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CHAPTER 1

General Introduction

This thesis is concerned in one hand on two problems related to the study of the blow-up
in finite time of solutions of fractional differential equations, and Hamilton Jacobi equations
with strong nonlinearities, and on the other hand with the decay of solutions to a heat hy-
perbolic system with viscoelastic term, and an abstract hyperbolic system in the presence

of infinite memory.

The aim of the work in this thesis is to study the existence of solutions to some problems
of evolution equations, and the related questions on the blow-up in finite time or the global
existence, and in eventuality, the asymptotic behaviour of the solutions as the time ¢ goes
to infinity, namely the stability and the decay of the energy.

Throughout this general introduction, we will mainly focus on some history and on the
general known results in each chapter by starting at first by motivations, and historic of each

problem, and then we will give the main results of each problems that we are dealing with.

The problems we treated here are divided to four main parts, and so we will briefly men-

tion that as follows:

The first part addresses some history and motivations to the study of fractional dif-
ferential equations. In recent years, the field of fractional calculus and fractional integro-
differential equations has grown considerably. Problems related to fractional derivative are

interesting not only from the point of view of partial differential equations (PDE) general



theory, but also due to its applications into some phenomena from physics, finance, eco-
nomics...etc. In fact it has been shown by experiments that derivatives of non-integer order
can describe many phenomena better than derivatives of integer order specially hereditary
phenomena and processes(see [16, 18, 75, 167]), and the references therein. As example
fluid dynamics are well explained using fractional calculus.

Fractional derivative is a generalization of integer-order derivative and integral, the first
appearance of the concept of a fractional derivative is found in the year 1695, a letter to
Guillaume de L’Hospital, Leibnitz asked, "Can we generalize ordinary derivatives to ones of
arbitrary order?” L’Hdspital replied to Leibniz with another question, "What is the meaning
of d"y/dx™ if n=1/2; i.e, what if n is fractional?” Then Leibniz, in a letter dated September
30, 1695 [105] replied, ”...This is an apparent paradox from which, one day, useful conse-

quences will be drawn...”

So, a lot of contributions to the theory of fractional calculus have been done over the years,
such as Laplace(1812), Fourier(1822), Abel(1823-1826), Liouville (1832-1837),Riemann(1847),
Griinwald(1867-1872), Letnikov (1868-1872), Heaviside(1892-1912), Wely(1917), Erdélyi(1939-
1965) and many others. For more details on the history of the subject see [66, 127, 146].

Then, the fractional derivative are known to be a promising tool for describing memory
phenomena [8, 19, 112, 164, 171}, and the kernel function of fractional derivative is called
memory function.

In 1974, the question of the physical interpretation of fractional calculus was put forward
as an open problem(see [154]). Only in 2002, a physical explanation was proposed by Igor
Podlubny [154], he showed a convincing geometric and physical interpretation of fractional
integration and fractional differentiation but uptill now there is still no simple answer to
the open problem [45]. Hence, fractional calculus has emerged, over the last forty years

due to its many applications as a valuable tools in the modeling of many phenomena in



various fields of science and engineering, as examples, acoustic wave propagation in inho-
mogeneous porous material, diffusive transport, viscoelastic materials, fluid mechanics, and

many others(see[43, 62, 63, 65, 76, 87, 147]), and the references therein.

There have been significant developments in ordinary fractional and partial fractional
differential equations involving both Riemann-Liouville and Caputo fractional derivatives
about the questions of existence, blow-up in finite time, global existence and asymptotic
properties of solutions, one can mention as examples, Kilbas et al. [87], Samko et al.[166],
Agarwal et al. [3], Furati and Tatar [57, 58], Mainardi [115], Kaufmann and Miller and
Ross[127], Kirane et al. [80, 89], Podlubny et al. [154, 155], and the references therein.

The existence or the nonexistence of global solutions for differential equations is as impor-
tant as studying the existence of solutions. In industry, knowing the blow-up in finite time
can prevent accidents and malfunctions. It helps also improve the performance of machines
and extend their lifespan.

Recently, many works have been done in the literature concerning the existence, uniqueness
and the blow-up of solutions for some nonlinear systems of fractional differential equations,
we can cite as examples [3, 18, 44, 76, 90, 99, 110, 140] for more related results. In
[89] Kirane and Malik studied the following nonlinear nonlocal fractional differential system
(FDS)

ut(t)—kD&r(u—uo)(t) =|v(t) |4, vVt >0,

w(t)+ Dy, (v—vo(t)) = v(t) [P, V>0,

subject to the initial conditions
u(0) =up >0, v(0)=wvg>0,

where p > 1, ¢ > 1, u(0) = ug > 0, v(0) = vp > 0 are constants, D, and Dg+ stand for the
Riemann-Liouville fractional derivatives of orders 0 < a < 1 and 0 < 8 < 1, respectively.
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They investigated the profile of the blowing-up solutions to the nonlinear nonlocal system
(FDS) as well as for solutions of systems obtained by dropping either the usual derivatives

or the fractional derivatives.

In [80], some results on the blow-up of the solutions and lower bounds of the maximal

time have been established for the system

ut(t) +pDy, (u—wup)(t) = e’® >0, p>0,
v () —i—aD&(v —v)(t) =" >0, 0>0,

u(0) =up >0, v(0)=1vy>0,

and for the subsystem obtained by dropping the usual derivatives.

Motivated by the above researches, we study in Chapter two, the nonlinear fractional

system (FDS)

ur+a1°Dytu+az Dy u+ -+ a, “ Dy u—fo Fl 0 f(u(s),v(s))ds,

(0.1)
vt + by CD&U + by CDgi’u +-+by CDgZ fo X 1 ) (u(s),v(s))ds,
for t > 0, with initial data
u(0) =up >0, v(0)=wg>0, (0.2)

and where 0 <o; <1,0< i <1,i=1,...,n,0<7; <1, j=1,2, f and g are two real contin-

uous differentiable functions with polynomial growth defined on R xR, a;, b; i =1,...,n are
positive constants, I' is the Euler function and CDg‘i, CDO+, 1=1,...,n, are Caputo fractional
derivatives.



The Riemann-Liouville fractional integral of order 0 < a < 1 with lower limit 0 is defined

for a locally integrable function ¢ : Ry — R by

I8 o(t) = F(la) A ; fg_ads, £>0.

The left-handed and right-handed Riemann-Liouville fractional derivatives of order o with

0 <a <1 of a continuous function v (t) are defined by

o 1 d ot (s
D0+w(t)_r(1_a)dt/o el >0

and

o _ 1 d T y(s)
Dsz(t)_—F(l_@)dt/t gl >0

respectively. For more details about fractional integrals and fractional derivatives, the reader

is referred to the books [87, 97, 127, 155, 167].

Our main results in this chapter can be read as follows

THEOREM 1. Assume that the functions f and g are of class C'(R x R,R). Then sys-
tem (FDS) admits a unique local classical solution on a mazimal interval (0, Tmax) with the

alternative: either Thax = +00 and the solution is global; or

Tax < 00 and . lim  (Ju(t)|+|v(t)]) = +o0.

max

THEOREM 2. Assume that the assumptions of Theorem 1 hold, and that the functions f

and g satisfy the growth conditions:

f(&mn) >aln?, forall&,neR,
g(&n) > bl&P,  forall §,meR,

for some positive constants a, b and p,q > 1. Then for all positive initial data, the solution

of the fractional differential system(FDS) blows up in a finite time.
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The proofs are based on Schauder fixed point theorem, and some technical lemmas for

the blow-up in finite time of the solutions.

The second part of this thesis deals with problems of stability. It was probably the first
question in classical dynamical systems which was dealt with in a satisfactory way. Stability
questions motivated the introduction of new mathematical (tools) in engineering, particu-
larly in control engineering. Stability theory has been of interest to mathematicians and
astronomers for a long time and had a stimulating impact on these fields. The specific prob-
lem of attempting to prove that the solar system is stable accounted for the introduction of

many new methods.

The question of stability of solutions of Partial Differential Equations (PDE) has inspired
a wide research, it consists in determining the asymptotic behaviour of the energy E(t). The
principal object is to study its limit when t tends to +o0o also to determine whether this
limit is zero or not, and to give in a unified way the optimal or near optimal decline rates of

the energy if this limit is zero.The several type of stability are given as :

e Strong stability : E(t)—0 as t— 0.
e Logarithmic stability: 3\;, Ao >0, E(t) < A\ (log(t)) 2.
e Polynomial stability : 31, A2 >0, E(t) < A\it2.

e Uniform stability : N, de >0, E(t) < Ae M2t

We are interesting in viscoelasticity problems, we give at first some properties of viscoelas-

ticity and why is it useful and interesting to study?

Viscoelasticity is the property of materials that exhibit both viscous and elastic charac-
teristics when undergoing deformation.
The properties of viscoelastic materials are influenced by many parameters. They can in-

clude: frequency, temperature, dynamic strain rate, static pre-load, time effects such as creep
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and relaxation, aging, and other irreversible effects. It usually appears in fluids with com-
plex microstructure, such as polymers. One encounters viscoelastic materials in biological
science, materials sciences as well as in many industrial processes, e.g., in the chemical, food,

and oil industries, [163].

Why it is important?
One of the characteristics is that the application of passive damping technology using vis-
coelastic materials is widely used in the automotive and aerospace industry in a variety of
applications to reduce noise and vibration and to improve interior sound quality, Viscoelas-
tic materials are excellent impact absorbers, It is used in automobile bumpers, on computer
drives to protect from mechanical shock, in helmets (the foam padding inside), in wrestling

mats, shoe insoles to reduce impact transmitted to a person’s skeleton etc.

Consider the following viscoelastic problem

ugy — Au+ [§ g(t —s)Au(z,s) ds =0 in Q x (0,+00),

(0.3)
u=0 on 082 x (0,+00),

u(z,0) =up(z), w(z,0)=ui(x) r €

where 2 is a bounded domain of R™(n > 1) with a smooth boundary 0f2 and ¢ is a positive
nonincreasing function.

This type of problems arise in viscoelasticity. Eq.(0.3) rules the evolution of the relative
displacement field u in a linearly viscoelastic solid occupying a volume 2 at rest we refer
to [50, 150, 151, 161] for example. Eq.(0.3) can be also used to formulate a generalized
Kirchhoff viscoelastic beam with memory (see [128]). For the thermodynamics of materials
with fading memory, we refer the reader to the early works of Coleman and Noll [35] and

Coleman and Mizel [34], and the references therein.



