0 A

0 B 0
C 0 0

3
5
1
A· min(kAÅCk,kA¡Ck)

2
Åmin(!(A),!(C ))Å!(B).

Theorem 2.2.7. Let A,B ,C 2B(H). Then

!

0
@
2
4 0 0 A

0 B 0
C 0 0

3
5
1
A· !(AÅC )Å!(A¡C )

2
Å!(B).

Proof. By proof of Theorem 2.2.6, we have

!

0
@
2
4 0 0 A

0 B 0
C 0 0

3
5
1
A Æ 1

2
!

0
@
2
4 AÅC 0 A¡C

0 2B 0
¡(A¡C ) 0 ¡(AÅC )

3
5
1
A

Æ 1

2
!

0
@
2
4 AÅC 0 0

0 0 0
0 0 ¡(AÅC )

3
5Å

2
4 0 0 0

0 2B 0
0 0 0

3
5Å

2
4 0 0 A¡C

0 0 0
¡(A¡C ) 0 0

3
5
1
A

· 1

2
!

0
@
2
4 AÅC 0 0

0 0 0
0 0 ¡(AÅC )

3
5
1
AÅ 1

2
!

0
@
2
4 0 0 0

0 2B 0
0 0 0

3
5
1
A

Å1
2
!

0
@
2
4 0 0 A¡C

0 0 0
¡(A¡C ) 0 0

3
5
1
A

Æ 1

2
!(AÅC )Å!(B)Å 1

2
!(A¡C ) (by Lemma 2.2.2 (a),(b), and (d)).

Now, we give a lower bounded estimase that complements the upper bounds given in

Theorems 2.2.1, 2.2.6, and 2.2.7.

Theorem 2.2.8. Let A,B ,C 2B(H). Then

!

0
@
2
4 0 0 A

0 B 0
C 0 0

3
5
1
A¸ max(!(AÅC ),!(A¡C ))

2
¡min(!(A),!(C ))¡!(B).
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Proof. LetU be as in the proof of Theorem 2.2.6. Then

U¤

2
4 0 0 A

0 B 0
C 0 0

3
5U Æ 1

2

2
4 AÅC 0 A¡C

0 2B 0
¡(A¡C ) 0 ¡(AÅC )

3
5

Æ 1

2

2
4 AÅC 0 AÅC

0 2B 0
¡(AÅC ) 0 ¡(AÅC )

3
5Å 1

2

2
4 0 0 ¡2C

0 0 0
2C 0 0

3
5Å 1

2

2
4 0 0 0

0 2B 0
0 0 0

3
5 ,

and so

1

2

2
4 AÅC 0 AÅC

0 2B 0
¡(AÅC ) 0 ¡(AÅC )

3
5ÆU¤

2
4 0 0 A

0 B 0
C 0 0

3
5U¡1

2

2
4 0 0 ¡2C

0 0 0
2C 0 0

3
5¡1

2

2
4 0 0 0

0 2B 0
0 0 0

3
5 .

Now, by the identity (1.3.5), we have

1

2
!

0
@
2
4 AÅC 0 AÅC

0 2B 0
¡(AÅC ) 0 ¡(AÅC )

3
5
1
A

· !

0
@U¤

2
4 0 0 A

0 B 0
C 0 0

U

3
5
1
AÅ 1

2
!

0
@
2
4 0 0 ¡2C

0 0 0
2C 0 0

3
5
1
AÅ 1

2
!

0
@
2
4 0 0 0

0 2B 0
0 0 0

3
5
1
A

Æ !

0
@
2
4 0 0 A

0 B 0
C 0 0

3
5
1
AÅ 1

2
!

0
@
2
4 0 0 ¡2C

0 0 0
2C 0 0

3
5
1
AÅ 1

2
!

0
@
2
4 0 0 0

0 2B 0
0 0 0

3
5
1
A .

Clearly, it follows by Lemmas 2.2.5 that

!

0
@
2
4 AÅC 0 AÅC

0 2B 0
¡(AÅC ) 0 ¡(AÅC )

3
5
1
A¸!(AÅC ).

Thus,

1

2
!(AÅC ) · 1

2
!

0
@
2
4 AÅC 0 AÅC

0 2B 0
¡(AÅC ) 0 ¡(AÅC )

3
5
1
A

· !

0
@
2
4 0 0 A

0 B 0
C 0 0

3
5
1
AÅ 1

2
!

0
@
2
4 0 0 ¡2C

0 0 0
2C 0 0

3
5
1
AÅ 1

2
!

0
@
2
4 0 0 0

0 2B 0
0 0 0

3
5
1
A

· !

0
@
2
4 0 0 A

0 B 0
C 0 0

3
5
1
AÅ!(C )Å!(B). (2.2.5)
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ReplacingC by ¡C in the inequality (2.2.5), we have

1

2
!(A¡C )·!

0
@
2
4 0 0 A

0 B 0
¡C 0 0

3
5
1
AÅ!(C )Å!(B).

By Lemma 2.2.2 (b), we have

!

0
@
2
4 0 0 A

0 B 0
C 0 0

3
5
1
AÆ!

0
@
2
4 0 0 A

0 B 0
¡C 0 0

3
5
1
A .

Thus,

1

2
!(A¡C )·!

0
@
2
4 0 0 A

0 B 0
C 0 0

3
5
1
AÅ!(C )Å!(B). (2.2.6)

From the inequalities (2.2.5) and (2.2.6), it follows that

max(!(AÅC ),!(A¡C ))
2

·!
0
@
2
4 0 0 A

0 B 0
C 0 0

3
5
1
AÅ!(C )Å!(B). (2.2.7)

In the inequality (2.2.7), interchanging A andC , we have

max(!(AÅC ),!(A¡C ))
2

·!
0
@
2
4 0 0 C

0 B 0
A 0 0

3
5
1
AÅ!(A)Å!(B).

By Lemma 2.2.2 (c), we have

!

0
@
2
4 0 0 A

0 B 0
C 0 0

1
AÆ!

0
@ 0 0 C

0 B 0
A 0 0

3
5
1
A .

Thus,

max(!(AÅC ),!(A¡C ))
2

·!
0
@
2
4 0 0 A

0 B 0
C 0 0

3
5
1
AÅ!(A)Å!(B). (2.2.8)

From the inequalities (2.2.7) and (2.2.8), we have

max(!(AÅC ), (A¡C ))
2

·!
0
@
2
4 0 0 A

0 B 0
C 0 0

3
5
1
AÅmin(!(A),!(C ))Å!(B).
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Hence,

!

0
@
2
4 0 0 A

0 B 0
C 0 0

3
5
1
A¸ max(!(AÅC ),!(A¡C ))

2
¡min(!(A),!(C ))¡!(B).

Theorem 2.2.9. Let A,B ,C 2B(H). Then

!

0
@
2
4 0 0 A

0 1

2
B 0

C 0 0

3
5
1
A· !(AÅC )Å!(A¡C )Å!(B)

2
,

and

!

0
@
2
4 0 0 A

0 1

2
B 0

C 0 0

3
5
1
A¸ !(AÅB ÅC )¡max(!(AÅC ),!(B))

2
.

Proof. The �rst inequality follows from Theorem 2.2.7. To prove the second inequality, we

apply the Remark 2.2.3, we have

!(AÅB ÅC ) Æ !

0
@
2
4 0 0 AÅB ÅC

0 AÅB ÅC 0
AÅB ÅC 0 0

3
5
1
A

· !

0
@
2
4 0 0 A

0 1

2
B 0

C 0 0

3
5
1
AÅ!

0
@
2
4 0 0 C

0 1

2
B 0

A 0 0

3
5
1
AÅ!

0
@
2
4 0 0 B

0 AÅC 0
B 0 0

3
5
1
A ,

By Lemma 2.2.2 (c), we have

!

0
@
2
4 0 0 A

0 1

2
B 0

C 0 0

3
5
1
AÆ!

