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Abstract

The main objective of this thesis is to study the problem of the global existence and
stability of some semi linear evolution systems. The first study focuses on the non-
linear hyperbolic equation with damping and source terms. To prove the existence of
a global solution of this system, we use some assumptions for initial data. Then, by
applying an integral inequality due to Komornik, we obtain the stability result. The
second study highlights the nonlinear wave equation with damping and source terms of
variable-exponent types. Also, by some assumptions for initial data and Komornik’s
integral inequality, we obtained similar results. Finally, we consider the nonlinear wave
equation with damping, source and nonlinear first order perturbation terms. We show
that when the damping term (linear and viscoelastic) dominates the nonlinear first order
perturbation terms, the usual energy is decreases and the solution is global.

keywords: Source term, Dissipative term; Variable exponents; Perturbation term; Global solu-
tion; Stability.
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GENERAL INTRODUCTION

In all this work
o T'>0.
e () is a bounded domain of R™ (n € N*), with a smooth boundary 0.

Literature. During the last few decades, many researchers have been interested in

the nonlinear wave equations with source and damping terms with constant exponents:

([ uy — Au+f0tg(t — ) Au () dr + g fue| ™2 = wlul’ ™, inQx (0,T),
u=0, on 0 x (0,7,
L u(2,0) = uo, uy (2,0) = uy, in €,
(P)

where p, m > 2 are constants and g is a given positive function defined on (2.

In the absence of the viscoelastic terms (g = 0), system (P) has been largely studied
by several authors. Ball [6] showed that in the absence of the damping term u; |ut|m_2,
the source term u |u|” 2 causes finite-time blow-up of solutions with negative initial
energy. Haraux, Zuazua and Kopackova [23]], [27] proved that in the absence of the
source term, the damping term assures global existence for arbitrary initial data. In

the linear damping case m = 2, Levine [29] established a finite-time blow-up result



General introduction

for negative initial energy. Georgiev and Todorova [18]] extended Levine’s result to the

nonlinear damping case m > 2. They gave two results:

e if m > p then the global solution exists for arbitrary initial data.

e if p > m then solutions with sufficiently negative initial energy blow-up in finite

time.

Messaoudi [30] improved the result of Georgiev and Todorova and proved a finite time
blow-up result for solutions with negative initial energy only. Ikehata [24] used some
assumptions for initial data, introduced by Sattinger [38]] to show that the global solu-
tion exists for small enough initial energy. In addition, authors in [21], [25] and [37]]

have addressed this issue.

In the presence of the viscoelastic terms (g # 0), Messaoudi in [31] and [32] proved
that the solution with negative or positive initial energy blow up in finite time. A result
of global existence is also obtained for any initial data. In addition, we refer to [7] ,
(11, [IL&]], [19], [28]] and [42] for other results in this direction.

Recently, many papers have treated the problem with variable exponents. The study
of these systems is based on the use of the Lebesgue and Sobolev spaces with vari-
able exponents, see for instance [[15] and [39]. Antontsev [2] discussed the following

equation

( X p(z,t)—2 o(x,t)—2 .
uy = div (a|Vul Vu) + aAu + bu |u| +f, inQx(0,7),

u=0, in 02 x (0,7,

| u (x,0) = ug, uy (x,0) = uy, in €,
where « is a nonnegative constant and a, b, p, o are given functions. He proved the

existence and the blow-up of weak solutions with negative initial energy. Gao [17]

studied the following viscoelastic hyperbolic equation

[ uy — Au— Auy + fotg (t —7) A () dr + g |ug "7 = w|ufY 72, inQx (0,T),
u=0, on 092 x (0,T),
[ u(2,0) = o, us (2,0) = uy, in Q.
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Using the Galerkin method, the authors proved the existence of weak solutions under
suitable assumptions. Another study of Sun et al. [40] where they looked into the
following equation

(uy — div (a|Vu]) + cug Jug) 07 = bu [uP" 7 inQ x (0,7),
u=0, on 00 x (0,7T),
L u(2,0) = uo, us (2,0) = uy, in Q.

Under specific conditions on the exponents and the initial data, they established a blow-

up result. Messaoudi and Talahmeh [34] considered the following equation

( g — div <|Vu|m(')72 Vu) oy = uulPY7 ) in Q% (0,7,

u =0, on 002 x (0,7),

\ u(z,0) = ug, u (x,0) = uy, in €,

where 1 1s a nonnegative constant. Under suitable conditions on the exponents, they
established a blow-up result for solutions with arbitrary positive initial energy. After

that, the same authors in [35]] studied the following equation

)
g — div (\Vu|r(')72 Vu) + aug |ue ™7 = bu |u|fY7, in Q% (0,7),

u =0, on 00 x (0,T),

| u(z,0) =uo, u(2,0) = u, in §Q,

where a, b are positive constants and the exponents of nonlinearity m, p,r are given
functions. They proved a finite time blow-up result for the solution with negative initial
energy as well as for certain solutions with positive initial energy. Also, Messaoudi et

al. [36] considered the following equation

(uy — AuA aug Jug ™07 = bu |ulY 7, in Q% (0,7),
u=0, on 00 x (0,7,
[ u(2,0) = o, us (2,0) = uy, in Q,

5



General introduction

and used the Galerkin method to establish the existence of a unique weak local solution.

They also proved that the solutions with negative initial energy blow-up in finite time.

Another kind of system was considered in the literature: System of the wave equa-
tion which include linear or nonlinear first order perturbation order terms. Cavalcanti

and Soriano [14]] considered the following hyperbolic boundary problem

.

%—Au—i—au—l—Zb du — 0, inQ x (0,00),

v Ox;

u =0, on T x (0,00),

duy Ba) =0 on Ty x (0,00),

(v (z,0) = uo, %—? (x,0) =wy, inQ,

where 02 = T'; U I'y, with restrictions on a, b; and 3. They proved the existence,
uniqueness and uniform stability of strong solutions. Cavalcanti et al. [13] studied the
following degenerate hyperbolic equations with boundary damping

( K (z,t)uy — Au+ F (z,t,u,uy, Vu) = f, inQ x (0,00),
u =0, on Ty x (0,00),
4 b(z)u =0 on Ty x (0,00),

[ u(z,0) = ug, us (,0) = uy, in Q.