For more details concerning the physical phenomena which are modeled by differential equa-
tions with memory, as well as the problem of the modelling of materials with memory, we

refer the reader to the recent and interesting paper [51].

The convolution term [¢ g(t — s)Au(t — s) ds reflects the memory effects of materials due
to viscoelasticity.
In the absence of the memory effect (i.e,g = 0), the problem (0.3) reduces to the wave equa-
tion and an extensive literature on existence and asymptotic behaviour is available. We
refer the reader to [52, 53], for instance, there is a large literature in the global existence
and uniform stabilization of wave equations. But what would happen when a viscoelastic
term occurs? or in other words, for which class of kernels g we have strong stability i.e
lim;— o0 || U(t) ||z= 0 on some Hilbert space H,and is it possible to get a decay estimation
on || U || in function of g?
In this regards with the presence of the viscoelastic term, several results concerning exis-
tence, stability and blow up of solutions have been established, different types of relaxation
function have been introduced to the viscoelastic problem and several uniform and polyno-
mial stability results have been obtained.
We start by recalling some results by the pioneer works of Dafermos [39, 40] in 1970, where
the author discussed a certain one-dimensional viscoelastic problem, established some exis-
tence results, and then proved that, for smooth monotone decreasing relaxation functions,
the solutions go to zero as t — co. However, no rate of decay has been specified.
After that a great deal of attention has been devoted to the study of the viscoelasticity
problems. Let us recall as mentioned in [68, 120] the first work that dealt with uniform
decay was by Dassios and Zafiropoulos [42] in which a viscoelastic problem in R? was stud-
ied and a polynomial decay result was proved for exponentially decaying of g. Also, the
uniform stability, for some problems in linear viscoelasticity, has been established in a book

by Fabrizio and Morro [50] in 1992. After this, a very important contribution by Rivera



was introduced. In fact Rivera [136] considered equations for linear isotropic homogeneous
viscoelastic solids of integral type which occupy a bounded domain or the whole space R",
with zero boundary and history data and in the absence of body forces. In the bounded
domain case, an exponential decay result was proved for exponentially decaying memory

kernels.

For the whole space case a polynomial decay result was established and the rate of the
decay was given. This result was later generalized to a situation where the kernel is decaying
algebraically but not exponentially by Rivera et al.[17]. In their paper, the authors showed
that the decay of solutions is also algebraic, at a rate which can be determined by the rate
of the decay of the relaxation function. Also, the authors considered the case the bounded
domains and the case that of a material occupying the entire space.

This result was later improved by Barreto et al. in [9], where equations related for linear
viscoelastic plates were treated. Precisely, they showed that the solution energy decays at
the same decay rate of the relaxation function. For partially viscoelastic materials, Rivera
et al.[139] showed that solutions decay exponentially to zero, provided that the relaxation
function decays in similar fashion, regardless to the size of the viscoelastic part of the mate-

rial, we refer also to [48, 104, 162], and the references therein.

We also mention some known results in the literature related to the stabilization with
finite and past history, where the relaxation function was assumed to be either of polynomial
or of exponential decay see [6, 10, 14, 23, 24, 26, 27, 77, 78, 79, 134, 136, 137, 139,
141, 153, 176]. After that a series of papers have appeared for a wider class of relaxation

functions based on the condition introduced by Messaoudi [120, 121]

g'(t) < =€()g(t), (0.4)



where ¢ is a differentiable nonincreasing positive function for which the usual exponential

and polynomial rates are only special cases see, among others, [72, 103, 108, 109, 153].

For other types of relaxation function and general decay, there have been works in wich
the relaxation kernels is described by the inequality ¢’ + x(g) < 0 with x convex and subject

to some assumptions. Alabau-Boussouira and Cannarsa [5] considered (0.3) such that

g'(t) < —x(g(t)), (0.5)

where y is a non-negative function, with x(0) = x/(0) =0, and y is strictly increasing and

strictly convex on (0, ko], for some kg > 0. They also required that

kO k
[ oo, [PEE ) i ML (0.6)
0o x(z) 0 s=0+ x'(s)/s ~ 2

and proved a decay result for the energy of (0.3). In addition to these assumptions, if

limsup x(s)/s <1

N (s) /s and - g'(t) = =x(9(1)), (0.7)

then, an explicit rate of decay is given Messaoudi [135] investigated (0.3) for relaxation
functions satisfying (0.5) and obtained a general relation between the decay rate of the
energy and that of the relaxation function g without imposing restrictive assumptions on the
behavior of ¢ at infinity such that the usual exponential and polynomial decay rates are only
special cases. We recall also the works of Lasiecka et al., where the authors discussed (0.3)
with a relaxation function satisfying (0.5),where y is a given continuous positive increasing
convex function such that y(0) = 0, and developed an intrinsic method for determining
optimal decay rates. We refer the reader to some works with finite and infinite memory

related to condition (0.5)(see [68]), and the references therein.

10



Very recently, Messaoudi and Al-Khulaifi [125] established a general decay rate for a

quasilinear viscoelastic problem

| wg |P gy — Au— Aug + [3 g(t — s)Au(z,s) ds =0 in Qx (0,+00),

u=0 on 022 x (0,+00),

u(z,0) =up(z), w(x,0)=mui(x) r e €,

where €2 is a bounded domain of R"™, (n > 1) with a smooth boundary 02, p is a positive

real number such that 0 < p < % if n>3 and p>0if n=1,2, and the relaxation function
satisfies
/ 3
g <=g"(t),t=0, 1<p<g. (0.8)

They proved a general decay rate from which the exponential decay and the polynomial
decay are special cases. Moreover, the optimal polynomial decay is easily and deduced with-
out restrictive conditions. Condition (0.8) gives a better description of the growth of g at
infinity and allows to obtain a precise estimate of the energy that is more general than the
"stronger 7 one (§ constant and p € [1, %[) used in the case of past history control [123, 131]

and others problems.

In this thesis, we are concerned with a general decay and optimal decay for a heat system
with a viscoelastic term and for some hyperbolic systems with the presence of finite memory
and past memory term. We will investigate further and generalize the main results obtained
in the literature. In this thesis, our study extends and improves several earlier results.

In chapter two, we deal with the optimal decay of the following system
A |Jug | 2uy — Au+ [Eg(t—s)Au(z,s) ds =0 in Qx (0,400),

0.9
u(z,t) =0 in 90 xR, (09)

u(x,0) = up(x) in €,

11



where m > 2, Q is a bounded domain of IR", n € IN*, with a smooth boundary 992, ¢: RT —
IR" is a positive nonincreasing function, and A : R™ — M, (IR) is a bounded square matrix

satisfying A € C(IR™), and for some positive constant cg,
(A(t)v,v) > colv|?, vteRT, Yo e R", (0.10)

where (.,.) and |.| are the inner product and the norm, respectively, in IR".

For the relaxation function g(t) we assume

(G1) The function g : RT™ — IR™ is differentiable function and satisfies
+o0
g(0) >0 and 1—/0 g(s) ds=1>0.

(G2) There exist a constant p € [1,3/2) and a nonincreasing differentiable function ¢ : IR™ —
IR™ such that

gt < —£()gP(t), VteRT.

We also assume that (G3)

2 < m<72 if n >3,

m > 2 ifn=1,2.

Similarly to [159], we give the definition of a weak solution of (0.9).

DEFINITION 3. A weak solution of (0.9) on [0,T] is a function
we C ([0.7); (Hg(9)") nCH(0,T); (L™ ())")
which satisfies

t
/0 /Q (Vu(z,s) = Jog Vulz,7)dr) -V (x,s) dv ds

—i—ng(s)]ut\m_Qut(x,s) ~o(z,8) dr ds =0, (0.11)
12



for all t in [0,T) and all ¢ in C ([O,T); (H&(Q))”)

Similarly to [159], we assume the existence of a solution. For the linear case (m = 2),
one can easily establish the existence of a weak solution by the Galerkin method. In the
one-dimensional case (n = 1), the existence is established in a more general setting by Yin
[177].

The classical energy associated with problem (0.9) is given by

1 1 ¢
E(t)= i(goVu)(t) —1—5 (1 —/0 g(s) ds) |Vu(t)|3, VteRT, (0.12)
where |[.||g = [|.|[(za(q))n, for 1 < g < +o0, and
0
(goVu)(t) :/0 g(t—7)|Vu(.,t) = Vu(.,7)|3 dr, VteRT. (0.13)

We state the damping produced by the memory term forces solutions to go to rest in an

exponential or polynomial way depending on p as mentioned by our main result.

THEOREM 4. Let u be solution of (0.9) Then, there exist strictly two positive constants

Mo and A\j such that the energy satisfies, for all t € RT,

B(t) < Aoe M Jo€e) ds (0.14)
—1
t 2p—2
E(t) < o <1+/0 2 1(s) ds> if p>1. (0.15)
Moreover, if £ and p in (G3) satisfy
=1
+00 t 2p—2
/0 <1+/0 2 1(s) ds> dt < 400, (0.16)
then, for all t e R,
¢ Pt
E(t) < Ao (1 +/O £P(s) ds> ifp>1. (0.17)

13



The proof is essentially based on some particular case of the well-known Jensen inequality
which will be of essential use in obtaining our result and also on some preliminary Lemmas

(see Chapter 2 for details).

LEMMA 5. Assume that ¢ satisfies (G1) and (G2) and wu is the solution of (0.9) then
there exists a positive constant kg such that

1

) (goVu)(t) <ko (—E'(t))™ T, VteR™. (0.18)

LEMMA 6. Let u be a solution of problem (0.9). Then, for any 0 > 0, we have

Cs

€0

[Vu()||3 < cadE(t) — =2E'(t) +c5(go Vu)(t), VteRT, (0.19)

where ¢ is introduced in (0.10), ¢4 and c5 are two positive constants, and Cy is a positive

constant depending on 6.

The following examples illustrate our result and show the optimal decay rate in the

polynomial case:

EXAMPLE 7. Let g(t) =a(1+4t)™", where v > 2, and a > 0 so that

+00
/0 g(t) dt < 1. (0.20)

We have

v+1

g (t) = —ar(l+6) " = b (al+t)™) 7,

where b=va~v. Then (G2) holds with £(t) = b and p="tL € (1,3). Therefore (0.16) yields
+o00 =1
/0 (327714 4+1) 772 dt < +oo,
and hence, by (0.17), we get

E() <C+0)7T=C(1+1)",
14



which is the optimal decay.