0
@
2
4 0 0 C

0 1

2
B 0

A 0 0

3
5
1
A ,

and by Lemma 2.2.2 (d), we have

!

0
@
2
4 0 0 B

0 AÅC 0
B 0 0

3
5
1
AÆmax(!(B),!(AÅC )).

Thus,

!(AÅB ÅC )· 2!

0
@
2
4 0 0 A

0 1

2
B 0

C 0 0

3
5
1
AÅmax(!(B),!(AÅC )),
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and so

!

0
@
2
4 0 0 A

0 1

2
B 0

C 0 0

3
5
1
A¸ !(AÅB ÅC )¡max(!(AÅC ),!(B))

2
.

Let A ÆU jAj, B ÆV jB j, andC ÆW jC j be the polar decompsitions of the operators A,B ,

and C , respectively. Then we conclude with the following numerical radius inequalities

involving the generelized Aluthdge transform.

Theorem 2.2.10. Let A,B ,C 2B(H). Then

!

0
@
2
4 0 0 A

0 B 0
C 0 0

3
5
1
A · 1

2
max(kAk,kBk,kCk)Å 1

4
[kjC jt jA¤j1¡tkÅkjAjt jC¤j1¡tk]Å 1

2
!( �Bt )

for all t 2 [0,1] .

Proof. Let T Æ
0
@
2
4 0 0 A

0 B 0
C 0 0

3
5
1
A and t 2 [0,1]. Then

kT k Æmaxk(kAk,kBk,kCk).

The polar decomposition of T is given by

2
4 0 0 A

0 B 0
C 0 0

3
5Æ

2
4 0 0 U

0 V 0
W 0 0

3
5
2
4 jC j 0 0

0 jB j 0
0 0 jAj

3
5 .
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The generalized Aluthge transform of T is given by

�Tt Æ jT jt
2
4 0 0 U

0 V 0
W 0 0

3
5 jT j1¡t

Æ
2
4 jC jt 0 0

0 jB jt 0
0 0 jAjt

3
5
2
4 0 0 U

0 V 0
W 0 0

3
5
2
4 jC j1¡t 0 0

0 jB j1¡t 0
0 0 jAj1¡t

3
5

Æ
2
4 0 0 jC jtU jAj1¡t

0 jB jtV jB j1¡t 0
jAjtW jC j1¡t 0 0

3
5

Æ
2
4 0 0 jC jtU jAj1¡t

0 �Bt 0
jAjtW jC j1¡t 0 0

3
5 .

Now,

!( �Tt ) Æ !

0
@
2
4 0 0 jC jtU jAj1¡t

0 �Bt 0
jAjtW jC j1¡t 0 0

3
5
1
A

· !

0
@
2
4 0 0 jC jtU jAj1¡t

0 0 0
0 0 0

3
5
1
AÅ!

0
@
2
4 0 0 0

0 �Bt 0
0 0 0

3
5
1
A

Å!
0
@
2
4 0 0 0

0 0 0
jAjtW jC j1¡t 0 0

3
5
1
A

Æ 1

2
[kjC jtU jAj1¡tkÅkjAjtW jC j1¡tk]Å!( �Bt ).

Since 2
4 0 0 0

0 0 0
jAjtW jC j1¡t 0 0

3
5

2

Æ
2
4 0 0 jC jtU jAj1¡t

0 0 0
0 0 0

3
5

2

Æ
2
4 0 0 0

0 0 0
0 0 0

3
5 ,

we get

!

0
@
2
4 0 0 jC jtU jAj1¡t

0 0 0
0 0 0

3
5
1
A Æ 1

2

°°°°°°
2
4 0 0 jC jtU jAj1¡t

0 0 0
0 0 0

3
5
°°°°°°

Æ 1

2
kjC jtU jAj1¡tk Æ 1

2
kjC jtUU¤jA¤j1¡tUk · 1

2
kjC jt jA¤j1¡tk,
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and

!

0
@
2
4 0 0 0

0 0 0
jAjtW jC j1¡t 0 0

3
5
1
A Æ 1

2

°°°°°°
2
4 0 0 0

0 0 0
jAjtW jC j1¡t 0 0

3
5
°°°°°°

Æ 1

2
kjAjtW jC j1¡tk

Æ 1

2
kjAjtWW ¤jC¤j1¡tW k

· 1

2
kjAjt jC¤j1¡tk.

By the inequality (1.5.7), we have

!(T ) · 1

2
(kT kÅ!( �Tt ))

· 1

2
max(kAk,kBk,kCk)Å 1

4
[kjC jt jA¤j1¡tkÅkjAjt jC¤j1¡tk]Å 1

2
!( �Bt ).
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FOR PRODUCTS AND COMMUTATORS OF

OPERATORS

The numerical radius is not submultiplicative, in fact, the inequality

!(AB)·!(A)!(B),

is not true even for commuting operators A,B 2 B(H). It follows readly from the inequali-

ties (0.0.1) that

!(AB)· 4!(A)!(B).

A simple example shows that !(AB) can exceed the product !(A)!(B) for all A,B 2B(H)
Let

A Æ

0
BBB@
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0

1
CCCA

be the right shift. Then by the example 1.3.2, we have !(A)Æ cos(
¼

5
)Æ 0,809 and !(A2)Æ

!(A3)Æ 0,5, so that

0,5Æ!(A3)¸!(A)!(A2).

The authors of [21] have proved the following results about the numerical radius of prod-

uct of operators assuming that AB ÆBA.

Theorem 3.0.11. Let A,B 2B(H) such that AB ÆBA. Then
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(1) !(AB)· 2!(A)!(B),

(2) If A is unitary operator, then

!(AB)·!(B).

(3) If A is a normal operator, then

!(AB)·!(A)!(B).

We say that A and B double commute if AB ÆBA and AB¤ ÆB¤A.

Theorem 3.0.12. Let A,B 2B(H) if A and B double commute . Then

!(AB)· kAk!(B).

The previous results are also known in [27]. For more results in this direction see [21, 22,

27].

In the �rst section of this Chapter, we prove newnumerical radius inequalities for products

of three bounded operators without assuming the commutativity of the operators. In the

second Section we present new numerical radius for sums and commutators of operators.

3.1 Numerical radius inequalities for products of operators

More recently Dragomir [12] has shown that

!(B¤A)· 1

2
kjAj2ÅjB j2k. (3.1.1)

M. Sattari, M. S. Moslehian, and T. Ymazaki [41] have established an improvement of the

inequality (3.1.1) and a generalisation of the inequality (0.0.1), these results says that for

all A,B 2B(H),
!r (B¤A)· 1

4
kjA¤j2r ÅjB¤j2r kÅ 1

2
!r (AB¤). (3.1.2)

and

!2r (A)· 1

2
(!r (A2)ÅkAk2r ). (3.1.3)
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Abu-Omar and Kittaneh [3] have shown that , for all A,B 2B(H)

!(AB)· 1

4
kkBkkAkjAj

2Å kAkkBkj(B)
¤j2kÅ 1

2
!(BA). (3.1.4)

In this Section, we prove new numerical radius inequalities for products of three bounded

operators without assuming the commutativity of the operators, using this results we give

some improvements of the inequalities (3.1.2), (3.1.3) and (3.1.4) and we establish new

bounds for !(A) and !( �At ).

To present our result we need the following Lemmas

Lemma 3.1.1. [25] Let X ,Y 2B(H). Then

1. !

µ
0 X

Y 0

¶
Æ!

µ
0 Y

X 0

¶
Æ!

µ
0 X

e iµY 0

¶
.

2. !

µ
0 X

X 0

¶
Æ!(X ).

Lemma 3.1.2. [6] LetH1,H2 be Hilbert spaces, and let A Æ
µ
0 X

Y 0

¶
, with

X 2B(H2,H1), and Y 2B(H1,H2). Then

1

2

p
kjX j2ÅjY ¤j2Å2m(Y X )·!(A)· 1

2

p
kjX j2ÅjY ¤j2Å2!(Y X ),

where m(Y X ) is the nonnegative number de�ned by

m(Y X )Æ inf jhY X x,xij.