Under some assumptions, the authors proved the similar results. Cavalcanti and Guesmia
[12] considered the following hyperbolic problem

uy — Au+ F (x,t,u,uy, Vu) = f, in Q x [0, 400,
u=0, on Ty x [0, 400,
i Ju
u+ [y g(t—s)5t(s)ds =0 on 'y x [0, 400,
| u(2,0) = ug, ug (,0) = uy, in Q.
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They proved that the dissipation given by the memory term is strong enough to assure
stability. Guesmia in [20] considered the following semi linear wave internal dissipative

term
uy — Au+h (Vu) + f (u) + g (u) =0, inQ x[0,+00],

u=0, on 09 x [0, 400 |,

| (x,0) = ug, u (z,0) = uy, mn Q,
and the nonlinear boundary feedback

(

Uy — Au+h(Vu)+ f(u) =0, inQ x 0,400,
u=0, on 'y x [0, 400,
du+g(u) =0 on Ty x [0, 400,
u(z,0) = ug, u (z,0) = uy, in €,

where f,g : R — R and h : R® — R are given continuous nonlinear functions.
Hamchi, in [22], considered the case of linear first order perturbation and improved the
result in [20] where she proved an energy decay of solution without any condition on
smallness of this term. In her work, she introduced a new geometric multiplier to han-
dle the linear first order term and used a suitable nonlinear version of a compactness

uniqueness argument in [16] to absorb the lower order terms.

Main contribution. The purpose of this thesis is to study the problem of global ex-
istence and stability of solution for some semi linear hyperbolic systems. The first goal
considers the study of the global existence and stability of solution for the nonlinear hy-
perbolic equation with damping and source terms. The second goal is also centered on
the study of these problems for the nonlinear wave equation with damping and source
terms of variable-exponent types. The third one is to prove that solution of the wave

equation with damping, source and nonlinear first order perturbation terms is global.

Organization of the thesis. This thesis consists of three main chapters in addition

to general introduction and conclusion. In the first chapter, we consider the following

7
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hyperbolic equation with source and damping terms

([ wy — div (AVW) + g Jug)" > = w|ulP%, nQ x (0,T),
u(x,t) =0, ond$2 x (0,T),
\ U(l’,O) = Uo (x)aut (l‘,O) = U (l’), Z?”LQ,

where p, m > 2. First, we present the theorem of existence of solution. Next, we show
that the energy is decreasing and we use some assumptions for initial data to prove a
global existence result. Then, by applying an integral inequality due to Komornik, we
obtain the stability result. In the second chapter, we consider the following nonlinear

wave equation with damping and source terms of variable-exponent types

(wy — AuA4 g Jug "7 = wuPY7 ) inQ x (0,7),
u =0, on 00 x (0,T),
[ u(z,0) = ug, u (2,0) = uy, in €,

where m and p are measurable functions in €). First, we present the result of S. Mes-
saoudi in [36] concerning the existence of the local solution of this system. Next, we
show that the energy is decreasing and by some assumptions for initial data and Ko-
mornik’s integral inequality, we obtain the global and stability results. In the third
chapter, we consider the following nonlinear wave equation with damping, source and
nonlinear first order perturbation terms

(

Uy — Au+ g x Au+a(z)u + F (6, Vu) = [ul’ 2 u, inQx(0,7T),
! u=0, on 00 x (0,7T),
[ u(2,0) = uo, uy (2,0) = uy, in €,

where g, a and F’ are a functions satisfying some conditions to be specified later. Noting
that g * Au = fot g (t — 1) Au (1) dr. First, we show that if the damping terms (linear
and viscoelastic) dominated the nonlinear first order perturbation terms then the usual
energy is decreasing. After that, we use some assumptions for initial data to prove that
the solution of this system is global. Finally, in the conclusion we summarize our results

and give some perspectives.



CHAPTER 1

GLOBAL EXISTENCE AND
STABILITY OF HYPERBOLIC
EQUATION WITH SOURCE AND
DAMPING TERMS

1.1 Introduction

The result of this chapter is a case of a result presented in: Congres des Mathématiciens
Algériens, CMA 2016, Batna, 08-09 Novembre 2016.

In this chapter, we consider the following system

(

Uy — div (AVU) + 1w [ = wlu| >, in Qx (0,T),
u =0, on 00 x (0,7T), (P)
\ U([E,O) = Up, Ut (I,O):Ul, in Qa

with p,m > 2 and A = (a; (v,t)), ; where, for all i,j = 1,n, a;; is a symmetric

function (i.e., a;; = aj;) of class Ct (Q2 x [0, —i—oo[) and there exists a constant ag > 0

9
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terms

such that, for all (x,t) € Q x [0, +oo[ and ¢ € R", we have

ACC > ag ¢ (1.1)
and
A¢Cc<o. (1.2)

For the constant case i.e. A = I, , many results were obtained concerning the existence,
stability and blow up of solution, see for example [6], [18], [23], [24], [27] and [38].
Concerning the variable coefficient case, the first attempt in this direction was made by
Benabderrahmanne and Boukhatem in [8]].

Our study have been conducted to analyze the existence of global solution of wave
equation with damping and source terms. Then, we employ an integral inequality, due
to Komornik [26]], to establish a stability result.

1.2 Preliminary results

Regarding the solution of the system (P), we can use the idea of Wu and Tsai in [41] to

prove the following theorem.

Theorem 1.1. If ug € H} (Q) N H*(Q) and uy, € H} () then there exists a unique
strong solution w in (0,T) of (P) satisfying

we C((0,T), HL ()N H? (),
u € C ((0’ T) ) L? (Q) N L? ((OaT) ) H(% (Q)) )
uy € L* ((0,T),L7 (),

Moreover, the following alternatives hold

(1) T =4o0, or

(i1) T < +o0and lim ([Vu ()3 + [[ue (1)]3) = +oo.
The decay of the energy of the system (P)) is given in the following lemma.