EXAMPLE 8. . Let g(t) = ae~("" where 0 < v <1, and a > 0 is chosen so that (0.20)
holds. Then
g'(t) = —av(14t)Y " Tem 1+,

Therefore (Go) holds with p=1 and £(t) = v(1+t)"~L. Consequently, we can use (0.14) to
deduce

E(t) < Ce M7,

The third part of this thesis is reserved to another subject which treats the stability of
an abstract system in the presence of infinite memory.
In chapter three, we aims in this part at investigating the asymptotic behaviour of the

following initial boundary value problem :

+o00
ug + Au —/0 g(s)Bu(t—s) ds =0, vt >0, (0.21)

with initial conditions

(0.22)
ut(0) = uq,

where €2 is a bounded domain with sufficiently smooth boundary 0f2, ug and u; are given
history and initial data, g is a positive and nonincreasing function called the relaxation
function. This type of viscoelasticity problems has been widely studied in the literature and
several stability results have been established (see [7, 46, 49, 51,111, 128, 138, 150, 152]),
and the references therein. In the particular case A = B = —A on L?(Q) with Dirichlet
boundary conditions, Eq.(0.21)- (0.22) describes the dynamics of linear viscoelastic solids(
see [150] for example) and it can also used to formulate a generalized Kirchhoff viscoelastic
beam with memory( see [128]), and the references therein.

In the case A= aB with a > 0, Dafermos [39] showed that the energy tends asymptotically
15



to zero, but no decay rate was given. Under the condition that g decays exponentially,
the exponential decay of solutions of this system was obtained by Fabrizio and Lazzari [49],
Giorgi et al. [64], Liu and Zheng [111], and Rivera and Naso [138], and Guesmia, Messaoudi
[69] (in different contexts and using different approaches).

For problems with finite history (viscoelasticity), we mention some results related to
2 ! 2
up + A u—/og(s)A u(t—s) ds =0, vt >0,

we refer to Lagnese [101] and Rivera et al.[9], where it was proved that the energy decays
exponentially if the relaxation function g decays exponentially and polynomially if g decays
polynomially. The same results were obtained by Alabau-Boussouira et al.[6] for a more
general abstract equation. In [129, 130], Rivera et al. investigated a class of abstract

viscoelastic systems of the form
up + Au— (g*Aﬁu) (t)=0, vt >0, (0.23)

where A is a strictly positive, self-adjoint operator with domain D(A) a subset of a Hilbert
space Hand * denotes the convolution product in the variable t. The authors showed that
solutions for (0.23), when 0 < 8 < 1, decay polynomially even if the kernel g decays expo-
nentially, while in the case § =1, the solution energy decays at the same decay rate as the

relaxation function.

For a more general decay to problem (0.23), Han and Wang [71] showed that the rate of
the decay of the energy is exactly the rate of decay of g, which is not necessarily of polynomial

or exponential decay type by considering relaxation function satisfying

g'(t) < —E(t)g(t), Vt>0; (0.24)
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where £ : Ry — R is nonincreasing differentiable function such that

30, | i((:)) <k, Vi>0. (0.25)

Problems related to (0.21)-(0.22) have been studied by many authors and several stability
results have been established; see [36, 67, 150, 151]. The exponential and polynomial decay

of the solutions of equation (0.21)-(0.22) have been studied in [68], where it was assumed

that (H;) holds wich will be cited later and

e There exists an increasing strictly convex function G : Ry — R of class C1(R, )N

C2(]0,400) satisfying

— ) — : 1y —
G(0)=G'(0)=0 and tgrilooG (t) = 400,
such that
+00
9(s) ds+ sup 9(s) < +00.

0o GH(=g'(s)) sery G7H(=g'(5))
The author established a general decay estimate given in term of the convex function G. His

result generalizes the usual exponential and polynomial decay results found in the literature.

He considered two cases corresponding to the following two conditions on A and B:
Jas > 0:  ||A20|? < ao||B20|?, Vv € D(AD). (0.26)

or

[
(S

Jas > 0:  ||AZ0|]? < as||AZB2v|%, Vv € D(A2B2). (0.27)

The main question and difficulty of our study is that : can us get an optimal decay with
infinite memory for the polynomial case for the problem (0.21)-(0.22)7 To overcome this
difficulty, we try to adopt the method introduced in [125] for finite history, with some

modifications imposed by the nature of our problem.
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We shall present some necessary assumptions and prove some important inequalities that
will become useful in later stages.
Let us assume that

(H;) There exist positive constants ag and a; such that
1 1 1
ar|[ol* < [|B2o|* < aol|A20]*, Vv € D(A2).
(Hp) g : Ry — Ry is a differentiable nonincreasing function satisfying
1
0<go<—.
ao

(H3) There exists a nonincreasing differentiable function ¢: Ry - Ry and 1 <p< % satis-

fying (1.6).

Equation (0.21)-(0.22) can be rewritten as an abstract linear first-order system of the

form

(0.28)

where Uy = (uo(0),u1,m0)T € H = D(A%) x H x Lg(]RJF,D(B%)), U = (u,ug,n)T and

LRy, D(B %)) is the weighted space with respect to the measure g(s)ds defined by
2 1 1 +o0 1 2
LR D(BY) = {z: Ry — D(BY), [ g(s)]|B32(s)|* ds < +oc
endowed with the inner product

+oo 1 1
(1, 22) :/0 g(s)(B221(s), BE 29 (s)) ds.

) 1
Ly(R+,D(B2))

18



The operator A is defined by

T
A(v,w,z)T:< wAv—goBv—i—/ (5)Bz(s) ds, gz_w> ’
+oo
where gg = g(s) ds,

1 +o00
D(A) = {(v,w,z)T €M, veD(A), weD(A2)), z € Ly, ; g(s)z(s) ds € D(B)},

and L, = {z € L3Ry, D(B?)), 0,2 € L2(Ry, D(B?)),2(0) =0}

the space ‘H endowed with the inner product

1 1 1 1
((v1,w1,21)7, (v, w2, 22) T )3y = (AZv1, AZvo) — go <3201,B2U2> + (w1, w2)

+a, ZQ)L%(RJF,D(B%))

is a Hilbert space, Therefore, the classical semigroup theory implies that (see [149]), for any
Uy C H, the system (0.28) has a unique weak solution

UeCRH).
Moreover, if Uy € D(A), then the solution of (0.28) is classical; that is
UecCH R, H)NCRL,D(A)).
We recall that the energy related with problem (0.21)-(0.22) is given by
1 2
E() = Lol
= 5 (14t P - mlBr O @+ [ g B P as).

and satisfies

= S [T AEIB ) ds, ViR, (0.20)
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Our main results in this part can be state as follows

THEOREM 9. Assume that (Hy), (Hz) and (Hs) hold.

(1) Let Uy € H and U be the solution of (0.21) — (0.22).
If (0.26) holds, and if,

1
Ime>0: || B2ug(s)| < my, Vs >0,
then there exists a positive constant C' such that, for all t € Ry,
2p—1

E(t) <C(14) 726 572 () [1+/Ot(s+1)%1—2g3’535<5)h2p1(5) ds|

where h(t) = &(t) [77°° g(s) ds.

Moreover, if

+0oo _ 1 _2p-1 t 1 2p-1
/o (141¢)"22¢ 22 () [1+/0(s+1)2p—2§2p—2(s)h2”_1(s) ds| dt < +o0,

then, for allt € Ry,
E(t) < C(1+1t) FT1ep1(1) [1+/Ot(s+1)zi1§z&(s)hp(s) ds] .

(2) LetUo € D(A) x D(A?) x L2(Ry, D(A2 B2) and U be the solution of (0.21) — (0.22).
If (0.27) holds, and if,

Img>0:  ||AZBIug(s)|| < mo, Vs >0,

then there exists a positive constant C' such that, for all t € Ry,

Ey(0) + E>1(0) + [Lh21(s) ds>2”1‘1
Jre2r=1(s) ds ’

20
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where

11 1 1 ptoo 11
Bft) = 5 (I4u®l - ol A Bru@lP + 143/ @12) + 5 [ g(s)]1 42 B (s))? d.

Moreover, if

/+oo (EQ(O) +E2710) + [y h* 1 (s) ds) 71
0 Jo&21(s) ds

< 400,

then for allt € Ry,

1
E5(0) + EP(0) + J4 hP(s) ds\?
Mﬂ§0<z<w-5>+h @>s>.
Jo&P(s) ds
The method of proof of Theorem 5 is based on multiplier method and makes use of the
general Young’s inequality and Jensen’s inequality, and some lemmas and corollary.

Finally, We illustrate the energy decay rate given by Thoerem 3 through an example and

we compare our results with the one of [68, 69].

The fourth part is devoted to some Hamilton-Jacobi equations.

We shall consider some systems of Hamilton-Jacobi equations as the following form

up + A%y = | V|21 + |5 in 2 x (0,00),
v+ A0 = | Vu|*2 + |u|? in Q2 x (0,00),
(0.30)
u=v=~Au=Av=0 on 082 x (0,00),
u(z,0) =up(z), v(x,0)=vp(x) in
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where «;,3;, i = 1,2 are positive constants, such that oy, 3; > 1.

with exponents in the nonlinearities.

Our aim is to investigate the existence of weak solutions for these systems , and the
blowing-up in finite time of the solutions, namely sufficient assumptions on the exponents
and the initial data which ensure these results.

This study is motivated by some recent works on parabolic equations with gradients nonlin-
earities (see[15, 102, 169]), and the references therein.

Our main results can be stated as follows

THEOREM 10. (Existence of weak solutions)

Assume that

n+8 n+8
<o < —— 1<fi<—) 1=1,2. 0.31
67} Tl+2, 67, n I ? ) ( )

Then for all ug,vg € L*(Q), there exists at least a mazimal weak solution of problem (0.30)
THEOREM 11. (Blow-up in finite time of solutions)
Suppose that

8 8
1 <a;< 08 l<pB<™8 19
n+2 n

Then for ug,vo € L*(Q) and ug or v sufficiently large, the problem (0.30) cannot admit a

globally defined weak solution.