Lemma 3.1.3. [36] Let A,B 2B(H). Then

kAÅBk · 2!

µ
0 A

B¤ 0

¶
· kAkÅkBk.

Lemma 3.1.4. [7]

If a,b 2C. Then
jaj2Åjbj2 Æ jaÅbj2Åja¡bj2

2
.
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Let A 2B(H), from Theorem 1.3.4, we have

!

µ
0 A

0 0

¶
Æ 1

2
kAk. (3.1.5)

and

!

µ
0 A

A 0

¶
Æ!(A). (3.1.6)

Our main result can be stated as follows. The following Theorem gives a new estimate for

!r (ABC ) for all r ¸ 1.

Theorem 3.1.5. Let A,B ,C 2B(H). Then

!r (ABC )·!2r

µ·
0 A

BC 0

¸¶
· 1

4
kjAj2r Åj(BC )¤j2r kÅ 1

2
!r (BC A),

for all r ¸ 1.

Proof. Let x 2H be a unit vector, we have

Rehe iµABCx,xi Æ Rehe iµBCx,A¤xi

Æ 1

4
k(e iµBC Å A¤)xk2¡ 1

4
k(e iµBC ¡ A¤)xk2

(by the polar i sation identi t y)

· 1

4
k(e iµBC Å A¤)xk2

· 1

4
ke iµBC Å A¤k2

· !2

µ
0 e iµBC

A 0

¶
(by Lemma 3.1.3)

Æ !2

µ·
0 A

BC 0

¸¶
(by Lemma 3.1.1(1))

· 1

4
kjAj2Åj(BC )¤j2kÅ 1

2
!(BC A)

(by Lemma 3.1.2)

By taking the supremum over x 2Hwhith kxk Æ 1, we have

!(ABC )·!2

µ·
0 A

BC 0

¸¶
· 1

4
kjAj2Åj(BC )¤j2kÅ 1

2
!(BC A).

3.1. NUMERICAL RADIUS INEQUALITIES FOR PRODUCTS OF OPERATORS 59



CHAPTER 3. NEWNUMERICAL RADIUS INEQUALITIES FOR PRODUCTS AND

COMMUTATORS OF OPERATORS

From the convexity of the function t r , and the concavity of t
1

r for all r ¸ 1, we have

!r (ABC )·!2r

µ·
0 A

BC 0

¸¶
·

·
1

4
kjAj2Åj(BC )¤j2kÅ 1

2
!(BC A)

¸r

Æ
·
1

2
kjAj

2Åj(BC )¤j2
2

kÅ 1

2
!(BC A)

¸r

· 1

2
kjAj

2Åj(BC )¤j2
2

kr Å 1

2
!r (BC A)

· 1

2
k( jAj

2r Åj(BC )¤j2r
2

)
1

r kr Å 1

2
!r (BC A)

Æ 1

2
k( jAj

2r Åj(BC )¤j2r
2

)kÅ 1

2
!r (BC A).

In the following Corollary, we present our improvement of the inequality (1.5.3).

Corollary 3.1.1. Let A,B 2B(H), and r ¸ 1. Then

!r (B¤A)·!2r

µ
0 B¤

A 0

¶
· 1

4
kjB¤j2r Åj(A)¤j2r kÅ 1

2
!r (AB¤),

for all r ¸ 1.

Proof. LetingC Æ I in Theorem 3.1.5.

Our result in Theorem 3.1.5 re�ned and generalised the inequality (2.2.8).

Corollary 3.1.2. Let A,B 2B(H). Then

!r (AB)·!2r

0
@
2
4 0

q
kBk
kAkAq

kAk
kBkB 0

3
5
1
A· 1

4
kkBkkAkjAj

2r Å kAkkBkj(B)
¤j2r kÅ 1

2
!r (BA),

for all r ¸ 1.

Proof. Leting A Æ
q

kBk
kAkA,B Æ

q
kAk
kBkB , andC Æ I in Theorem 3.1.5.
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Corollary 3.1.3. Let A 2B(H). Then

!r (A)· kjAj2r Å Ik
2

for all r ¸ 1.

A new bounds of !r (A), and !r ( �At ) for all r ¸ 1 can be stated as follows.

Corollary 3.1.4. Let A 2B(H), t 2 [0,1] and r ¸ 1. Then

!r (A)·!2r

µ
0 jAjt

jAj1¡tU¤ 0

¶
· 1

4
kjAj2tr ÅjAj2(1¡t )r kÅ 1

2
!r ( �At ),

and

!r ( �At )·!2r

µ
0 jAjt

U jAj1¡t 0

¶
· 1

4
kjAj2tr ÅjA¤j2(1¡t )r kÅ 1

2
!r (A).

In particular if r Æ 1, t Æ 1

2
, we have

!(A)·!2

Ã
0 jAj 12

jAj 12U¤ 0

!
· 1

2
[kAkÅ!( �A)],

Proof. From the polar decomposition of A and the de�nition of Aluthge transform of A,

we have

A¤ Æ jAjU¤ Æ jAjt jAj1¡tU¤, and ( �At )
¤ Æ jAj1¡tU¤jAjt .

From Theorem 3.1.5, we have

!r (A)Æ!r (A¤) Æ !(jAjt jAj1¡tU¤)

· !2r

µ
0 jAjt

jAj1¡tU¤ 0

¶

· 1

4
kjAj2tr Å (jAj1¡tU¤U jAj1¡t )r kÅ 1

2
!r (jAj1¡tU¤jAjt )

Æ 1

4
kjAj2tr ÅjAj2(1¡t )r kÅ 1

2
!r (( �At )

¤)

Æ 1

4
kjAj2tr ÅjA¤j2(1¡t )r kÅ 1

2
!r ( �At ).
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This proves the �rst inequality

Similarly it follows from the de�nition of the Aluthge transform and Theorem 3.1.5 that

!r ( �At ) Æ !r (jAjtU jAj1¡t )

· !2r

µ
0 jAjt

U jAj1¡t 0

¶

· 1

4
kjAj2tr Å (U jAj(1¡t )jAj(1¡t )U¤)r kÅ 1

2
!r (U jAj1¡t jAjt )

Æ 1

4
kjAj2tr Å (U jAj2(1¡t )U¤)r kÅ 1

2
!r (U jAj1¡t jAjt )

Æ 1

4
kjAj2tr ÅjA¤j2(1¡t )r kÅ 1

2
!r (U jAj1¡t jAjt )

· 1

4
kjAj2tr ÅjA¤j2r (1¡t )kÅ 1

2
!r (A).

This proves the second inequality and completes the proof of the Corollary.

We are in a position to give our improvement of the inequality (1.3.3).

Corollary 3.1.5. Let A 2B(H). Then

!2r (A)· 1

4
kjAj2r ÅjA¤j2r kÅ 1

2
!r (A2)· 1

2
[kAk2r Å!r (A2)],

for all r ¸ 1.

Proof. In Theorem 3.1.5 let B Æ A,C Æ I , we have

!r (A2)·!2r

µ
0 A

A 0

¶
.

By Lemma 3.1.1 , we have

!2r

µ
0 A

A 0

¶
Æ!2r (A).