Lemma 1.1. Suppose that (1.2)) holds. The energy E of the system (P)) is a decreasing

function. Here

E(t):%/QAVu(t) Vu(t)daz—i—%”ut (t)Hg—%/Q]u(tﬂpdx.

10
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Proof. Tt is enough to multiply the first equation in (P) by u,; and integrate over €2, to
obtain

/Q e (£) s (1) da— /Q div (AVu (8)) uy (£) da+ /Q g (0)|™ dar = /Q (O (1) uy (1) da

Then, we use the generalized Green formula and the boundary conditions, to find

2dt/|ut Iy der/Avu()VUt()dfﬂJr/!ut( dx——_/‘u (0 da.

This implies that

%% Q|ut( )| dr + 1 2dt qAVu (t) Vu (t) dex — %fQA,Vu (t) Vu (t) dx

+ Jo lue ()™ do = pdt o lu(t)Pdz.

So

LE () =1 [LAVu(t)Vu(t)de — [, |u (t)|" dz. (1.3)

dt

Taking into account the hypotheses on A, we find

d m
CE () < / g ()™ e < 0. (1.4)

1.3 Global existence result

To study the problem of global existence of the solution of the system (P), we define the
following functions, for all ¢t € (0,7)

I(t)= /QAVU (t) Vu (t) de — /Q lu (t)|° dx

11
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and

1

7(t) :§/QAVu(t)Vu(t)dx—%/Qm(t)]pdx.

The proof of the first main result of this chapter requires the following lemma.
Lemma 1.2. Suppose that

1
2<p<2tT >3
n—2

Under the assumptions of Lemmal.1I|and supposing that

I(0)>0
and
C? 2p i
== —F(0 1 1.5
o= (—2pr0) T <1 (15)

where C\ is the best constant of the embedding H} () — LP (2), we have

I(t) >0 forallt €(0,T).

Proof. By continuity, there exists 7;,, where 0 < 7;,, < T" such that
I(t)>0, Vte (0,T,,). (1.6)
Now, we will prove that this inequality is strict, we have for all ¢ € (0,7,,)
J(t) =3 [, AVu(t) Vu(t)de — %fQ lu (t)]” dx
=3 Jo AVu () Vu (t) dx — 5 [ [ AVu (t) Vu (t) de — 1 (t)]

= B2 [0 AVu (t) Vu () de + 11 (1)

12
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Using (|1.6)), we obtain

/ AV () V() d < %J(zﬁ), vt e (0,T,). (1.7)
: =

By assumption on A, (1.7) and the definition of £, we find

1 2p
Vut2<—/AVutVutdx<—Et. 1.8
IVu Ol < o | AVu() Vult)dr < e (1) (18)
Using the nonincreasingness of F/, we obtain
IVu(E < — 2B (0) (19)
T a(p—2) '

We have

Jolu@P dz < C2Vu@lly = C2IVu @)l [IVu @)l

By (1.9), we obtain

p—2

p 2p oz 2
[luwra e (= 2pse) " 19uls.
Using (I.1]), we obtain
/ lu ()| dz < ﬂ/ AVu (t) Vu (t) dz. (1.10)
Q Q

Since 5 < 1 then
/Q|u(t)|p dr < /QAVu (t) Vu (t) de,Vt € (0,T,,) .
This implies that
I(t)>0, Vte (0,T,,).

13
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terms
Since
I(T,) >0
and
P %
w (gt @) <<t

Then, by repeating the above procedure, we extend 7;,, to 7.

The first main result of this chapter is given in the following theorem.

Theorem 1.2. The solution u of (P) is global.

Proof. We have to prove that
/ AVu (t) Vu (t) dx + [Juy (t)Hg ,
Q

is bounded independently of ¢.
Based on the definition of £ and using (1.7)), we get

E(t) =J(t)+ 35w @l

> 22 [ AV () Va () do + & flu (1)1

Consequently, there exist a constant C' > 0 such that

/QAvu (t) Vu (t) do + ||Jug (t)||3 < CE(t).

By the nonincreasingness of E, we find

/QAVu (8) V() da + |u (8)]2 < CE (0).

14
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1.4 Stability result

To prove the second main result of this chapter, we establish the following lemma.

Lemma 1.3. Suppose that

2<m<

n_27 -

Under the assumptions of Lemma[l.2] there exists a positive constant C' such that the
global solution u of (P) satisfies

/ lu ()™ de < CE(t), forallt>0.
Q
Proof. Let c, be the best constant of the embedding H} (2) < L™ (Q). Then, we have
Jolu@[" dz < [[Vu @)y
m m—2 2
= [Vu @)y [[Vu @]l -

By (1.8)), we obtain

| oz < vl B ).

Then, by (1.9)), we obtain

m C"L 2
Jalu@™de < 220 (L2 p () T EB().

The second main result of this chapter is given in the following theorem.

Theorem 1.3. Under the assumptions of Lemma there exists C', w > 0 such that
the global solution of the system satisfies

E(t)gmf)f%, VE>0if m > 2.

E({t)<CE(0)e“, Vt>0if m=2.

15
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Proof. LetT > S > 0 and ¢ > 0. Multiplying the first equation of (P) by u () E9 (¢)
and integrating over 2 x (.S,7'), to obtain

/S /Q B9 (t) [u (t) e (£) — () div (AVu (8)) + 1w () we (8) [us (0)]"2] dedt

_ /5 ' /Q E9(8) |u (1) dadt.

This implies that

/S /Q B (8) [ (8) e (£)), — Jus (O + AV (£) Vi (8) + 1 (8) e (£) g (8)" 2] devdlt

_ /S ' /Q B (1) |u (8)]P dadt.