The proofs are based on the Galerkin method and interpolation inequalities and Kaplan

method for the blowing-up in finite of the solutions.
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CHAPTER 2

Finite Time Blow-up of Solutions for a Nonlinear System of

Fractional Differential Equations

This chapter is the subject of the following publication:

Abdelaziz Mennouni; Abderrahmane Youkana.
Finite time blow-up of solutions for a nonlinear system of fractional differential equations .
Electronic Journal of Differential Equations, Vol. 2017 (2017), No. 152, pp. 1-15. ISSN:

1072-6691.

Abstract. In this work we study the blow-up in finite time of solutions for the Cauchy problem

of fractional ordinary equations

CDOcl CDa2 CDan /t (t *S)-’Yl
U +a u+a u+---4+a u = —_—
t 1 Moy 2 Moy 04 o 1 (1—71)

b €D bo € DP2 b cDﬁn _ t(t_s)i’yg
v+ 01 Dy, v+02 Dy v+ +0n 0+U_/0 mgu

for t > 0, where the derivatives are Caputo fractional derivatives of order «;,f3;, and f and g are
two continuously differentiable functions with polynomial growth. First, we prove the existence
and uniqueness of local solutions for the above system supplemented with initial conditions, then

we establish that they blow-up in finite time.

2000 Mathematics Subject Classification. 33E12, 34K37.
Keywords and phrases. Fractional differential equation; Caputo fractional derivative;

blow-up in finite time.
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1. Introduction

In this work, we study the system of ordinary fractional differential equations

ut+ay *Dytu+tag Dy?u+..+an “Ditu = ﬁf&(t— s)" M f(u(s),v(s))ds,
(1.1)

v+ by CDg}rzH—bg CDgiv—l—..+bn CD&U = ﬁfot(t—s)_Wg(u(s),v(s))ds,

for ¢t > 0, with initial data

u(0) =up >0, v(0)=wvg>0, (1.2)

and where 0 < o; <1, 0< 8 <1, i=1,...,n, 0<vy; <1, 7=1,2, f and g are two real
continuous differentiable functions defined on R x R, a;, b; 1 =1,...,n are positive constants,

I' is the Euler function and cDg‘i, CDgi, i1=1,...,n, are Caputo fractional derivatives.

In recent years, fractional differential equations have played an important role in the
study of models for many phenomena in various fields of physics, biology and engineering,
such as aerodynamics, viscoelasticity, control of dynamic systems, electrochemistry, porous
media, etc (see [16, 18, 75, 167]), and the references therein; their study attracted the
attention of many researchers (see for instance [88, 90, 110, 140]), and the references
therein. In addition, a particular attention was given for the study of the local existence and
uniqueness of solutions for these systems and their properties like the blow-up in finite time,
the global existence, the asymptotic behavior, etc. (see [18, 90, 110, 140]).

In [89], the profile of the blowing-up solutions has been investigated for the following

nonlinear nonlocal system:

ut(t) + D, (u—uo)(t) = [v(t)|?, ¢t>0,¢>1,
)+ D (v—vo)(t) = [u®)]P, t>0,p>1,

0+

u(0) =up >0, v(0)=1vy>0,
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as well as for solutions of systems obtained by dropping either the usual derivatives or the
fractional derivatives.
In [80], some results on the blow-up of the solutions and lower bounds of the maximal

time have been established for the system

w(t) + pDfy, (u—ug)(t) =", >0, p>0,

w(t)+aDf, (v—uo)(t) =", t>0,0>0,

u(0) =up >0, v(0)=1vy>0,

and the subsystem obtained by dropping the usual derivatives.

In the spirit of the interesting works [56, 80, 89], we prove that the non global existence
of solutions to (1.1)-(1.2) holds for polynomial nonlinearities. For the existence of solutions
for the system (1.1)-(1.2), we will use the Schauder theorem.

Our paper is organized as follows: In Section 2, we give some preliminary results for
fractional derivatives. In Section 3, we will prove the local existence and uniqueness of the
solutions. In Section 4, we will state and prove our main result on the blow- up in finite

time of solutions for system (1.1)-(1.2).

2. Preliminaries and mathematical background

For the convenience of the reader, we recall basic facts from fractional calculus,for more
details on fractional calculus see [166, 87|
The Riemann-Liouville fractional integral of order 0 < o < 1 with lower limit 0 is defined

for a locally integrable function ¢ : Ry — R by

Je o(t) = P(la> / t i fSi_ads, £>0,

where I is the Euler Gamma function.
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The left-handed and right-handed Riemann-Liouville fractional derivatives of order «

with 0 < a < 1 of a continuous function v (t) are defined by

1 d gt ()
Dg (t :7—/ d t
O =A@ Gospt 70
and
LT ()
DS _)(t :_77/ t
YO =—ta—mah G-t 20
respectively. One can see that
e = g 0
% 0+ w(t)_ 0+¢(t)7 t>0.
The integration by parts formula (see [167]) in [0,7] reads
T « r «
| nD8. kydt = [ (D% h@)k(b)dt,

for functions h,k in C([0,T]) such that D,k and DF_h are continuous.
The Caputo fractional derivative of order 0 < a < 1 of an absolutely continuous function

o(t) of order 0 < a < 1 is defined by

11—« d 1

‘Dy, o(t) = Jy, %05(75) “Ti-a

/O ‘(1= 5)¢ (s)ds.

The relation between the Riemann-Liouville and the Caputo fractional derivatives for an

absolutely continuous function ¢(t) is given by

Dy, ¢(t) = Dg, (o(t) —¢(0)), O<a<l

3. Existence and uniqueness of solutions

In this section, we deal with the existence and uniqueness of local solutions for problem
(1.1)-(1.2). We say that (u,v) is a local classical solution if it satisfies equations (1.1)-(1.2)

on some interval (0,7*). Our main result in this section reads as follows.
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THEOREM 12. Assume that the functions f and g are of class C'(R x R,R). Then system
(1.1)-(1.2) admits a unique local classical solution on a mazimal interval (0, Tmax) with the

alternative: either Thax = 400 and the solution is global; or

Thax < +00 and  lm (|u(t)|+]|v(t)]) = +oo.

t—Tmax

PRroOOF. For the sake of completeness, we give the proof of the existence of solutions of

(1.1)-(1.2). Let k> 0 be a positive constant and
h :=min{o1, o2} >0, (3.1)

where

1

—— ) ()T
01:=min{ min ’
1<i<n 2n2amax1<z<n 2

az

1

i R
09 :=min<{ min 7
1<i<n QnQbmaX1<z<np2 B)

a= max {a;}, b= 1r£11a§><n{bi},

1<i<n

and M is a positive constant which will be defined later.
Let C([0,h]) x C([0,h]) be the space of all continuous functions (,) on [0, k] equipped with

the norm

106 ) oo = max([|xloo; [[¥[loc),

where

Ixlloe = poax Ix(), [1¥lloc = max [t (£)].

For simplicity, we assume a1 < ag <--- < ay, and f1 < B < -+ < Gy
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Now, in order to prove the existence of solutions for problem (1.1)-(1.2), we rewrite it as

a system of integral equations in C([0,h]) x C([0,A]),

2(t) = —arJg, “a(t) —ap g, “2w(t) = —an g w(t) + I fug
s)ds, v +
froma Lo o
y(t) = =i Jo " <>—b2J1—ﬂ2y<t>— = budo; My () + Ty g (uo

/ s)ds v0+/

via the transformation

u(t) = ug —i—/otx(s)ds, v(t) = vo—i-/oty(s)ds

and the relation “Df, ¢ (t) = 0+ @41p(t), and we shall prove the existence of local solutions
for (3.2).
Let us define the operator A : C([0,h]) x C([0,h]) — C([0,h]) x C([0,h]) by

A(z,y) = (A1(z,y), A2(,y)),

where
Aq(x(t) Zaz Jo %y
J- Vlf(uojL/ dsvo+/ )
(3.3)
AQ(CL’ Zb 1 Bl

—|—J0+72 <u0—|—/ s)ds v0+/ >

Let us define the set

D = {(x,y) € C([0,1)) x C([0,R]), [|(,y)lloc = sup([&]| oo, lIylloo) < K},

as a domain of the operator A, which is a convex, bounded, and closed subset of the Banach

space C([0,h]) x C([0,h]). Since f and ¢ are continuously differentiable on [ug — kh,ugp +
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kh] x [vg — kh,vo + kh], there exists a positive constant M such that, for any ¢ in [0,k] and

any (z,y) in D,

‘f(uo—i-/otx(s)ds, Uo—l—/oty(s))ds‘ <M, (3.4)

’g((u0+/0tx(s)ds, v0+/0ty(s))ds‘ <M, (3.5)

and for any (uj,v;) in [ug — kh,ug+ kh| x [vg — kh,vo+kh], j =1,2, and any t in [0, h], there
exist two positive constants L and Lo depending on ug,vg,k,h and on f and g respectively

such that

| (ua (2),01(8)) = f(u2(t), v2(t))] < Lal(ur(t) —ua(t), 01 () —v2(t))]], (3.6)

|9(ur(t),01(2)) = g(ua(t), v2(t))] < La||(ur(t) = ua(t), ur(t) — ua(t))l], (3.7)

where [|(u1 () —ua(t),v1(t) — va (1)) [ =lua (t) — ua ()| + 01 (t) —va2(2)].
Now, by using (3.1) and (3.6) and (3.7), for all z; = (z1,y1) € D and 29 = (x2,y2) € D

satisfying ||z1 — 22]|oc < 0, where § is a positive constant which will be defined later, we
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obtain

[ A1(21) — A1(22)][ 00

= sup |— Zal‘](ia 1(t) + 1 Jir T f( U()—i-/ x1(s)ds, Uo—i—/ y1(s)ds)
0<t<h i=1

—|—ZaZ Jiig 1 J N u0+/ zo(s)ds, vo—i—/ y2(s)ds) |

< sup |- ZazJo+ z1(t) — 22(t))

0<t<h

. . (3.8)
+J&;M{f(uo+/0 xl(s)ds,vo—i-/o y1(s)ds)
t t
—f(uo+/ ra(s)ds, v+ | ya(s)ds))]
n h o Ly 9
<Y ey 1_% /0 (=)™ 121 = 22llocds + s o1 = 22l
< <na max { }Zhl Yf ——— L1 h2_71)5
- 1< i<n (2 ) = I'2—m) ’
and in the same way, we obtain
— < 1- 51 2_72> . )
I2(e0) = Aol < (s (g Wb g ) (89

Now, given an € > 0, pick § = mm{ £ } where

w1’ wy

. 1 1—q; Ly 2—71
wi _na1r<n?§n{l“(2—ai)}zhi +F(2—71)h ;

=1

1 1- /Bz L 2— 72
w2 _nb1£n?§n{ T(2- ﬁl)}Zh +F(2 72)h
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One can see that ||A(21) — A(22)||cc < €, consequently, A is a continuous operator on D.