Thus,

!2r (A) · 1

4
kjAj2r ÅjA¤j2r kÅ 1

2
!r (A2)

· 1

2
[kAk2r Å!r (A2)].
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3.2 Numerical radius inequalities for commutators of op-

erators

Our aim in this Section is to give a new numerical radius inequalities for commutators of

operators. The following Theorem is our main result

Theorem 3.2.1. Let A,B ,C ,D,E ,F 2B(H). Then

!r (ABC §DEF )· 1

2

·
!2r

µ·
0 AÅD

BC ÅEF 0

¶
Å!2r

µ
0 A¡D

BC ¡EF 0

¸¶¸
,

for all r ¸ 1.
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Proof. Let x 2H be a unit vector, we have

Rehe iµ(ABC §DEF )x,xi · Rehe iµABCx,xiÅRehe iµDEFx,xi

Æ Rehe iµBCx,A¤xiÅRehe iµEFx,D¤xi

Æ 1

4
k(e iµBC Å A¤)xk2¡ 1

4
k(e iµBC ¡ A¤)xk2

Å 1

4
k(e iµEF ÅD¤)xk2¡ 1

4
k(e iµEF ¡D¤)xk2

(by the polar i sation identi t y)

· 1

4
k(e iµBC Å A¤)xk2Å 1

4
k(e iµEF ÅD¤)xk2

Æ 1

4

h
hje iµBC Å A¤j2x,xiÅhje iµEF ÅD¤j2x,xi

i
Æ 1

4
h(je iµBC Å A¤j2Åje iµEF ÅD¤j2)x,xi

· 1

8
hje iµBC Å A¤Åe iµEF ÅD¤j2Åje iµBC Å A¤¡ (e iµEF ÅD¤)j2x,xi

(by Lemma 3.1.4)

· 1

8
kje iµBC Å A¤Åe iµEF ÅD¤j2Åje iµBC Å A¤¡ (e iµEF ÅD¤)j2k

· 1

2
[
1

4
kje iµ(BC ÅEF )Å (A¤ÅD¤)j2kÅ 1

4
kje iµ(BC ¡EF )Å (A¤¡D¤)j2k]

Æ 1

2
[
1

4
ke iµ(BC ÅEF )Å (A¤ÅD¤)k2Å 1

4
ke iµ(BC ¡EF )Å (A¤¡D¤)k2]

· 1

2
!2

µ·
0 A¤ÅD¤

e iµ(BC ÅEF )¤ 0

¸¶

Å 1

2
!2

µ·
0 A¤¡D¤

e iµ(BC ¡EF )¤ 0

¸¶
(by Lemma 3.1.3)

Æ 1

2

·
!2

µ·
0 AÅD

BC ÅEF 0

¸
Å!2

µ
0 A¡D

BC ¡EF 0

¸¶¸
kxk2

(by Lemma 3.1.1).

By taking the supremum over x 2Hwhith kxk Æ 1, we have

!(ABC §DEF )· 1

2

·
!2

µ·
0 AÅD

BC ÅEF 0

¶
Å!2

µ
0 A¡D

BC ¡EF 0

¸¶¸
.
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From the convexity of the function t r , we have

!r (ABC §DEF ) ·
µ
1

2

·
!2

µ·
0 AÅD

BC ÅEF 0

¸¶
Å!2

µ·
0 A¡D

BC ¡EF 0

¸¶¸¶r

· 1

2

·
!2r

µ·
0 AÅD

BC ÅEF 0

¸¶
Å!2r

µ·
0 A¡D

BC ¡EF 0

¸¶¸
.

Corollary 3.2.1. Let A,B 2B(H). Then

!r (AB §BA)· 1

2
[!2r (AÅB)Å!2r (A¡B)],

for all r ¸ 1.

Proof. In Theorem 3.2.1 let E Æ A,D ÆB ,C Æ F Æ I , we have

!r (AB §BA) · 1

2

·
!2r

µ·
0 AÅB

B Å A 0

¸¶
Å!2r

µ·
0 A¡B

¡(A¡B) 0

¸¶¸

· 1

2
[!2r (AÅB)Å!2r (A¡B)]

(by Lemma 3.1.1).

Corollary 3.2.2. Let A,B 2B(H). Then

kAA¤§BB¤kr · 1

2
[kAÅBk2r ÅkA¡Bk2r ],

for all r ¸ 1.

Proof. Letting B Æ A¤,D ÆB ,E ÆB¤,C Æ F Æ I in Teorem 3.2.1, we have

kAA¤§BB¤kr Æ !r (AA¤ÅBB¤)

· 1

2

·
!2r

µ
0 AÅB

A¤ÅB¤ 0

¶
Å!2r

µ
0 A¡B

A¤¡B¤ 0

¶¸

Æ 1

2
[kAÅBk2r ÅkA¡Bk2r ].
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Corollary 3.2.3. Let A,B 2B(H). Then

!r (A§B)· kA¡Bk2r
4r

Å kjAÅB j2Å22r Ik
4

,

for all r ¸ 1.

Proof. Leting in Theorem 3.2.1 B ÆC Æ E Æ F Æ I ,D ÆB., we have

!r (A§B)· 1

2

·
!2r

µ·
0 AÅB

2I 0

¸¶
Å!2r

µ·
0 A¡B

0 0

¸¶¸

From Lemmas 3.1.2, and the inequality (3.1.5), we have

!r (A§B) · 1

2

·
!2r

µ·
0 AÅB

2I 0

¶
Å!2r

µ
0 A¡B

0 0

¸¶¸

· 1

2

·kA¡Bk2r
4r

Å 1

4
kjAÅB j2r Å22r IkÅ 1

2
!r (2(AÅB))

¸
.

Thus,

!r (A§B)· kA¡Bk2r
4r

Å kjAÅB j2Å22r Ik
4

.

Theorem 3.2.2. Let Ai ,Bi ,Ci 2B(H) for all i Æ 1, ...,n. Then

!r (
nX
iÆ1

AiBiCi )·
nX
iÆ1

!2r

µ·
0 Ai

BiCi 0

¸¶
·

nX
iÆ1

1

4
kjAi j2r Åj(BiCi )

¤j2r kÅ 1

2
!r (BiCi Ai ),

for all r ¸ 1.

Proof. for all r ¸ 1, We have

!r (
nX
iÆ1

AiBiCi ) ·
nX
iÆ1

!r (AiBiCi )

·
nX
iÆ1

!2r

µ·
0 Ai

BiCi 0

¸¶

·
nX
iÆ1

·
1

4
kjAi j2Åj(BiCi )

¤j2kÅ 1

2
!(BiCi Ai )

¸r
(by Theorem 2.1.5)

·
nX
iÆ1

1

4
kjAi j2r Åj(BiCi )

¤j2r kÅ 1

2
!r (BiCi Ai )

(the convexi t y o f the f unction t r , and the concavi t y o f t
1

r )

3.2. NUMERICAL RADIUS INEQUALITIES FOR COMMUTATORS OF OPERATORS 66



CHAPTER 3. NEWNUMERICAL RADIUS INEQUALITIES FOR PRODUCTS AND

COMMUTATORS OF OPERATORS

Corollary 3.2.4. Let A,B 2B(H). Then

!r (AB ÅBA)· 2!2r

µ·
0 A

B 0

¸¶
,

for all r ¸ 1.

Proof. leting A1 Æ A2 Æ A,B1 Æ B2 Æ B ,C Æ F Æ I in Theorem 3.2.2 , and by Lemma 3.1.1,

we have

!r (AB ÅBA)·!2r

µ·
0 A

B 0

¸¶
Å!2r

µ·
0 B

A 0

¸¶
Æ 2!2r

µ·
0 A

B 0

¸¶
.
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CHAPTER 4
GENERALIZED NUMERICAL RADIUS,

SPECTRAL RADIUS AND NORM

INEQUALITIES WITH APPLICATIONS TO

MOORE-PENROS INVERSE

In this chapter we establish some generalized results. In Section 4.1, we present a gener-

alisation of some of recent results which are obtained by kittaneh [4, 5] and we give new

generalised numerical radius inequalities for bounded operators, whith an analysis which

is totaly different from ones used in Chapter 2 we prove new numerical radius inequality

for n £n operator matrices. Using this result we present new spectral radius inequali-

ties for sums, products and commutators of operarors in Section 4.2. In Section 4.3 we

improve the generalised triangle inequality for the usual operator norm. At the end of this

Chapter we apply some of our results toMoore-Penrose inverse to give new spectral radius

inequalities for Moore-Penrose inverse and to improve some of well-known inequalities

about them.