We add, subtract the term
/S ) /Q E7(t) [BAVu (t) Vu (t) + (1 + B) |ue ()|°] dwdt
and use (T.10) to get
(1= 8) [ E1(t) [, (AVu () Vu (t) + [ug (£)[) dadt
+ fg B fo [ (0w (£)), = (2 = B) [y (1)]7] dudt
+ Jo B () fou (8 e () Jug (8)]" dodt

= — [1 E4(t) [, [BAVu (t) Vu (t) — |u ()] dadt < 0.

16



Chapter 1. Global existence and stability of hyperbolic equation with source and damping
terms

Then

(1=8) [§ B*(®) [ (Aw (1) Vu (8) + e (8) = 2 [ (1)) dvdt
< f fQ d:z:dt
(1.14)
— [5 BO@) fou(t)u (t) [ (8)]" 2 dadt

+(2-B) [4 EC(t) [, |u: (1)) dwdt.

Using the definition of £ and the following relation

;i (Eq< ) /Q u (t) ue (t) dx) =qET (1) E (1) /Q u (t) ug (t) do+E9 (¢) /Q (u (t) u (1)), da,

inequality (1.14) turns into

2(1-8) Jg B7 (1) dt

< qfsT ETH () B (1) o u( t) dadt — s d (B9() Jou () u (t) dr) dt
— B (@) foyu (t) e () u (8)" 2 dadt + (2 B) [3 B (1) f, lug (1) dad.
(1.15)

Let C' be a positive generic constant. We estimate the terms in the right of (1.15)) as
follows

quT EL(t fQ t) dxdt
<qfs BTN (B (1) [5 o lu @ do + 5 fo lu (0] d] dt
<C 7B 0 (<F ) [ IT0 OF o+ b () o]

<C [T () (—E 1) [ Joy 2 AV () Vu (8) da + [y Jug (1) dx}

17
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Based on the definition of £ and using (1.7 we get

qfo BV E () [yu(t)u (t)dedt < O[5 B9(t) (E (1)) dt

< CEL(S) — CET(T).

That is
q/S EY () E (t)/Qu(t) uy (t) dzdt < CE?(0) E(9).

For the second term, we have

s i (B(t) [ u( (t) dz) dt

S‘Eq ) Jqu(z,S)u (z,8)de — EU(T) [,u xTuthdm|

(1.16)

|fQ xSuthdxM—Eq |fQ xTuthdw’

< CE™(S) + CE™(T).

That is

_/STjt (Eq()/gu(t)ut(t)d:c) dt < CE*(0)E(S).

For the third term, we use the following Young inequality

Xy < Sxm o4

8] 7’267"2/’"1 1 T9

With ry = m and r, = ™, to find

[u ()] Jue ()" < €C fu (O] + Cc lue ()]

18
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By (L.4) and Lemmal(I.3], we obtain

— [a BO(t) [ ul £) Jug (8)|™ 2 dadt
< Jg B2 () [eC [y lu(t)]™ dx + Ce [ luy (8)]™ dx) dt

<eC [3 BO@t) [, |u ()™ dedt + C. [§ B () (—E' (1)) dt.

That is
T T
—/ E9(t) / w(t) g (t) |ug ()™ dedt < eC/ ET (1) + C.E1(0) E(S).
’ ! i (1.19)
For the last term of (I.15]), we have
(2= 8) [T E(t) [, luy (1) dadt < C [3 B2 (t) ([ |u (8)]™)*" dad.

This implies that

(2-8) /STEq (t)/ﬂ|ut (t)|2dxdt§(J/STEq (1) (- (t))Q/mdt. (1.20)

But if we use Young inequality (I.18]) with r; = q+ and 7, = ¢ + 1, we obtain
’ ;L \2m r L (T et m
/ 20 (£ 1) it < 0 / gt ydey — [ (<) ar
s s €c Js

We take ¢ = 7 — 1 to find

/ g (- (t))Q/ "t < 0 / D 1y de v / ' (£ ) dt.

This implies that

/T B9 (1) (—E’ (t))Q/m dt < eC /T BT (t)dt + C.E(S).  (1.21)
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terms

Replacing (1.21])) in (1.20)) to find

(2-B) /STE" (t)/ﬂ\ut (t)]dedtgeC/STEq“ ) dt+C.E(S).  (1.22)

By substituting (I.16)), (1.17)), (1.19) and (1.22) in (I.13)) (with ¢ = % — 1), we arrive to

T

2(1—5)/STE’2” (t)dtgeo/s E% (t)+C.E2"1(0)E(S).

Choosing € small enough, to find
By taking 7" — oo, we get

/ TER () < CER(0)E(S).

Komornik’s integral inequality [26] then yields the desired result. ]
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CHAPTER 2

GLOBAL EXISTENCE AND
STABILITY OF A NONLINEAR WAVE
EQUATION WITH VARIABLE
EXPONENT NONLINEARITIES

2.1 Introduction

This chapter is the subject of an article written in collaboration with Dr. Hamchi (Uni-
versity of Batna 2) and Pr. Messaoudi (University of Dhahran Arabie Saoudite). This

article was published in Applicable Analysis Journal.

In this chapter, we consider the following problem

(wy — Au+ w7 = w [uPY7? ) inQ x (0,T),
u=0, on 02 x (0,7, (P)
u(x,0) = ug, us (x,0) = uy, in Q,

where p (.) and m (.) are given measurables functions defined on ).
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Chapter 2. Global existence and stability of a nonlinear wave equation with variable exponent
nonlinearities

In the case when m, p are constants, there have been many results about the exis-
tence and blow-up properties of the solutions, we refer the readers to the bibliography
given in [9]], [10], [32] and [33]]. In the recent years, much attention have been paid to
the study of problem with variable exponents. More details on these problems can be
found in [[1]], [2], [3], [4] and [5].

In this chapter, we use some assumptions for initial data to prove the global existence
of solution. Then, we employ an integral inequality, due to Komornik [26]], to establish

a stability result.