Next, from (3.3), (3.4), (3.5) and (3.1), for all z = (z,y) € D we have

n i ¢ .
Zf(l—ai)/o(t_s) ix(s)ds

i=1
1

+F(1_71)/(t_8) nf uo—i-/ s)ds vo—l—/
> e el / (1) s+ /0<t—s> s
1

2—-m)

[A1(2)[l0 < sup
0<t<h

IN

IA

_ 1—a; I-m1 «
nkalrél%xn{ T2—a) };h + o I Mh <k. (3.10)

and

[42()lleo < sup [ s [ (1) P als)ds+

o - 1-m
0<t<h Zr(l—ﬁz‘) 0 (2—72)Mh ‘

S =B 1 1—=72
< EZ ra 51)“ Hoo/( —5) dS+F(2 ’72)Mh g
5 1 1- Bz 1 1—2
< nkbfg?gxn{ T2 ﬁz)}g h +F(2 ’YZ)Mh "2 < k. (3.11)

Inequalities (3.10) and (3.11) assert that A(D) C D. Thus, the set A(D) is uniformly
bounded. Now, for all 0 <t; <to <hwith |t; —t3| <n, and all z = (x,y) € C([0,h]) x C([0,A]),
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from (3.6) we have

[Ar( 2(t1)) = Ar( 2(t2) )| = — Y e Jo' (= 8) " ia(s)ds

T ﬁ Jot(tr = 8) ™ f(uo + J§ @ (7)dr,vo+ [§ y(r)dr)ds

+ o rtiay Jo (2 — )i (s)ds
ey Jo? (b2 =)™ f(uo + [ w(7)dr, o+ [ y(7)dr)ds
< P e ot (=) = (t2— ) ™) [a(s)|ds
+ oy i i (b2 — )0 (s)|ds
+ iy Jot ((tr =)™ = (2= 5) ™)
X ’f(u0+f§x(7)d7, vo+ Jo y(7)dT)|ds

+ ey iy (2= 5) ds

< keSS rgray (2 — 1) T+ gty (=) (3.12)

fuo+ fg z()dr,v0 + J§ y(T)dT)

Similarly, we obtain

|A2(2(t1)) — Aa(2(t2))]

011 (3.13)

TN 1 —bBi —72
Sk}bz ( 51)(152—751)1 B +W(t2—tl)l 2

From (3.12) and (3.13) it yields that A(D) is equicontinuous, and so by using Arzela-Ascoli
theorem, we find that A(D) is relatively compact in C([0,h]) x C([0,h]).

Finally, by Schauder theorem, we conclude that the operator A has at least one fixed
point, this means that the system of integral equations (3.2) has at least one local continuous

solution (z,y) defined on [0,h]. Now, since for all ¢ € [0, A,

u(t) = ug —|—/Otx(s)ds, v(t) = vo—l—/oty(s)ds, (3.14)
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where = and y are solutions of system (3.2) of integral equations, it follows that u/(t) = x(t),
V'(t) = y(t) for any ¢ in (0,h).

Using the definition of Caputo fractional derivative, we find for all ¢ in (0,h),

D u(t) = JLa(t) = M/()T(t—s)_aix(s)ds, i=1.. .m
O (3.15)
Dﬁl v(t) = (L&y() (1_&)/0 (t—s)Piy(s)ds, i=1,...,n.
Combining (3.14), (3.15) and (3.2), for all ¢ in (0,h) we obtain
0+ 3l ) = B () )
(3.16)

+261@“” R g u(s),u(s))

Since (u(0),v(0)) = (up,vp), we conclude that (u,v) is a classical solution for (1.1)-(1.2) on
(0,h), and this solution may be extended (see [30]) to a maximal interval (0,7 nax) With the
alternative: either Ty ,x = +00 and the solution is global; or

Tax < +0o  and t_1>1Tm (lu(®)|+|v(t)]) = +oo.

Next, we shall prove uniqueness. Assume that the Cauchy problem (1.1)-(1.2) admits
two classical solutions (u1,v1) and (ug,v2) with the same initial data (ug,vo) on (0, Tinax)-
Observe that for all £ € (0,p) with p < Thax, these solutions satisfy the following equalities:

(w1 —u2)e+ > ai Dy (ur —ug) = Jo 7 (f (u,v1) = f(uz,v2)),
=1

n
(01— )i+ 30 DY (v1 —v2) = Jo 2 (g(ur,v1) — gluz,va)).
i=1

(3.17)
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Integrating (3.17) over (0,t) yields
¢ n
(uy —u2)(t) —l—/o i;aiD(o)‘jr(ul —us)(s))ds
= [ R (), v1(9) ~ Flua(s).va(s)))ds
(3.18)

(01 —UZ)(t)+/Ot§jlbi DY (ur —us)(s)) ds

_ /Ot Jé;’YZ (g<U1<5),U1<S)> — g(uQ(S),Ug(S)))dS.

Let 0 := max{aq,ag,...,0n,01,52,...,0n,71,72}. Using (3.18) and the fact that f and g are
locally Lipshitz on [0,A], thanks to (3.6) and (3.7), for all ¢ € (0,p), we have

ur(t) = ua(t) < (S iy (0= )+ Ly s (s) = ua(s),a(s) — va(s))ds

< I { S i (1=
y rizy (=8 (= 9) Tl (s) — ua(s), va(5) — va(s)) s
< Q1§ =)l (5) = wa(s), 1) — va(s) s (3.19)
where
= e (e
and

[ur (t) = uz(t), vi(t) =va(t))]] = [ua (t) —uz(t)] 4 |v1(t) —va(t)].
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Similarly,

o1 (t) —va(t)| < /Ot (.zniwlb_iﬂi)(t—g)ﬂi

(t—s)

2M> [ur(s) = ua(s),v1(s) —va(s))llds

LN b s Lo .
< A ram -

1=1

X (t—5)""llu(s) —ua(s), v1(s) —va(s))llds

+L

<dy /Ot(t —5) " ui(s) —ua(s),v1(s) —va(s)||ds, (3.20)

where

o 1 0—5; Ly b=
R A LA A T L

Then from (3.19) and (3.20), we find

[[(ur () = ua(t), v1(t) —va(2)
(3.21)

t

< (d1+d2)/0 (t =) "l[ur(s) —ua(s),v1(s) —va(s)llds V€ (0.p).

Finally using Gronwall’s inequality (see [74, p. 6]), we deduce the uniqueness and this

completes the proof. O
4. Blow up results

Our main result of this study concerns the blow up of solutions of the system (1.1)-(1.2)
whenever the nonlinear terms satisfy certain growth conditions. Our main result reads as

follows.

THEOREM 13. Assume that the assumptions of Theorem 12 hold, and that the functions

f and g satisfy the growth conditions:

f(&n) =alnl?,  for all &, €R, (4.1)

g(&m) > bEP,  for all §,n eR, (4.2)
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for some positive constants a, b. Then for all positive initial data, the solution of (1.1)-(1.2)

blows up in a finite time.

ProOOF. We proceed by contradiction. We assume that T ax = +00 and we consider the

function used in [56]

T=MT —t)* forte[0,T], \>1,
o(t) = (4.3)
0 fort >T.

Then by multiplying the first equation in (1.1) by ¢ and integrating over (0,7"), we obtain

T T n ‘
/O w(£)b(t)dt + /O i:Zlai(Dgi(u(t)—uo))(;ﬁ(t)dt

: (4.4)
= [ R ) o)t
Let
/ (s)ds = —/\—HT NT -t 1 e0,T]
Integrating by parts, and since 1 (7") = 0, yields
[ O i weewar=— [ ) v
o e JUEY ~ Jo dt
_— / (D! flu(t), v(t))(t)dt (4.5)
. / (DI (1) f((ult), v(t))dt.
Recall (see [56]) the formulas
i _ - —; _ AT(A =)
DY g(t) = Coy, TNT =), whereC), , = T2, il),
and
DI (1) = — 1 O, T T =M1 =G4 o(O(T =0, (46)
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for j =1,2, where ngj = )\LHC)\HW, j=1,2. Then

- / ))dt = / Oy ST =) Flu(t),o(t))dt.  (47)

From (4.4), (4.5) and (4.7) and since uyg is positive and ¢ is in C*([0,T7]), thanks to (4.3), an

integration by parts yields
r 1
s, /0 BT =)' f(u(t), (1)t
T
g—/o dt+Z/ % (ago(t))dt

(4.8)

Observe that if p’ is the conjugate of p, then

T T 1 “1/p 1—
| uEg @ = [Cu@em) )T -1

b T
< Oy [ WOPSOT -1 2 dt

/v / - /
+ (bCZ’iW) /OT(¢(t))p/”(T—t)‘“‘”)P|(¢’(t))!pdt

IN

Gy [ 900 0(0)60)(T ~ 1)t

/o ) /
" <b0jw> /()T(ﬁb(t))p/p(T t)~(=2) |¢()ypdt, (4.9)
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and for all 1 <17 <n,

T
| (D5 (@)t

1 1-79 —(1—=v9)
p

_/ B (b)) F(T—t) 7 (T —1)

D! (ai(t))dt

< /0 () PO()(T — 1) 2t
(4.10)

4n p//p A , ,
—/ _ (1 2) (673
) el f) @01 @ R 0 ) a

<oy [ ould) o)) (T 1)

4 /i , T , / o /
+Hagg) @ ) o) T - Dy ) o

Furthermore,

Cho [ F0lt) N0~ 1) e

SCho /OTg<u<t>,v<t>>¢<t><T—t)l—w i

(4.11)

+(b0?\7)p//p/oT(¢( )T )

p/p n / (11— 7/ o /
v (o) S [ @0 - 05 D o) an
Av2

Analogously, if ¢/ is the conjugate of ¢, we obtain
/ r 1—y
oy [ 9(ul®). 0o 1) 2t
T n_ T 5,
= [ v @+ Y [ oD (bitys(n)de
i=1

IN

<208 [ S, eNe T 0 (1.12)