4.1 Generalizednumerical radius inequalities forHilbert space

operators

In (2014) Abu-Omar and Kittaneh [4] re�ned the triangle inequality of the numerical ra-

dius as follows.
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Lemma 4.1.1. [4] Let A1,A2 2B(H). Then

!(A1Å A2)·
q
!2(A1)Å!2(A2)ÅkA1kkA2kÅ!(A¤2 A1).

Our result is to prove the general case.

Theorem 4.1.2. Let Ai 2B(H) for all i Æ 1, ...,n. Then

!(
nX
iÆ1

Ai )·
vuut nX

iÆ1

!2(Ai )Å
n¡1X
iÆ1

kAik
nX

jÆiÅ1

kA jkÅ
n¡1X
iÆ1

nX
jÆiÅ1

!(A¤
j
Ai ). (4.1.1)

Proof. By recurrence, from Lemma (4.1.1) the formula (4.1.1) is true when n Æ 2 .

Now assume that

!(
nX
iÆ1

Ai )·
vuut nX

iÆ1

!2(Ai )Å
n¡1X
iÆ1

kAik
nX

jÆiÅ1

kA jkÅ
n¡1X
iÆ1

nX
jÆiÅ1

!(A¤
j
Ai ). (4.1.2)

for all integer n ¸ 1.

Then, we have

!(
nÅ1X
iÆ1

Ai ) Æ !(A1Å
nÅ1X
iÆ2

Ai )

·

vuut!2(A1)Å!2(
nÅ1X
iÆ2

Ai )ÅkA1kk
nX
iÆ2

AikÅ!(
nX
iÆ2

Ai A1)

(By Lemma 4.1.1).

Thus, by equation (4.1.2), we have

!(
nÅ1X
iÆ1

Ai )

·vuut!2(A1)Å
nÅ1X
iÆ2

!2(Ai )Å
nX
iÆ2

kAik
nÅ1X
jÆiÅ1

kA jkÅ
nX
iÆ2

nÅ1X
jÆiÅ1

!(A¤
j
Ai )ÅkA1k

nÅ1X
iÆ2

kAikÅ
nÅ1X
iÆ2

!(A¤
i
A1)

ÆvuutnÅ1X
iÆ1

!2(Ai )Å
nX
iÆ1

kAik
nÅ1X
jÆiÅ1

kA jkÅ
nX
iÆ1

nÅ1X
jÆiÅ1

!(A¤
j
Ai ).

Therefore by the principle of mathematical induction, our formula holds for all inte-

gers n greater than 1.
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A direct result of Theorem 4.1.2 is given in this Corollary.

Corollary 4.1.1. Let A1,A2,A3 2B(H). Then

!(A1Å A2Å A3)·
vuut 3X

iÆ1

!2(Ai )Å
2X

iÆ1

3X
jÆiÅ1

!(A¤
j
Ai )Å

2X
iÆ1

kAik
3X

jÆiÅ1

kA jk.

In the same context, the authors of [5] have found a special case of Lemma 4.1.1 that is

A,B are doubly commutes.

Lemma 4.1.3. [5] Let A1,A2 2B(H) such that A1 doubly commutes with A2. Then

!(A1Å A2)·
q
!2(A1)Å!2(A2)Å!(A1A2)Å!(A¤1 A2).

Now let us prove the general case

Theorem 4.1.4. Let Ai 2 B(H) such that Ai doubly commutes with A j for all i , j Æ 1, ...,n.

Then

!(
nX
iÆ1

Ai )·
vuut nX

iÆ1

!2(Ai )Å
n¡1X
iÆ1

nX
jÆiÅ1

!(Ai A j )Å!(A¤i A j ). (4.1.3)

Proof. By recurrence, from Lemma (4.1.3) the formula (4.1.3) is true when n Æ 2 . Now

assume that

!(
nX
iÆ1

Ai )·
vuut nX

iÆ1

!2(Ai )Å
n¡1X
iÆ1

nX
jÆiÅ1

!(Ai A j )Å!(A¤i A j ). (4.1.4)

for all integer n ¸ 1.
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We have

!(
nÅ1X
iÆ1

Ai ) Æ !(A1Å
nÅ1X
iÆ2

Ai )

·

vuut!2(A1)Å!2(
nÅ1X
iÆ2

Ai )Å!(A1

nÅ1X
iÆ2

Ai )Å!(A¤1
nÅ1X
iÆ2

Ai )

(By Lemma 4.1.3)

·
vuut!2(A1)Å

nÅ1X
iÆ2

!2(Ai )Å
nX
iÆ2

nÅ1X
jÆiÅ1

[!(Ai A j )Å!(A¤i A j )]Å!(A1

nÅ1X
iÆ2

Ai )Å!(A¤1
nÅ1X
iÆ2

Ai )

(By equation (4.1.4))

Æ
vuutnÅ1X

iÆ1

!2(Ai )Å
nX
iÆ1

nÅ1X
jÆiÅ1

[!(Ai A j )Å!(A¤i A j )].

Therefore by the principle of mathematical induction, our formula holds for all integers n

great than 1

In the following theorem we give a new bounds for arbitrary n£n operator matrix

Theorem4.1.5. LetH1,H2, ...,Hn beHilbert spaces and let A Æ [Ai j ]n£n , be an n£n operator

matrix, with Ai j 2B(H j ,Hi ) for all i , j Æ 1,2, ...,n. Then

!(A)· 1

2

· Pn
iÆ1

!(Ai i )Å
Pn¡1

iÆ1

Pn
jÆiÅ1

r
(
!(Ai i )¡!(A j j )

n¡1
)2ÅkjAi j jÅ jA¤j i jkkjA¤i j jÅ jA j i jk

¸
.

Proof. LetHÆ©n
iÆ1
Hi , and let X Æ

0
BBBBBBB@

x1

x2

.

.

.
xn

1
CCCCCCCA
be a unit vector inH
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(i.e., kxk2 ÆPn
iÆ1

kxik2 Æ 1). Then¯̄̄
¯̄̄
¯̄̄
¯̄̄
¯

*
2
66666664

A11 A12 ... A1n

A21 A22 ... A2n

. . ... .

. . ... .

. . ... .
An1 An2 ... Ann

3
77777775

2
66666664

x1

x2

.

.

.
xn

3
77777775

,

2
66666664

x1

x2

.

.

.
xn

3
77777775
+
¯̄̄
¯̄̄
¯̄̄
¯̄̄
¯
Æ

¯̄̄
¯̄̄
¯̄̄
¯̄̄
¯̄

*
2
666666664

Pn
jÆ1

A1 j x jPn
jÆ1

A2 j x j

.

.

.Pn
jÆ1

An j x j

3
777777775
,

2
66666664

x1

x2

.

.

.
xn

3
77777775
+
¯̄̄
¯̄̄
¯̄̄
¯̄̄
¯̄

·
nX
iÆ1

j hAi i xi ,xi i jÅ
nX
iÆ1

n¡1X
jÆiÅ1

j

Ai j x j ,xi

®
j.