2.2 Preliminary results

Let ¢ : 2 — [1,00] be a measurable function. We define the Lebesgue space with

variable exponent ¢ (.) by

L90) () := {u : Q — R measurable and [, [Au (z)|*“) dz < oo for some A > 0}.

Equipped with the following Luxembourg-type norm

q(

z)
[ul[ oy = inf{A >0 Ja dx < 1}

u(z)
)

is a Banach space.

To obtain our results, we need the following Lemma [39]]

Lemma 2.1. If

1<q:=essinf q(z) < q(x) < q:=esssupq(x) < 0o,
z€e) zeQ

then
min{|Jull% ) [JullZ)} < [ lu ()" do < max{ul ) [Jull2)},

forany u € LIV (Q).
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For the existence of the local solution of problem (P)), we refer the reader to [36].

Their result is given in the following theorem.

Theorem 2.1. Suppose that m, p € C' (Q) with

m(x) > 2, ifn=1,2,

and
2<p1 <p(x) <po <22, ifn>3,

p(x) >2, ifn=1,2,

where
my = ess inf m (z), ms = esssupm (z)

zeQ z€Q

and
p1 = essinf p(x), po i=esssupp (z).
e zeQ

Assume further that m (.) , p (.) verify the log-Hdlder continuity condition
q(2) —qW)| < —gfay; Sforallz, y € Q,

with|z —y| <0, A>0,0<6<1.

Then, for any (ug,u;) € H} () x L? (), problem (P) has a unique local solution

we I ((0.7), H (©),
uy € L= ((0,7), L*(Q)) N L™ (Q x (0,T)),
Uy € L? ((07 T) 7H71 (Q)) )

Now, if (ug,u1) € Hy (Q)NH?(Q) x Hy (), problem (P) has a unique strong solution

uwe L*((0,T),Hy (Q NH*(Q)),
u € L ((0,T), H (Q) N L™V (Q x (0,T)),
uy € L2 ((0,T),L? (),

for someT" > (.
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2.3 Global existence result

In order to state and prove our result, we define the following functionals, for all ¢ €
(0,7

L(t) = V()3 = fo lu @) de,

w p(x)
T(t) =L Vu )] — fr, MO g,

p(z)
and
E(t)=J )+ 3w (t)-

The proof of the first main result in this chapter requires the following two lemmas.
Lemma 2.2. Under the assumptions of Theorem E is a decreasing function.

Proof. Tt is enough to multiply the first equation in (P) by w,, integrate it over §2, to
obtain

2 2 m(x u(t)|P®)
L (8)] do 4+ L[|V (8)] da 4 [, e ()] de = 4[] gjgg'c) dx

This implies that

LRt =~ [, Ju ()™ dz <0, Vte (0,T). 2.1)

Lemma 2.3. Under the assumptions of Theorem[2.1) such that

1(0) >0

and

p1—2 poy—2

B = max{afl (iE(OO 2 ,052( 21 E(O)) 2 }<1, (2.2)

p1—2 p1—2
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where C., is the best constant of the embedding H} () — LP") (Q) . We have

I(t)>0 forallt €(0,T).

Proof. By continuity, there exists 7},,, where 0 < 7;,, < T, such that

I(t)>0, Vte(0,T,). 2.3)

Now, we will prove that this inequality is strict. We have for all ¢ € (0,7)

” p(x)
Tt =L Vu@));— fi, MO gy

p(z)

> L|Vu @)l — L [IVu )5 — 1)

> B2 || Vu (bl + 5L (1)

- 2p
Using (2.3), we obtain

IVu ()| < 2p12J(t) Ve (0,T). (2.4)

p1 —

By the definition of £/, we find

2p
IVu@)ll; < —=—5E(1). 25)
p1—2
Using the nonincreasingness of £, we obtain
2 2py
IVu®llz < 2= E(0), ¥ € (0, Ton). (2.6)
L —

On the other hand, by Lemma 2.1, we have

[ 1u@P® do < max{u @17l @12}
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Hence, we have
Jolu @ de - < max {CP [Vu @)[5, C2 | Vu (£)[15°}
< max {2 | Vu (1) 2. C2 [ Vu ()52} [V (0)]12.
By (2.6), we obtain

/ (P dz < B[V (8)]2, ¥t € (0, Thn) @7
Q

Since S < 1 then

[ lur do < |Vu @)l € 0.7,).
Q

This implies that

I(t)>0, Vte (0,T,),

hence

Then, by repeating the above procedure, we extend 7, to 7. ]
The first main result in this chapter is given in the following theorem.

Theorem 2.2. Under the assumptions of Lemma the local solution u of (P) is
global.
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Proof. Based on the definition of £ and using (2.4) we get

E(t) =J(t)+ 3 llu (D)5

2 2
> B2 [V (0)l; + 5 llue (415

Consequently, a constant C' > ( exists such that

IV (O3 + llue ($)]l; < CE(2). (2.8)

By using the nonincreasingness of £, we find
IV ()3 + llue (8)]; < CE(0).

This implies that the local solution u of (P) is global and bounded. ]

2.4 Stability result

To prove the second main result in this chapter, we establish the following lemma.

Lemma 2.4. Under the assumptions of Lemma there exists a positive constant C,
such that the global solution u of (P) satisfies

/ lu ()™ de < CE (t), forallt> 0.
Q

Proof. Let c, be the best constant of the embedding H} () < L™ (Q); then, we have
o lu ()™ dz < max{llu ()l - lu <t)\|$?.>}
< max {c™ || Vu (£)[|57, ¢ [|Vu (£)]|52}

< max {" ||V ()15, e | Vu ()15} IV ()] -
By (2.5)), we obtain the desired result

/QIU(t)W“) dw < max {c" |[Vu (t)[I3" 7, ¢ |V ()57} ﬁE(t)-
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The following theorem gives the stability of the global solution w.

Theorem 2.3. Under the assumptions of Lemma there exists constants C, w > (
such that the global solution of (P) satisﬁes

E({t)<CE(0)e ', YVt >0if my=2.