4 \d/a T / / /
—¢/a(p — = (U=r1)d /a)
+Hag) "y e -y Tdng oida

_ 4n ql/q n T o 1 / . ’
R e o IS A G R I RO
yV1 =1
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Denote

T
A=, [0 Ftu)ve)et)(T -1,
Bi=Choy [ olu(t) oo (T — 1),
T / P/ /
Ci= [ o) @ -0 @) P at,

D= [ () e — ) 0 g o),

P/ n

B= / ) le(T 25 S| DS (1) dt,
i=1
n

F = / Q/qT )~ 71Q/qZ|Dﬂz )|th.
1=1

From (4.11) and (4.12) we have

?/p b
)

ql/q 1=
B§1A+( 1 ) (D4n?/%7 F),

2 aC’ﬁW1
then
1/1 4 \d/4 - P'/p 7
AS(AJr( : ) <D+nq/%qF)>+< : ) (C+n¥ ¥ E)
2\2 aC)w1 bC’A’72
1 1 4 d/q 1= 4 p'/p P
— A4 = D+nd/0pd F ( > val E):
1 +2(a0&m> (D+n )+ b, (C+nral E);
thus
2/ 4 \d/4 b 47 4 \P/p Y
A<( ) D +ndlipd F ( ) C+nvaE
=3\ac, (D+n )+3 o (C+nral E)
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and

172/ 4 \9/a 47 4 \P/p v
B<=(=2 D+ne/9%0 F) + ( ) PE)
<5(Gar—) " (+ntlapy 4 (o) Cxnba's

q//q 1=
+( 1 ) (D+n?/%¢ F)

q/q p/p r,
34( 1 ) (D+n?/%7 F) + 2( 1 ) (C+n7a? E).
3 aC')w1 bC’A7

Taking into account (4.4), (4.9) and (4.10), we deduce that

T
uo/o DX p(t)dt = /D (a10(t)
< —( [ utt dt+/ t) Dy (aso(0) e
I a;
o 0 -
1 /1 4 \P'/p '
< <B+(,> (C’—l—nl;’apE)>
al 2 bCA,72
1 /27 4 \d/4 47 4 \P/p '
< ((,) (D + /950 F) + ( ) (c+n’2apE)).
al aC)‘»’Yl bC}\
For)\>max{%—l—p 1, ¢ L +4¢ —1}, it holds
T .
| Do)t = CayaT' =%, (4.13)
where
O+ 1) |
N= = 1<i<n.
Caz,/\ F()\—Ctl—FQ)’ 4 STSn

Also there exists a positive constant K such that

C’<KT(72 nE L1 P D<KT(71 nL L1 q

n / ’ n / ,
E<kY T V5Hva po g3 DT H=d g <<, (4.14)
=1 =1
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Consequently,

T
o /0 D2 6(t)dt
9 4 \9/4 ey L, RN
-~ ?@1 (O/OS\ > K(T(Vl ) q q +nq /qbq Z:lT(ryl ) q q ﬂz) (415)
»V1 1=
3a1 \bC, 5, i=1

Using (4.13) and (4.15), we obtain

2 (4>q’/q(T(% nL +6¥1 q

up < C71 {
0= a1\ 3aq aC’S\71

4+ nd/apd Zn: T(’Yl_l)(g+a1—qlﬁi> }
= (4.16)

4 4 N\P'/p P/ ,
-1 { < > (T(72—1)+041—p
IRCES ET RV ’

p n
nra Z 72 1)k +0<1 paz>}.

Similarly we obtain

r 1/1 4 N4/ ,
Uo/o Lo(t)dt < b1 2A+ . (D+n?/97 F)
4 4 q/q
< Cl( ( ) (D+n?/959 F)
BiA 3b1 (IC’;\ﬁl
2/ 4 \P/p -
I w4
+ 3b1(b0&77) (C+n¥a E)), (4.17)
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which yields

4 4 \d/q
< -1 - (11— 1) Jrﬁl q
< G| 351 <ac;m) (7

4+ pd e zn: T(71—1)§+51—q/51> }
=1

’ (4.18)
B 9 4 \P/p o
+C 1/\ { ( ) (T(Wz )5 B
AT 30 \BC
%d zn: (2—-1)& +ﬁ1—p/ai)}.
One can observe that
q/ I
(m —1)E+041—q/ <0, (72—1) +a1—p' <0,
¢ p’
(71—1)g+/31—q/ <0, (72—1)E+51—p’ <0,
Y q
(vo—1)=+a;—pa; <0, (m—1)=+pB1—¢pi<0, VI<i<n, (4.19)
p q
/ /
(72— 1)p +0—poi<pr—a1, (- 1) . +o1—¢ B < a1 — i,
Vi<i<n
Inequalities (4.19) reduce to
/
(72—1) +p1—pa; <0, V1<i<n,
p
or
/
(71—1) +a1—¢Bi <0, V1<i<n.
Taking the limit when T approaches infinity in (4.16) and (4.18), we find
0<up<0 or 0<wv<0. (4.20)

This leads to a contradiction and consequently the maximal time of existence for the solution

o (1.1)-(1.2) is finite and this completes the proof. O
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CHAPTER 3

A General Decay and Optimal Decay Result in a Heat System

with a Viscoelastic Term

This chapter is the subject of a submitted paper :

Abderrahmane Youkana; Salim A. Messaoudi; Aissa Guesmia.

A General Decay and Optimal Decay Result in a Heat System with a Viscoelastic Term.

Abstract. We consider a quasilinear heat system in the presence of an integral term and es-
tablish a general and optimal decay result which improves and generalizes several stability results

in the literature.

2000 Mathematics Subject Classification. 35B35; 35B40; 35B60.

Keywords and phrases. General decay, Optimal decay, Relaxation function, Viscoelastic

quasilinear heat equation

1. Introduction

In this work, we consider the following problem:

A Jug| ™ 2us — Au+ [Eg(t—s)Au(z,s) ds =0 in Qx (0,400),
u(x,t) =0 in 00 xR, (1.1)
u(z,0) = up(z) in €,

where m > 2, Q is a bounded domain of IR", n € IN*, with a smooth boundary 99, g: RT —

IR" is a positive nonincreasing function, and A : R™ — M, (IR) is a bounded square matrix

43



satisfying A € C(IR") and, for some positive constant cg,
(A(t)v,v) > colv|?, vte RY, Vo e R", (1.2)

where (.,.) and |.| are the inner product and the norm, respectively, in IR". The equation
in consideration arises from various mathematical models in engineering and physics. For
instance, in the study of heat conduction in materials with memory, the classical Fourier law

is replaced by the following form (cf. [145]):
t
a=—dVu— [ V(K u(z,7) dr,

where u is the temperature, d the diffusion coefficient and the integral term represents
the memory effect in the material. This type of problems has considered by a number of
researchers; see [145, 158, 177] and the references therein. From a mathematical point
of view, we expect that the integral term would be dominated by the leading term in the
equation, so that the theory of parabolic equation can be applied. In fact, this has been

confirmed by the work of Yin [177], in which he considered a general equation of the form
t
up = divA(z, t,u,uy) +a(x, t,u, ug) —i—/o divB(x,t,T,u,uy) dr

and proved the existence of a unique weak solution under suitable conditions on A, B and a.
See more results concerning global existence and asymptotic behavior in Nakao and Ohara
[142], Nakao and Chen [143], and Engler et al. [47]. Pucci and Serrin [159] discussed the
following system:

A(t)|ut|m_2ut = Au— f(z,u),

for m > 1 and f satisfying
(f(z,u),u) =0
and showed that strong solutions tend to the rest state as t — +o00, however, no rate of

decay has been given. Berrimi and Messaoudi [1] showed that, if A satisfies (1.2), then
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solutions with small initial energy decay exponentially for m = 2 and polynomially if m >
2. Messaoudi and Tellab [124] considered (1.1), under condition (1.2) and for relaxation

function ¢ satisfying a general decay condition of the form
g'(t) < —=¢(t)g(t), VteRT,

for some nonincreasing differentiable function ¢ : R™ — IR™, and established a general de-
cay result, from which the exponential and polynomial decay rates of [13] are only special
cases. Recently, Liu and Chen [107] investigated (1.1), with a nonlinear source term, and
established a general decay result under suitable conditions on g and the nonlinear source
term. They also proved a blow-up result for the solution with both positive and negative

initial energy.

In this work, we discuss (1.1) when g is of a more general decay, and establish a general
and optimal decay result, which improves those of Berrimi and Messaoudi [13], Liu and

Chen [107], and Messaoudi and Tellab [124].

2. Preliminaries
In this section, we present some material needed in the proof of our result. For the
relaxation function g we assume that
(G1) The function g: RY — IR™ is a differentiable function satisfying

+o00
g(0) >0 and 1—/0 g(s) ds=1>0.

(Go) There exist a constant p € [1,3/2) and a nonincreasing differentiable function ¢ : IR™ —
R satisfying

gt < —£MgP(t), VteRT.
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(G3) We also assume that

2 < m<72 if n>3,

m > 2 ifn=1,2.

REMARK 14. There are many functions satisfying (G1) and (G2). Ezxamples of such

functions are, for b >0, a >0, v>1 and a >0 small enough,

—b(t+)" g gQ(t):(ljt)y.

g1(t) = ae

We will also be using the embedding H{(Q) — LI(Q), L"(Q) — LI(Q), for 2 < ¢ <
r < 400, and Poincaré’s inequality. The same embedding constant C, will be used, and C
denotes a generic positive constant.

We introduce the following:

1 1 t
<mw=2@ovw@+2(rigM$dﬁuvww@,\ﬁemt (21)
where [|.||g = [|.|[(a(q))», for 1 < ¢ < 400, and
t
(gOVu)(t):/Og(t—T)||Vu(.,t)—Vu(.,7’)||% dr. VteR*. (2.2)

Similarly to [159], we give the definition of a weak solution of (1.1).

DEFINITION 15. A weak solution of (1.1) on [0,T] is a function

we O ([0.7): (Hy ()") N CH ((0.7): (L™ ()")

which satisfies

/t/ (Vu(x,s)_/st(x,r)dT> Voé(z,s) dr ds

+/ )| 2y (0, 8) - oz, 8) da ds =0,
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for all t in [0,T) and all ¢ in C ([O,T); (H&(Q))”)

REMARK 16. Similarly to [159], we assume the existence of a solution. For the linear
case (m=2), one can easily establish the existence of a weak solution by the Galerkin method.
In the one-dimensional case (n=1), the existence is established in a more general setting by

Yin [177].