From the inequality (1.3.2) and Lemma 1.5.3, we have

jhAx,xij ·
nX
iÆ1

!(Ai i )kxik2Å
nX
iÆ1

n¡1X
jÆiÅ1

hjAi j jxi ,xi i
1

2 hjAi j j¤x j ,x j i
1

2 ÅhjA j i jx j ,x j i
1

2 hjA j i j¤xi ,xi i
1

2

Æ
nX
iÆ1

!(Ai i )kxik2Å
nX
iÆ1

n¡1X
jÆiÅ1

h
hjAi j xi ,xi iÅhjA¤j i jxi ,xi i

i 1

2

h
hjA¤i j jx j ,x j iÅhjA j i jx j ,x j i

i 1

2

(by the Cauchy ¡Schwar z inequal i t y)

Æ
nX
iÆ1

!(Ai i )kxik2Å
nX
iÆ1

n¡1X
jÆiÅ1

h
h(jAi j jÅ jA¤j i j)xi ,xi i

i 1

2

h
h(jA¤i j jÅ jA j i j)x j ,x j i

i 1

2

·
nX
iÆ1

!(Ai i )kxik2Å
nX
iÆ1

n¡1X
jÆiÅ1

kjAi j jÅ jA¤j i jk
1

2 kjA¤i j jÅ jA j i jk
1

2 kxikkx jk

Æ
n¡1X
iÆ1

nX
jÆiÅ1

"
!(Ai i )kxik2Å!(A j j )kx jk2

n
ÅkjAi j jÅ jA¤j i jk

1

2 kjA¤i j jÅ jA j i jk
1

2 kxikkx jk
#
.

As x is a unit vector in ©n
iÆ1
Hi . Then kxik2 Åkx jk2 · 1, for all i , j Æ 1,2, ...,n, i 6Æ j . and

kx jk2 ·
p
1¡kxik2.

Thus, with same condition of i , j , we have

!(A) · sup
kxi k2Åkx j k2·1

n¡1X
iÆ1

nX
jÆiÅ1

!(Ai i )kxik2Å!(A j j )kxik
p
1¡kxik2

2

Å
n¡1X
iÆ1

nX
jÆiÅ1

kjAi j jÅ jA¤j i jk
1

2 kjA¤i j jÅ jA j i jk
1

2 kxik
q
1¡kxik2.

By maximizing the function

f (x)Æ !(Ai i )¡!(A j j )

n
x2ÅkjAi j jÅ jA¤j i jk

1

2 kjA¤i j jÅ jA j i jk
1

2 x
p
1¡x2Å 1

n
!(A j j ),
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we �nd an upper bound for jhAx,xij is

1

2

2
4!(Ai i )Å!(A j j )

n
Å
s
(
!(Ai i )¡!(A j j )

n
)2ÅkjAi j jÅ jA¤j i jkkjA¤i j jÅ jA j i jk

3
5 .

Thus

!(A) ·
n¡1X
iÆ1

nX
jÆiÅ1

1

2

2
4!(Ai i )Å!(A j j )

n
Å
s
(
!(Ai i )¡!(A j j )

n
)2ÅkjAi j jÅ jA¤j i jkkjA¤i j jÅ jA j i jk

3
5

Æ 1

2

· Pn
iÆ1

!(Ai i )Å
Pn¡1

iÆ1

Pn
jÆiÅ1

r
(
!(Ai i )¡!(A j j )

n
)2ÅkjAi j jÅ jA¤j i jkkjA¤i j jÅ jA j i jk

¸
.

In this Theoremwe �nd an upper and lower bounds of!(AB), where A,B are bounded

linear operators.

Theorem 4.1.6. Let A,B 2B(H). Then

2m(B)!(A)¡kBkkAk ·!(AB)· kBk 1

2 kjB¤j 12 A¤k.

where

m(B)Æ inf
kxkÆ1

jhBx,xij.

Proof. To prove the �rst inequality we need the following extention of Schwartz inequality,

which obtained by Buzano [11], if a,b,x are vectors in an inner product space. Then

jha,xijjhx,bij · kakkbkÅjha,bij
2

kxk2. (4.1.5)

In the equation (4.1.5) let a ÆBx and b Æ Ax, we have

jhBx,xijjhx,A¤xij · kBxkkAxkÅjhBx,A¤xij
2

· kBkkAkÅjhABx,xij
2

· kBkkAkÅ!(AB)
2

.
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In the other hand, we have

jhBx,xijjhx,A¤xij Æ jhBx,xijjhAx,xij ¸m(B)jhAx,xij,

Thus,

m(B)jhAx,xij ·m(B) sup
kxkÆ1

jhAx,xij · kBkkAkÅ!(AB)
2

.

Consequently

m(B)!(A)· kBkkAkÅ!(AB)
2

.

To prove the second inequality, we use Lemma (1.5.3), we have

jhABx,xij Æ jhBx,A¤xij

· hjB jx,xi 12 hjB¤jA¤x,A¤xi 12

Æ hjB jx,xi 12 hjB¤j 12 A¤x, jB¤j 12 A¤xi 12

Æ hjB jx,xi 12 [kjB¤j 12 A¤xk2] 12

Æ hjB jx,xi 12 kjB¤j 12 A¤xk

· kjB jk 1

2 kjB¤j 12 A¤k

Æ kBk 1

2 kjB¤j 12 A¤k.

By (1.3.1), we have

!(AB)· kBk 1

2 kjB¤j 12 A¤k.

This completes the proof.

Remark 4.1.7. In Theorem 4.1.6 see that

!(AB)· kBk 1

2 kjB¤j 12 A¤k · kAkkBk.

Theorem 4.1.8. Let Ai 2B(H) for all i Æ 1, ...,n. Then

2n¡1
n¡1Y
iÆ1

m(Ai )!(An)¡ [2n¡1¡1]
nY
iÆ1

kAik ·!(
nY
iÆ1

Ai )· kA1k
1

2 k
nY
iÆ2

Ai j(A1)
¤j(

nY
iÆ1

Ai )
¤k 1

2

(4.1.6)

for all n ¸ 1.
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Proof. We start with the �rst inequality.

By recurence, from Theorem 4.1.6 the formula (4.1.6) is true when n Æ 2.

Now assume that for all n ¸ 2

2n¡1
n¡1Y
iÆ1

m(Ai )!(An)¡ [2n¡1¡1]
nY
iÆ1

kAik ·!(
nY
iÆ1

Ai ). (4.1.7)

Then, we have

!(
nÅ1Y
iÆ1

Ai ) Æ !(A1

nÅ1Y
iÆ2

Ai )

¸ 2m(A1)!(
nÅ1Y
iÆ2

Ai )¡kA1kk
nÅ1Y
iÆ2

Aik

(by theorem 4.1.6)

¸ 2m(A1)

"
2nÅ1¡1

nÅ1¡1Y
iÆ2

m(Ai )!(AnÅ1)¡ [2n¡1¡1]
nÅ1Y
iÆ2

kAik
#
¡kA1k

nÅ1Y
iÆ1

kAik

(by the inequali t y (4.1.7))

Æ 2n
nY
iÆ1

m(Ai )!(AnÅ1)¡2m(A1)[2
n¡1¡1]

nÅ1Y
iÆ2

kAik¡kA1k
nÅ1Y
iÆ1

kAik

Æ 2n
nY
iÆ1

m(Ai )!(AnÅ1)¡2kA1k[2n¡1¡1]
nÅ1Y
iÆ2

kAik¡kA1k
nÅ1Y
iÆ1

kAik

Æ 2n
nY
iÆ1

m(Ai )!(AnÅ1)¡ [2n¡1¡1]
nÅ1Y
iÆ1

kAik.

Therefore by the principle of mathematical induction, our formula holds for all integers n

greater than 1.

For the second inequality, by Theorem 4.1.6, we have

!(
nY
iÆ1

Ai )Æ!(A1

nY
iÆ2

Ai )· kA1k
1

2 k
nY
iÆ2

Ai j(A1)
¤j(

nY
iÆ1

Ai )
¤k 1

2 .

4.2 Generalized spectral radius inequalities forHilbert space

operators

Theorem 4.2.1. Let Ai ,Bi 2B(H) for all i Æ 1, ...,n, then
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r (
nX
iÆ1

AiBi )·
1

2

2
4 nX
iÆ1

!(Bi Ai )Å
n¡1X
iÆ1

nÅ1X
jÆiÅ1

s
(
!(Bi Ai )¡!(B j A j )

n¡1
)2ÅkjBi A j jÅ jA¤i B¤j jkkjA¤j B¤i jÅ jB j Ai jk

3
5 .