Proof. LetT > S > 0 and ¢ > 0. Multiplying (P) by u (¢) £ (¢) and integrating over
Q x (S,T), we obtain

/ / B () [ (6) e (1) — 1 (£) A (£) + 1 (6) e (£) g (0)]™2] devdt

T
= / / E7 |u (1)) dadt.
s Jo

This implies that
LB [0 ), = e OF + 190 OF + 0w (0) e (0] dat

_ /S ! /Q B (t) |u (8)P@) dadt.

‘We add and subtract the term

//Eq [BIVu () + (1 + 8) [ue (1) ] dadt
and use (2.7) to get

—B) JL B (t) f,, IV () + [uc (t)[?) dadt
+fs BU(1) Jo [(w @ u(8), = (2= B) uy ()] dadt
+ fa ET() foyu () u (£) [ug (6" dadt

=~ Jg B (1) Jq [ﬁ Vu () ~ Ju (6)")] dadt < 0.
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nonlinearities

Then

<1—6>f§Eq<t>fQ(\Vu<t>|2+|ut<>| — 2l dgat

< f f 0 d:vdt

+(2-58) fSTEq (t) Jo, lue ()| ddt

(2.9)

— [d BO(t) foul £ Jug ()™ 72 dadt.

Using the definition of £ and the following relation

d (Eq< ) /Q w(t)u (t) dx) = gE () E (1) /Q w (t) ug (t) dot+E7 (¢) / (u (t) ue (1)), dx,

dt Q

inequality (2.9) turns into

2(1—B) [q B (t)dt

< qfsT ETH(t) B (1) Jgu t) dzdt — S i (B foul (t) dz) dt
— [ BO() fou ) up (8) |ue (6)]"O 7 ddt + (2 = B) [§ B (1) fy lue (0 dadt.
(2.10)
Let C' be a positive generic constant. We estimate the terms in the right-hand side of
(2.10) as follows
q[o BTVt E'(t) fou(t)ug (t) dadt
<afs BN (B 0) [5 Jolu P do+ 3 fo e ()] do] at
<C[q BN (E (1) [fy IVu () da + [, |ue ()] da] dt
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Thus, by (2.8), we find
q[o BV E () [yu(t)u (t)dedt < C [§ B9(t) (B (1)) dt
< CET(S) — CET™(T) (2.11)

< CE1(0)E(S).

For the second term, we have

s i (B(t) [ u( (t) dz) dt

< |E1(S) [qu(z,S)u (x,8)dx — E(T) [ u( xTuthdx|
|fQ xSuthd:c‘—i—Eq |fQ xTuthda:‘
< CET™(S) 4+ CEIT (T)

< CE(0)E(S).
(2.12)

For the third term, we use the following Young inequality

11
Xy < Sxm o4 Y™, X, Y >0, ¢e>0and — + — = 1.

r roer2/T ri To

With r; (2) = m (), ry (x :Mande<1 we find

[ ()] Jug ()™ < €eC u ()™ + C Jus (8)] ™).
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By (2.1) and Lemma[2.4], we have

— [d BO(t) fr,ul( £) Jug (6)[™ 72 dadt

< [T gt [ec Jo | (8)™) dar + C.. [, Juy ()] dx} dt

< eC [T (1) fo lu ()" dadt + C. [ B (1) (~E' (1)) dt o
< eC [§ B9 () + C.E7(0) E(S).
For the last term of (2.10)), we have
—8) g B2 (1) fo lus ()] dudt
= @=B) J§ B1®) [Jo lu O do+ [y fu (1)) da] at
< |(fo tu o) o (fy tuetor )" e

< O[5 B1(t) (fg s (t)\m("”))Q/mz dz + ( fo (t)lm(””))Q/ml dm] dt.

This implies

2/ma

(2—8) [q EO(t) [, |u ()] dwdt < C [4 B9(t) (—E (£))”™ dt
(2.14)
+C J§ B () (B ()™ dt.

_q+

We use Young’s inequality with r; = and o = ¢ + 1, we have

T , 2/ma qe T 1 T , 2(q+1)/ma
E1(t)(—-FE (t dt < BTt (¢ dt+—/ —E (t dt
/S 0 (-2 (1) _qﬂ/s s [ (-F )

We take ¢ = — 1 to find

/T B (1) (—E’ (t)>2/m2 dt < eC /T B (1) dt + . /T (£ 1) at
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This implies
T , 2/ma T
/ E9 (1) (—E (t)) dt < eC’/ BT (1) dt + C.E(S). (2.15)
S s
On the other hand, we have
T , 2/m1 T
/ 50 <—E (t)) dt < ¢C / ET (1) dt + C.E (S). (2.16)
S 5

Indeed,

e if m; = 2 then

! q ! 2/m ’ q+1
/S (1) (~E 1) dthE(S)gec/S B (1) dt + C.E(S).

mi
mi1—2

e if my; > 2, we use Young’s inequality with r; = and o = %, to obtain

Js E1() (B )™ < eC [ B (1) d+ O, [§ (E (1) db

< eC [q B2 () dt + CE (S).

. qm . mo—m
‘We notice that sz =q+1+ 151721 , then

2/my my—my

Jo B (t) (—E (1)) < eC(E(S)) ™7 [§ B (t)dt + C.E(S)
< eC [3 BT (t)dt + C.E(S).
We insert (2.13)) and (2.16) in (2.14)) to obtain
T T
(2 — ﬁ)/ E? (t)/ g (t)]? dadt < eC’/ ET (t)dt + C.E(9). (2.17)
S Q S
By substituting 2.11)), 2.12), 2.13) and 2.17) in 2.10) (with ¢ = %2 — 1), we arrive to

2(1_5)/;15”22 (t)dtgec/STE"? (t) + C.EZ1(0)E(S).
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Choosing € < 1 small enough
T
/ E% (t)dt < CE™ 1 (0) E(S).
5

By taking 7" — oo, we get

/ TER (1) < CER0)B(S).