We state an important lemma [125].

LEMMA 17. Assume that g satisfies (G1) and (G2) and u is the solution of (1.1), then
there exists a positive constant kg such that

1

) (goVu)(t) <ko (—E'(t))™ T, VteR™. (2.3)

We also recall the following particular case of the well-known Jensen inequality which
will be of essential use in obtaining our result: let f: Q —IR™ and h: Q — R" be integrable

functions on €2 such that

Q/h(x) dx =k > 0.

Then, for any p > 1, we have

;/(f(x));h(gz) du < (;/f(a:)h(a:) dx)p. (2.4)
Q

3. Decay results

In this section, we state and prove our main result. We start with these lemma.

LEMMA 18. Let u be the solution of (1.1). Then the energy satisfies

E(t) = —/QA(t)]ut\m dz — ;g(t)HVu(t)H%—I— ;(gl oVu)(t) <0, VteRT . (3.1)
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PROOF. By multiplying the first equation in (1.1) by u; and integrating over 2, we get

(3.1), after routine manipulations. O

LEMMA 19. . Let u be a solution of problem (1.1). Then, for any § > 0, we have
C
IVu(t)]|3 < ca E(t) — CJE’(t) +es(goVu)(t), VteRT, (3.2)
0

where cq is introduced in (1.2), ¢4 and c5 are two positive constants, and Cy is a positive

constant depending on §.

PROOF. Multiplying the first equation in (1.1) by u and integrating over 2, we get
t
IVu(t)|2 = — /Q A e/ Pugu(e, t) do+ /Q /0 g(t—$)Vu(z,s)- Vu(z,t) ds dv.  (3.3)

Now, we estimate the right-hand side of (3.3). By using Young’s and Poincaré’s inequalities,
the boundedness of A, conditions (G1) and (G3), and the fact that
E(t) < E(0),

we find, for any 6 > 0,

—/QA(t)IUtIm_QUtu dr < 0ful, )5+ Csllur (- 8)llm

IN

OCT V(. )l2" + Csllue (- 1)l

s (252) = () +catuton

IA

c10E(t) — i;‘E’(t). (3.4)

IN
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Next, we estimate the second term of the right-hand side of (3.3) carefully. By Young’s

inequality, we easily see that
t 1 )
/ Vu(z,t) / g(t—s)Vu(z,s) ds dx < §||Vu(.,t)H2
2
2/ (/ (t—s) (|Vu(z,s) — Va(z,t)| +|Vulz,t)]) ds> dz. (3.5)

Using the fact that
t
/0 g(s) ds<1-—1

and Young’s and Holder’s inequalities, we obtain, for any n > 0,

/Q (/Otg(t—s)ﬂVu(x,s)—Vu(x,t)| +|Vu(z,t)|) ds )2 dx

- /Q</0tg(t—s)(\Vu() Vult ) dz+ Q(/Otgt—s]Vu )\ds>2dx
+2/ (/ (t— 8)(|Vu(s) ) <0tgt—s|Vu |ds>

(1—1—7])/9(/(:9(15—5)]Vu(t)\ d5>2 dm—i—(1—1-717)/9(/Otg(t—s)|Vu(s)—Vu(t)] d5>2 dz

< (m1-D2Vu(.03+ (1+}7) (1= D)(goVu)(). (3.6)

IA

Substuting (3.6) in (3.5), we get
/QVu(:v,t) ./Otg(t—s)Vu(x,s) dsdr < S(1+1+n)1-12)[Vul, 13

+

N~ N~

1
(1—1-77) (1=10)(goVu)(t). (3.7)
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Combining (2.4), (3.4) and (3.7), we find
Va2 < adE@) - LB 1)
T = D) V(DI

_|_

<1+717> (1= 1)(goVu)(t). (3.8)

We then choose 0 < < [(2—1)/(1—1)?, which makes ¢y = % (1+ (I+n)(1 —Z)Q) <1, and,
therefore, (3.8) takes the form

C
IVu(. )3 < c1dB(t) ~ chEl(t) + e[ Vul, )13 +es(g o V) (1),
where c3 = %(1+ %)(1 —1). This yields (3.2) with ¢4 = ;2. and ¢5 = 12 O

THEOREM 20. Let u be the solution of (1.1). Then, there exist strictly two positive

constants \g and A\ such that the energy satisfies, for all t € R,

B(t) < Aoe 1 Jo€e) ds ) (3.9)
1
t 2p—2
E(t) < \o <1+ /O £2=1(s) ds> if p>1. (3.10)
Moreover, if £ and p in (G3) satisfy
—1
+00 t 2p—2
/O <1+/0 £2=1(s) ds> dt < +o0, (3.11)
then, for all t e R,
-1
t p—1
E(t) < Xo (1 +/O £P(s) ds> ifp>1. (3.12)

REMARK 21. Estimates (3.10) and (3.11) yield

+o00
/O E(t) dt < +oc. (3.13)
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PROOF. From (3.1) and for any x > 0, we have

E'(t) < 0=—-kE(t)+kE(t)

IN

K K
< kB0 + (g0 Vu)(t) + 5[ Vul. )
Recalling Lemma (19), we get

Et) < —rB()+35(goVu)(t

+g <C46E(t) — gE’(zﬁ) +c5(g0 Vu) (t))

o
< - (1 - 2“5) E(t)— Zst’(t) L REES) e,
Then we have
(1 v ;fj) E'(t) < - (1 - Cé‘a) B+ 9 o).

By choosing § small enough, we obtain, for two positive constants \ and -,

E'(t) < =AE(t) +7(go Vu)(t).

Case of p=1. Multiplying (3.14) by &(¢) and exploiting (G2), we get

EME'() < —N(BE®)+7(Eg0oVu)(t)
< —XNBER) =g o Vu)(t)

< SM(E() —vE(1).
We then set L = (£ +7)E ~ E to obtain, from (3.15) and the fact that £’ <0,

L'(t) < =X E(t) < —ME)L(1).
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A simple integration of (3.16) leads to
L(t) < Ce 1 Jo &) ds,

This gives (3.9), by virtue of L ~ E.

Case of p > 1. To establish (3.10), we again consider (3.14) and use Lemma 2.1 to get

1

EOE (1) < ~MWE®D) +C (~E'1)

Multiplication of the last inequality by {*E®(t), where o = 2p—2 > 0, gives

1
a+1

d 1

gL (1) < AT OB (1) + e (€B)" (1) (~E'() T

Use of Young’s inequality, with ¢ =a+1 and ¢* = O‘TH, yields, for any € > 0,

() < e BT o) +O (s (B (1) - B ()

= —(A=eO) T ETH ) - CLE'(1).
We then choose 0 < e < % and recall that ¢’ <0, to obtain, for cg > 0,
d
<€a+1Ea+1 (t))/ (t) < ga-i-l%Ea—i—l (t) < _C6£a+1 (t)Ea—i—l(t) - CEl(t);

which implies

(e B 4 OE) (1) <~ (O E ().

Let W =¢otlEpetl L OF ~ E. Then
W'(t) < —C& Wt (t) = —ceP w2 L(1).

Integrating over (0,¢) and using the fact that W ~ E, we obtain, for some Ag > 0,

B(t) < Ao ( [eis) ds+1>2”;
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0 (3.10) holds.
To establish (3.12), we follow the approach of [125]

/ |Vu(t) — Vu(t—s)|3 ds.

Using Remark (21), we have

IN

w0 < 2 [ (IVu@) 3+ IVutt—5)13) ds

IN

1—l/ )+ E(t—s)) ds

) d > B(s) d

This implies that

sup nlf%(t) < 400. (3.17)
teR™

Assume that 7(¢) > 0. Then, from (3.14), we find

EOE() < —A(BE®)+78(t) (g0 Vu)(t) (3.18)

= XOEO 2 [ @EP ) ITu(0) - Tule- o) ds

Applying Jensen’s inequality (2.4) for the second term of the right-hand side of (3.18) with

w=[0t], f(s)=¢€(s)g"(s) and h(s)=|Vu(t)—Vu(t—s)[l3

to get

D=

EWE (1) < -\ E®) +yn(t ( [ - wt—s)n%ds)
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Therefore, using (3.17) we obtain

EOE) < ~MWEW -+ 0 (1) (§P1<o> [ €6 () IVu(t) ~ Tutt ~ )3 ds) ”

< SME(DE(®) +C(—g 0 Vu)s (1)
and then
E(E'(t) < —N()E(t) + C(—E'(t))7. (3.19)
If n(t) = 0, then s — Vu(s) is a constant function on [0,¢]. Therefore
(g0 Vu)(t) =0,

and hence we have, from (3.14),

E'(t) < —\E(t),

which implies (3.19).
Now, multiplying (3.19) by £%(t) E“(t), for &« = p—1, and repeating the same computations
as in above, we arrive at, for some \g > 0,

=1
p—1

E(t) < Xo (/Otgp(s) ds+1>

This completes the proof of our main result. 0J

The following examples illustrate our result and show the optimal decay rate in the some

polynomial case:

EXAMPLE 22. Let g(t) = a(1+1t)™", where v > 2, and a > 0 so that

+o0
/0 g(t) dt < 1. (3.20)
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We have

v+1

()= —ar(1+0) " = b (al+0)7) 7,

where b=va~v. Then (G2) holds with £(t) =b and p="“tL € (1,3). Therefore (3.11) yields

v
/0+°° (b2p—1t+1)21712 it < 450,
and hence, by (3.12), we get
E() <C+0)7mT =C(1+1)",

which is the optimal decay.

EXAMPLE 23. Let g(t) = ae~(*" where 0 < v <1, and a > 0 is chosen so that (3.20)
holds. Then

v

g'(t) _ —al/(l +t)y—1€—(1+t)

Therefore (G2) holds with p=1 and &(t) = v(1+1)V~L. Consequently, we can use (3.9) to
deduce

v
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CHAPTER 4

Stability of an Abstract System with Infinite History

This chapter is the subject of a submitted paper:

Stability of an Abstract System with Infinite History.

Abderrahmane Youkana.

Abstract. This work is concerned with stabilization of an abstract linear dissipative inte-
grodiffrential equation with infinite memory modeling linear viscoelasticity where the relaxation
function satisfies ¢/(t) < —£(t)gP(t), V£ >0, 1<p< 3 and £ : Ry — R,. Our result improves earlier

results in the literature.