Proof. We have

r (
nX
iÆ1

AiBi ) Æ r

0
BBBBB@

Pn
iÆ1

AiBi 0 .. 0
0 0 ... 0
. . .. .
. . .. .
. . .. .

1
CCCCCA

Æ r

0
BBBBB@

A1 A2 .. An

0 0 ... 0
. . .. .
. . .. .
. . .. .

1
CCCCCA

0
BBBBB@

B1 0 .. 0
B2 0 .. 0
. . .. .
. . .. .
Bn . .. .

1
CCCCCA

Æ r

0
BBBBB@

B1 0 .. 0
B2 0 .. 0
. . .. .
. . .. .
Bn . .. .

1
CCCCCA

0
BBBBB@

A1 A2 .. An

0 0 ... 0
. . .. .
. . .. .
0 . .. 0

1
CCCCCA

Æ r

0
BBBBB@

B1A1 B1A2 .. B1An

B2A1 B2A2 .. B2An

. . .. .

. . .. .
BnA1 BnA2 .. BnAn

1
CCCCCA

· !

0
BBBBB@

B1A1 B1A2 ... B1An

B2A1 B2A2 ... B2An

. . .. .

. . .. .
BnA1 BnA2 .. BnAn

1
CCCCCA .

Hence, by Theorem 4.1.5, we have

r (
nX
iÆ1

AiBi )·
1

2

2
4 nX
iÆ1

!(Bi Ai )Å
n¡1X
iÆ1

nÅ1X
jÆiÅ1

s
(
!(Bi Ai )¡!(B j A j )

n¡1
)2ÅkjBi A j jÅ jA¤i B¤j jkkjA¤j B¤i jÅ jB j Ai jk

3
5 .
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A directe result of Theorem 4.2.1, when n Æ 2 is given in this Corollary

Corollary 4.2.1. Let A1,A2,B1,B2 2B(H). Then

r (A1B1ÅA2B2)·
1

2

h
!(B1A1)Å!(B2A2)Å

q
(!(B1A1)¡!(B2A2))2ÅkjB1A2jÅ jA¤1B¤2 jkkjA¤2B¤1 jÅ jB2A1jk

i
.

The following list of corollaries is an immediate consequence of Corollary 4.2.1.

Corollary 4.2.2. Let A,B 2B(H). Then

r (AB §BA)· 1

2

h
!(BA)Å!(AB)Å

p
(!(BA)¡!(AB))2ÅkjB2jÅ j(A2)¤jkkj(B2)¤jÅ jA2jk

i
.

Proof. In Corollary 4.2.1 we put A1 ÆB2 Æ A,B1 Æ A2 Æ§B , we have

r (AB §BA)· 1

2

h
!(BA)Å!(AB)Å

p
(!(BA)¡!(AB))2ÅkjB2jÅ j(A2)¤jkkj(B2)¤jÅ jA2jk

i
.

Remark 4.2.2. In Corollary 4.2.2 if P,Q are two projection , we have

r (PQ§QP )· 1

2

·
!(QP )Å!(PQ)Å

q
(!(QP )¡!(PQ))2ÅkjQjÅ jP¤jkkjQ¤jÅ jP jk

¸
.

Corollary 4.2.3. Let A,B 2B(H). Then

r (AÅB)· 1

2

h
!(A)Å!(B)Å

p
(!(A)¡!(B))2ÅkI Åj(BA)¤jkkI ÅjBAjk

i
.

Proof. In Corollary 4.2.1 we put A1 Æ A,B1 Æ A2 Æ I , and B2 ÆB , we have

r (AÅB)· 1

2

h
!(A)Å!(B)Å

p
(!(A)¡!(B))2ÅkI Åj(BA)¤jkkI ÅjBAjk

i
.

Remark 4.2.3. In Corrolary 4.2.3 if A Æ P and B Æ I ¡P such that P is a projection, we have

1Æ r (I )Æ r (P Å (I ¡P )· 1

2

h
!(P )Å!(I ¡P )Å

p
(!(P )¡!(I ¡P ))2Å1

i
.
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Corollary 4.2.4. Let A,B 2B(H). Then

r (AB)· 1

4

h
!(BA)Å!(AB)Å

p
(!(BA)¡!(AB))2ÅkjB jÅ j(ABA)¤jkkjB¤jÅ jABAjk

i
.

Proof. In Corollary 4.2.1 we put A1 Æ A,B1 Æ 1

2
B ,A2 Æ I , and B2 Æ 1

2
AB , we have

r (AB) · 1

2

"
!(

1

2
BA)Å!(1

2
AB)Å

r
(!(

1

2
BA)¡!(1

2
AB))2Åkj1

2
B jÅ j(1

2
ABA)¤jkkj1

2
B¤jÅ j1

2
ABAjk

#

Æ 1

4

h
!(BA)Å!(AB)Å

p
(!(BA)¡!(AB))2ÅkjB jÅ j(ABA)¤jkkjB¤jÅ jABAjk

i
.

4.3 Generalized norm inequalities for Hilbert space opera-

tors

In the following Theorem we present our improvement of the triangle inequality for the

usual operator norm.

Theorem 4.3.1. Let A1,A2 2B(H) . Then

kA1Å A2k ·
q
kA1k2ÅkA2k2Å2!(A¤

2
A1).

Proof. We have,

k(A1Å A2)xk2 Æ h(A1Å A2)x, (A1Å A2)xi

Æ hA1x,A1xiÅhA1x,A2xiÅhA2x,A1xiÅhA2x,A1xi

Æ kA1xk2ÅkA2xk2Å2RehA1x,A2xi

· kA1xk2ÅkA2xk2Å2jhA1x,A2xij

Æ kA1xk2ÅkA2xk2Å2jhA¤2 A1x,xij.

Thus,

kA1Å A2k2 · kA1k2ÅkA2k2Å2!(A¤2 A1),
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and so,

kA1Å A2k ·
q
kA1k2ÅkA2k2Å2!(A¤

2
A1).

Corollary 4.3.1. Let A ÆB Å iC be Cartesian decomposition of A 2B(H). Then

kAk ·
p
kBk2ÅkCk2Å2!(CB)·

p
kBk2ÅkCk2Å2!(B)!(C ).

Proof. From Theorem 4.3.1, we have

kAk Æ kB Å iCk ·
p
kBk2ÅkCk2Å2!(C¤B).

As B ,C are self-adjoint, we have

!(C¤B)Æ!(CB)· kCBk · kCkkBk Æ!(C )!(B).

Thus

kAk Æ kB Å iCk ·
p
kBk2ÅkCk2Å2!(CB)·

p
kBk2ÅkCk2Å2!(B)!(C ).

We are in a position to give the general case of Theorem 4.3.1.

Theorem 4.3.2. Let Ai 2B(H) for all i Æ 1, ...,n. Then

k
nX
iÆ1

Aik ·
vuut nX

iÆ1

kAik2Å
n¡1X
iÆ1

nX
jÆiÅ1

2!(A¤
j
Ai ). (4.3.1)
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Proof. Let x 2H. Then

k
nX
iÆ1

Ai xk2 Æ h
nX
iÆ1

Ai x,
nX
iÆ1

Ai xi

Æ
nX
iÆ1

hAi x,Ai xiÅ
n¡1X
iÆ1

nX
jÆiÅ1

hAi x,A j xiÅhA j x,Ai xi

Æ
nX
iÆ1

hAi x,Ai xiÅ
n¡1X
iÆ1

nX
jÆiÅ1

2Re(hAi x,A j xi)

·
nX
iÆ1

hAi x,Ai xiÅ
n¡1X
iÆ1

nX
jÆiÅ1

2jhAi x,A j xij

Æ
nX
iÆ1

kAi xk2Å
n¡1X
iÆ1

nX
jÆiÅ1

2jhA¤j Ai x,xij.