Komornik’s integral inequality [26] then yields the desired result. O]
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CHAPTER 3

GLOBAL EXISTENCE OF THE WAVE
EQUATION WITH NONLINEAR
FIRST ORDER PERTURBATION

TERM

3.1 Introduction

This chapter is the subject of an article written in collaboration with Dr. Hamchi. This
article was submitted.

In this chapter, we study the system

(

Uy — A+ g x Au+ a(x)u + F (1, Vu) = [uf’ 2w, inQx(0,T),
u =0, on 002 x (0,7, (P)
L u(2,0) = uo, uy (2,0) = uy, in Q,
where

t
g*v:/g(t—T)U(T)dT forallt > 0.
0
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Chapter 3. Global existence of the wave equation with nonlinear first order perturbation term

Under the following assumptions
(H,) Assumption on the viscoelastic damping term g is a C' (R, ) positive decreas-
ing function satisfying

1—/ g(s)ds=1>0.
0
(H,) Assumption on the linear damping term

0<a;:= ingfza(x) <a(x) <ay:=supa(x) <oco, Vrell.
re z€Q

(H3) Assumption on the nonlinear perturbation term F is a C' (R™ x R") function
satisfying

| (6, U)] <V2a g @) U], V=0, VUeR"

(H,) Assumption on the source term

p>2 ifn=12

and
2<p< ) jrp >3

n—2
In the absence of the nonlinear first order perturbation term, the global existence
and nonexistence problems of the wave equation with polynomial source and damping
terms have been largely studied by several authors, see for instance [[7], [[L1], [[18],[28],
[30], [31] and [32].
Concerning the wave equation which include linear or nonlinear first perturbation order
terms, an uniform decay rate estimates was obtained under strong hypothesis on these
terms, see [[12]], [14] and [16]]. Hamchi, in [22], considered the case of linear first order
perturbation and improved the result in [20] where she has proved an energy decay of
solution without any condition on smallness of this term.
In this chapter, we show that if the damping terms dominated the nonlinear first order
perturbation terms then the usual energy is decreasing. After that, by some assumptions

for initial data we prove our main result.
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Chapter 3. Global existence of the wave equation with nonlinear first order perturbation term

3.2 Preliminary results

As in [[7] and [41]], the existence result of can be established by Galerkin method
combined with the well known contraction mapping theorem. This result is given in the

following theorem.

Theorem 3.1. If ug € Hy (Q) N H?*(Q) and wy € H} () then there exists a unique
maximal solution u in (0,T) of satisfying

we C((0,T),H; (Q)
w € C((0,T), L (Q)
Uy € L? ((O T) L? (Q)> )

Moreover, the following alternatives hold

H* (),
L2((0,T), Hy (),

N
A
(1) T =4o0, or

(#1) T < +o0and lim (|[Vu (@) + [lu ()]3) =

Consider the usual energy functional for the solution w of the system defined
forallt € (0,T) by

E(t)=4lu 03 +3 (1= fy 9 () dr) IVu @)l + 5 (g0 Vu) (1) = L lu @I,
where

t
gou) = [ gt=nle@®-v@lidr
0
Lemma 3.1. E is a decreasing function.

Proof. If we multiply the first equation in (P) by w, (¢), integrate it over 2, we obtain

[oa @) u () do+ [, F (6, Vu @) u (t)do = I + I + Iz + I, (3.1)
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Chapter 3. Global existence of the wave equation with nonlinear first order perturbation term

where
]1 - _fQ Ut (t) Uy (t) d.ﬂU,
I = [ Au(t)u (t)dr,
Iy = [ lu ()" u(t)u (1) d,
and
Iy = — [, (g% Au) (t) u (t) da
We have
1d
I ===l (5] (3.2)

Iy=— [, Vu(t) Vu, (t)de =314 Vu(t)|3, (3.3)
and
_ 1 d P
Iy= o lu @l 34

For 1, we use the Green formula and the bounded conditions, to find

[4:—fgf(fg(t—T)AU(T)Ut(t)deZB:fotg(t—T) [, Vu () Vu, (t) dz] dr.

We add and subtract the term

/otg(t_7> UQ Vu (t) Ve (t) dz | dr,
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Chapter 3. Global existence of the wave equation with nonlinear first order perturbation term

to get

=— fg g(t—71) [y (Vu(t) — Vu(r)) Vu (t) dz] dr

gt —1) [, Vu(t) Vau, (t) do] dr
-3 Og(t—T L[ IV (t) — Vu (1) dedr
+ gt —7)L [ |Vu(t)] dvdr.

By a variable change, we find

=5 [ gt =) IVu() - Vu()Bdr+1 [y g (1) £ Vu@)dr. (35)

If we apply the following Leibniz integral rule

(00 f e rydr) = ) Ladr + £ (1B (0) $B () — f (1A 1) A,

3.6)
with
A(t)=0, B(t)=t and f(t,7)=—Lg(t—7)[|Vu(t) = Vu(r)]3,
we obtain
~1a(goVu)(t) =—34 [ig(t—7)[Vu(t) - Vu(r)|3dr

=3 (9 0Vu) (1) =5 o9 (t =7) & IVu(t) = Vu(r)|3dr

This implies that

5 L9t =) GIVu(t) = Vu(n)|zdr =54 (90 Vu) () + 5 (9 0 Vu) (t).
(3.7)
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Chapter 3. Global existence of the wave equation with nonlinear first order perturbation term

Now, if we apply (3.6) with
AM)=0. B =tand f{t7)=1g(r)[Tu(]}.
we obtain
S foa(MIIVu@®lzdr =3 [5 & [g (D) IVu @3] dr + 59 () [Vu )]
=3 Jo 9 (™) EIVu@)llzdr+ 59 () [IVu (1)1
This implies that

Yo alIVu®lidr =34 19 IVu@3dr =39 () [Vu @3 (G-

We insert (3.7) and (3.8) in (3.5) to obtain

Li= =12 (goVu) () + 31 (g oVu) (t) + 3£ [1 g (7) IVu(t)lf5dr

[N

(3.9)
—39 (&) [Vu (t)]l5-

By substituting (3.2), (3.3), (3.4) and (3.9) in (3.1)) and using (H,), we obtain

ar lfue (B3 + fo F (6, V() w (D de < —5 e (93— 34 (9.0 Vo) (1
—14 (1= [ ar) Ivu @]
+3(6' 0 V) (1) — 39 (1) [V (1)

+ydi lu @17 -
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Chapter 3. Global existence of the wave equation with nonlinear first order perturbation term

Using the definition of £/, we arrive to
SE® =& 3@ +3 (1= g @dr) IVu@I;+ (g0 Vu) () - },Hu<t>||§]

(90 Vu) (t) = 59 O IVu Ol = arllue (D)l = Jo F (&, Vuu (1) e (1) da

[Nl

Since ¢’ < 0 then

d

GE @) < =300 IVa 013 = ar 1 + [ 17 9u ()]l (0] do.

We use the following Young inequality

XYy < gx n Q%YQ, forall X, Y > 0and e > 0,
with
X =|F(t,Vul(t))| and Y = |u ()],
to find

d

GEO <3 [P ETu o0 Fu ]+ (5 - @) lu Ol

We take € = 5 to obtain
aj

2 2611

D < 1/[—|F< <t>>|2—g<t>|w<t>|2]
Thus, by (H3), we find

4E(t) <0, Vt €(0,T).
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Chapter 3. Global existence of the wave equation with nonlinear first order perturbation term

3.3 Global existence result

To study the global existence of the solution of the system , we define the following
functionals for all ¢t € (0,7T)

1) = (1= Jyg () ar) [Vu )] + (g0 Vu) (1) = Ju @3,
and

J(t) =% (1= fyg (@) ar) IVu®)l +3 (g0 Vu) (8) = L u (1)}

The proof of our main result in this chapter requires the following lemma.

Lemma 3.2. If

and

p—2

(2 N
Bi== <l<p_2)E(0)) <1, (3.10)

where C. is the best constant of the embedding

H} (Q) — LP(Q).

Then

I(t) >0 forallt €(0,T).

Proof. By continuity, there exists 7;,, where 0 < 7;,, < 7" such that

I(t)>0, Vte(0,T,). 3.11)
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Using the definition of I and .J, we obtain
b2 (1= [y g (r)dr) [IVu(®)3 = J (8) = 31 (5) = 52 (g0 Vu) (1)

By (3.11) and (H;), we get

(1—/Otg<T>dT) Va0l < 2550

But
Hvu i< (1- [ oerar) Ivu ol (.12)
Then
Va2 < %J(t). (3.13)
Noting that
T =B ()~ 3l Ol < B )

Then, we have

By the nonincreasingness of E, we find

IVu (b < E(0). (3.14)

L(p—=2)

On the other hand
@2 <CrVu@ll =S Va1V ).
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Then, by (3.12), we get
p Cf p—2 ! 2
lu @, < 5~ IV @l {1~ i g(r)dr ) [[Vu @)

By (3.14), we have

p—2

ol < F (22y20) (1= [ a@ar) 19wl

Since S < 1 then

|mmm<@—lgmm)wmw;w6@n»
Hence

(1)

(1= s g (r)dr) IV @I + (g 0 Vu) (1) — u (1)

> (1= fy g () dr) 9 ®)l; = llu @] > 0.

That is
I(t)>0, Vte (0,T,).

Finally, we can see that

and




Chapter 3. Global existence of the wave equation with nonlinear first order perturbation term

Then, by repeating the above procedure, we extend 7, to 7.
The main result of this chapter is given in the following theorem.
Theorem 3.2. The solution u of (P)) is bounded and global.

Proof. Based on (3.13)), we get

E NV Ol + 5 lu @)1l < T (1) + 5 lus ()13 = E (1)

Consequently, it exists a constant C' > 0 such that

IV (O3 + llue (B)]|; < CE(2).

By the nonincreasingness of £, we find

IV ()3 + llus (8)]; < CE(0).

This implies that « is bounded.
The last estimate and the continuation principle give the desired result.
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CONCLUSION

In this thesis, we have studied the existence and the stability of global solution of some

semi linear wave systems.

First, we have studied global existence of hyperbolic equations with damping and
source terms using some assumptions for initial data. Then, by applying an integral

inequality due to Komornik, we have obtained the stability result.

Many researches have been interested by nonlinear wave equations with variable-
exponent, on which studies focus on blow up of solution. However, the global solution
have not been studied for this type of equations. This issue have been the subject of a
detailed study. Our results have been proved using some assumptions for initial data.
Then, by applying an integral inequality due to Komornik, we have obtained the stabil-
ity result.

In the literature, we have observed that the wave equations having damping and
nonlinear first order perturbation terms have been largely studied. Thus, these equations
may be considered with a source term. Actually, we have proved the global existence
of solutions of the nonlinear wave equation with damping, source, and nonlinear first

order perturbation terms.
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PERSPECTIVES

As a perspective, it would be interesting to study the existence of the global solution of

the system:

Uy — div (|VU|T(')72 Vu) + auy [ug|™ 7% = bu|ufY 72

Given the fact that Messaoudi and Talahmeh [35] have proved a finite time blow-up
result for the solution.

In the same context, the stability of wave equation with variable exponent in the case
when the source term dominates the damping term also can be explored.

As an extension of the system studied in the chapter [2, on which we have considered

the variables exponents as p (x) and m (x),the case of time varying exponents:

Uy — Au + uy |U1t|m(m’t)72 =u |u|p(m’t)72 .

can be investigated. Actually, these type of systems were studied by several authors.
For instance, Antontsev [2] and Sun et al. [40] have studied the existence and blow-up
of the solution for these systems.

In the chapter[3]we have studied the global existence of the solution of the wave equation
with nonlinear source, damping and first order perturbation term. Subsequently, the

stability of this system is another challenge.
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