Thus,

k
nX
iÆ1

Aik2 ·
nX
iÆ1

kAik2Å
n¡1X
iÆ1

nX
jÆiÅ1

2!(A¤j Ai ).

and so,

k
nX
iÆ1

Aik ·
vuut nX

iÆ1

kAik2Å
n¡1X
iÆ1

nX
jÆiÅ1

2!(A¤
j
Ai ).

4.4 Applications toMoore-Penrose inverse

Theorem 4.4.1. Let A 2B(H). Then

!(A2)· kAk 1

2 k( �A)¤jA¤j 12 k · kAk2.
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Proof.

!(A2) Æ !(AA)

· kAk 1

2 kjA¤j 12 A¤k

(by Theorem 4.1.6)

Æ kAk 1

2 kjA¤j 12U¤jA¤jk

( f r om Polar decomposi t ion)

Æ kAk 1

2 kjA¤j 12U¤jA¤j 12 jA¤j 12 k

Æ kAk 1

2 k( �A)¤jA¤j 12 k

· kAk2.

Theorem 4.4.2. Let A 2B(H) be a non zero operator with closed range. Then

1· kAk 1

2 kjA¤j 12 (AÅ)¤k · kAkkAÅk.

Proof. From , we have

!(AÅA)Æ 1.

By Theorem 4.1.6, we have

1Æ!(AÅA)· kAk 1

2 kjA¤j 12 (AÅ)¤k · kAkkAÅk.

Theorem 4.4.3. Let A 2B(H) be a nonzero operator with closed range. Then

m(A)· 1

2

·
kAkÅ 1

kAÅk

¸
· kAk.

Proof. By the equation (1.4.4), we have

AÅ Æ A¤(AA¤)Å
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From Theorem 4.1.6, we have

!(AÅ) Æ !(A¤(AA¤)Å)

¸ 2m(A¤)!((AA¤)Å)¡kA¤kk(AA¤)Åk

Æ 2m(A)kAÅk2¡kAkkAÅk2

Æ kAÅk2 [2m(A)k¡kAk] .

As A 6Æ 0 , AÅ 6Æ 0 also. Then

2m(A)k¡kAk · !(AÅ)
kAÅk2 ·

1

kAÅk .

Thus,

m(A)· 1

2

·
kAkÅ 1

kAÅk

¸
.

As kAkkAÅ ¸ 1, then
1

kAÅk · kAk
Thus,

1

2

·
kAkÅ 1

kAÅk

¸
· kAk.

Theorem 4.4.4. Let A 2B(H) be a nonzero operator with closed range. Then

kAAÅÅ AÅAk · 1Å
p
kj(AÅ)2jÅ j(A2)¤jkkj((AÅ)2)¤jÅ jA2jk

2
.

Proof. In Corollary 4.2.2 we put B Æ AÅ, we have

r (AAÅÅ AÅA)· 1

2

h
!(AAÅ)Å!(AÅA)Å

p
kj(AÅ)2jÅ j(A2)¤jkkj((AÅ)2)¤jÅ jA2jk

i
.

We have AAÅÅ AÅA is a self-adjoint operator and AAÅ,AÅA are orthogonal projections ,

then

r (AAÅÅ AÅA)Æ!(AAÅÅ AÅA)Æ kAAÅÅ AÅAk,

and

!(AAÅ)Æ!(AÅA)Æ 1.
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Thus,

kAAÅÅ AÅAk · 1Å
p
kj(AÅ)2jÅ j(A2)¤jkkj((AÅ)2)¤jÅ jA2jk

2
.

Theorem 4.4.5. Let A 2B(H) be a nonzero operator with closed range. Then

2·
p
kjAÅjÅ jA¤jkkj(AÅ)¤jÅ jAjk.

Proof. In corollary 4.2.4 we put B Æ AÅ, we have

1 Æ r (AAÅ)

· 1

4

h
!(AÅA)Å!(AAÅ)Å

p
(!(AÅA)¡!(AAÅ))2ÅkjAÅjÅ j(AAÅA)¤jkkj(AÅ)¤jÅ jAAÅAjk

i
Æ 1

4

h
1Å1Å

p
kjAÅjÅ j(AAÅA)¤jkkj(AÅ)¤jÅ jAAÅAjk

i
.

Thus,

2·
p
kjAÅjÅ j(AAÅA)¤jkkj(AÅ)¤jÅ jAAÅAjk.

From the inequality (1.4.1), we have A Æ AAÅA, and so

2·
p
kjAÅjÅ jA¤jkkj(AÅ)¤jÅ jAjk.

Theorem 4.4.6. Let A 2B(H) be a nonzero operator with closed range. Then

r (AÅ)· 1

4

h
!(AÅ)ÅkAÅkÅ

p
(kAÅk¡!(AÅ))2ÅkAAÅÅj((AÅ)2)¤jkkAAÅÅj(AÅ)2jk

i
.

Proof. By (1.4.2),

AÅAAÅ Æ AÅ.

In corollary 4.2.4 we put A Æ AÅ and B Æ AAÅ, we have

r (AÅ) · 1

4

h
!(AÅ)Å!(AAÅAÅ)Å

p
(!(AÅ)¡!(AAÅAÅ))2ÅkAAÅÅj((AÅ)2)¤jkkAAÅÅj(AÅ)2jk

i
Æ 1

4

h
!(AÅ)Å!(AAÅAÅ)Å

p
(!(AAÅAÅ)¡!(AÅ))2ÅkAAÅÅj((AÅ)2)¤jkkAAÅÅj(AÅ)2jk

i
.
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We have,

!(AAÅAÅ)· kAAÅAÅk · kAAÅkkAÅk Æ kAÅk.

Thus,

r (AÅ)· 1

4

h
!(AÅ)ÅkAÅkÅ

p
(kAÅk¡!(AÅ))2ÅkAAÅÅj((AÅ)2)¤jkkAAÅÅj(AÅ)2jk

i
.
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Conclusion

� In this thesis we prove new numerical radius inequalities for Hilbert space operators

Ï we present numerical radius inequalities for operator matrices, products, and

commutators of operators,

Ï Inequalities involving the Generalized Aluthge Transform are also obtained,

Ï we generalise some results,

Ï we apply some of our results to Moore-Penrose inverse to give new spectral

radius inequalities for Moore-Penrose inverse and to improve some of well-

known inequalities about them.

Prospects

In the future we examinate 3 problems

� Problem 1: The improvement of the inequality

1

2
kAk ·!(A) f or al l A 2B(H),

� Problem2: Numerical radius inequalities for products of operators under conditions

around operators,

� normal operators.

� hyponormal operators.

� projections.

� commuting operators.

� Problem 3: More results about numerical radius inequalities for Moore-Penrose In-

verse.
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Abstract

In this thesis we prove new numerical radius inequalities for Hilbert space operators, we

present numerical radius inequalities for operator matrices, products, and commutators

of operators, we give also inequalities involving the generalized Aluthge transform. Some

of generalized results are given in this thesis, we apply some of our results to Moore-

Penrose inverse to give new spectral radius inequalities for Moore-Penrose inverse and

to improve some of well-known inequalities about them

Keywords

Numerical radius, Spectral radius, Operator matrix, spectrum, commutators, operator

norm, Aluthge transform, inequality.

Résume

Dans cette thèse, nous prouvons nouvelles inégalités sur le rayon numérique des opéra-

teurs dans un espace de Hilbert, nous présentons des inégalités sur le rayon numérique

pour matrice d´opérateurs, produits et commutateurs des opérateurs, nous donnons des

inégalités impliquant la transformationd´Aluthge généralisée. Certains des résultats général-

isés sont donnés dans cette thèse , nous appliquons certains de nos résultats à l´inverse

de Moore-Penrose pour donner de nouvelles inégalités de rayon spectral Ã l´inverse de

Moore-Penrose et pour améliorer certaines inégalités bien connues Ã leur sujet.

Mots-clés

Rayon numérique, Rayon spectral, matrice dâopérateur, spectre, commutateurs, norme

d´opérateur, transformation d´Aluthge, inégalité.
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