2000 Mathematics Subject Classification. 35B35; 35B40; 35B60.
Keywords and phrases. Polynomial decay, Infinite memory, Relaxation function, Vis-

coelastic abstract system.

1. Introduction

Let us denote by H a Hilbert space with inner product and related norm denoted by ()
and ||.|| respectively. Let A: D(A) — H and B : D(B) — H be self-adjoint linear positive
definite operators with domains D(A) C D(B) C H such that the embeddings are dense and

compact.
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We are interested in energy decay of the solution u to the following initial boundary value

problem

400
utt—FAu—/o g(s)Bu(t—s) ds =0, vt >0, (1.1)

with initial conditions

o (1.2)
Ut =u1,

where ug and u; are given history and initial data, g is a positive and nonincreasing function

called the relaxation function.

1.0.1. Well Posedness. By following the brilliant intuition of Dafermos [40, 38], we in-

troduce the relative history of u defined as

nt(s) = u(t) —u(t—s), Vt,s € Ry,

no(s) =n°(s) = uo(0) —uo(s), Vs € Ry

U+ AU =0, V>0,

(1.3)

where Uy = (uo(0),u1,m0) € H = D(A%) x H x Lg(RJr,D(B%)), U = (u,ur,n')T and

L?](R+,D(B %)) is the weighted space with respect to the measure g(s)ds defined by

[2(Ry,D(B)) = {z Ry — D(B?), /Omg(s)HB%z(s)H? ds < —i—oo}
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endowed with the inner product

+oo 1 1
(21, 22) :/O g(s)(B221(s), B 29(s)) ds.

) 1
Ly(R+,D(B2))

The operator A is defined by

T
+oo 0z
T_ | _ _ Yo
A(v,w,2)" = ( w, Av gOBv—l—/O g(s)Bz(s) ds,as w) :

+o0o

where go =[5~ g(s) ds,

—+00

D(A) = {(U,w,z)T €M, veD(A), weD(A2)), z€ L, g(s)Bz(s) ds € H} ,

and L, = {z € L3R}, D(B?)), 0,z € L2(R(, D(B?)),2(0) =0}

As shown in [132] for example, under the assumptions (H;) and (Hs) below, the space

H endowed with the inner product

T T o 1 1 B 1 1
((v1,w1,21)", (v2,w2,22)" Yoy = (A2v1, A%09) go<BZUl7B2vz>+(wl,w2>+(21722>L5(R+7D(Bé))

is a Hilbert space, D(A) C ‘H with dense embedding, and A is the infinitesimal generator of
a linear contraction Cy semigroup on H. Therefore, the classical semigroup theory implies

that (see [149]), for any Uy C H, the system (1.3) has a unique weak solution
UecCR4H).
Moreover, if Uy € D(.A), then the solution of (1.3) is classical; that is
UecCHRy, H)NC(Ry,D(A)).

1.0.2. Stability. Problems related to (1.1)-(1.2) have been studied by many authors and

several stability results have been established; see [36, 51, 67, 150, 151]. The exponential
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and polynomial decay of the solutions of equation (1.1)-(1.2) have been studied in [68], where

it was assumed that (H;) below holds and

e (A1) There exists an increasing strictly convex function G : Ry — Ry of class
CHR1)NC?(]0,+00|) satisfying

G(0)=G"(0)=0 and lim G'(t) = +oo0,

t—+00

such that

+0o0

9(s) 9(s)

— s+ sup ——t < 400
0 GTH=g'(s)) sery G7H(=¢'(s))
The author established a general decay estimate given in term of the convex function G. His

result generalizes the usual exponential and polynomial decay results found in the literature.

He considered two cases corresponding to the following two conditions on A and B:

(S

Jas > 0:  ||AZ0|? < ap|| B20|2, Vv € D(A2) (1.4)

or

D=

Jas > 0:  ||A2v|% < ap||AZB20||?, Vo€ D(A2B2), (1.5)

The study of viscoelastic problem (1.1)-(1.2) in the particular case A = B was considered by
Guesmia and Messaoudi [69]. The authors considered (1.6) below with p =1 and extended
the decay result known for problems with finite history to those with infinite history. In

addition, they improved, in some cases, some decay results obtained earlier in [68].

Very recently, the authors of [125] considered the condition

Jgt) <—=£1)gP(t),  VteRy, (1.6)
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where ¢ is a positive and nonincreasing function and 1 <p < %, with the objective of im-

proving the decay rate for problems with finite memory.

Condition (1.6) gives a better description of the growth of g at infinity and allows to ob-
tain a precise estimate of the energy that is more general than the "stronger” one (£ constant
and p € [1,3]) used in the case of past history control [123, 131]. We also refer the reader
to some recent researches under the condition (1.6) with finite history and viscolelastic term
[125] for related results. The authors proved a general decay rate from which the exponential
decay is only a special case. Moreover, the optimal polynomial decay is easily and directly

obtained without restrictive conditions.

With the above motivations and inspired by the approach of [125], in this paper, we in-
tend to study the general decay result to problem (1.1)-(1.2) under suitable assumptions on
the initial data and the relaxation function g. Our main contribution is an enhancement to
the results of [68, 69] in a way that our result gives a better rate of decay in the polynomial

case.

The plan of this paper is as follows. In Section 2, we present some assumptions, prelimi-
naries and some technical lemmas needed to establish the proofs of our results. Section 3 is

devoted to the statement and the proof of our main result.

2. Preliminaries

In this section, we shall present some necessary assumptions and prove some important
inequalities that will become useful in later stages.
Let us assume that

(H;) There exist positive constants ag and a; such that

a1|[v]|> < || B2o||> < ap||A%v|?, Vo € D(A?).
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(Hsz) g: R4y — Ry is a differentiable nonincreasing function satisfying

1
0<go<—.
ao

(H3) There exists a nonincreasing differentiable function ¢: Ry - Ry and 1 <p< % satis-

fying (1.6).

Throughout the sequel, we denote by C' a generic positive constant which may vary from

line to line. We start with the follwing lemma.

LEMMA 24. Let F,h be two non-negative functions such that F is derivable and h is

continuous on Ry, and a,c1 and cg be three positive constants such that
F'(t) < =T FOTN () + bt (t), VteR,.
Then, for some constant C' >0, we have
F(t) < C(1+1) ae " (1) l1+[)t(s+1)égT(s>hQ+1(s) ds|, VteR,.
PROOF. Multiplying (2.1) by &7, where § > 1 that will be defined later, we find

O F (1) < =TI FOHL(E) + et (R (8).

By taking advantage of the fact that £ is a nonincreasing function, we get
(éﬁ(t)F(t))/ < eI FOL(E) + e (R (1),

Also by noting ¢(t) = &(t)F(t), and taking 8 = %L, we obtain

¢ () < —erp™ (1) + 2 (R ().
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Following the same steps as in [28], we then find that
o(t) <C(1+t)~ l1+/ €5 (5)h*TH(s) (s +1)w ds| . (2.6)

Therefore (2.2) is established. O

LEMMA 25. Assuming that g satisfies (Hy) and (Hs) then
+o00
/O £()g () dt < +oo, Vo <2—p. (2.7)

PROOF. See [125]. O

3. Decay of Solutions

In this section, we aim to investigate the asymptotic behavior of solutions for problem

(1.1)-(1.2).
Note that, for any regular solution u of the problem (1.1)-(1.2), it is straightforward to see
that

_ 2/ $)|BEt(s)|? ds, VteR,, (3.1)
where
B = SR,
= 5 (1B - m B P+ [ s G as). 52

THEOREM 26. Assume that (Hy), (Ha) and (Hs) hold.

(1) Let Uy € H and U be the solution of (1.3).
If (1.4) holds and

Ime>0:  ||B2ug(s)]| <mo, Vs >0, (3.3)
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then there exists a positive constant C' such that, for all t € Ry,
1 2p—1

E(t) < C(14+) 7726 572 (1) [1+/0t(s+1)%1—253§35<3)h2p1(5) ds| . (3.4)

where h(t) = &(t) [T g(s) ds.

Moreover, if

+00 1 2p—1 t 1 2p—1
/0 (1+1)" 22 -2 (t) l1+/0 (s+1)22£2-2 (5)h?P~1(s) ds| dt < +oo, (3.5)
then, for allt € Ry,
E(t) < C(141) 7171 (1) [1+/0t(s+1)zilgpﬁ(s)hp(s) ds] . (3.6)

(2) Let Uy € D(A) x D(A%) X LZ(R+,D<A%B%) and U be the solution of (1.3).
If (1.5) holds and

dmgy >0 ||A%B%u0(s)|| <mg, Vs>0, (3.7)

then there exists a positive constant C' such that, for all t € Ry,

_1
E5(0) + E*~1(0) 4 [T h2P~1(s) ds) 2T

00 (M i

where

11 1 151
Ey(t) = 4 (I-Au(®)l|? - goll A2 B2u(®)|[2 + | A2/ (1)|[2) + § i g(s)[| A2 B2of! (s)||? ds.

(3.9)

Moreover, if

/+oo <E2(0) +E2710) + [y h*7 1 (s) ds) 71
0 Jo € (s) ds

< +o00, (3.10)
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then for allt € Ry,

E5(0)+ EP(0) + fg hP(s) d8>;’_ (3.11)

Jo&r(s) ds

LEMMA 27. Assume that g satisfies (Ha) and (Hs), and u is the solution of (1.1)-(1.2).

E(t)gC(

Then, for any 0<o <1 and any t >0, we have

1+o

[onstor s<e s [ 0w el [[eomir s

(3.12)

and for o = %, we have

[lonstorr s<clpo [de al " [[rwisior s @

PRroOF. By making use of Holder’s inequality, we obtain

t 1 1__op 1 9__ 20 po 1 20
/09(8)!|B277t(8)|\2 ds=[og 7 ()| B (s)II” P g(s) P || B ()| P ds

< (BB W) 45) 7T (e Bh I ds)

(3.14)

Using (Hy), (Hz2) and the the definition of E, we then find that

B(t) >~ (||A%u<t>||2+||u'<t>||2+ /0+°°g<s>||B%nt<s>ds), VtER;.  (3.15)
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Therefore, from (3.14) and (3.15), we deduce that

t
Lo 1B @I ds < [ g0 Brut)+ Bru(—s)| ds
< 2||BRu(t H/‘ dm&/g =9 (s)|[BEu(t — 5)||? ds
< a0 A%ul(t H/‘ dmﬂw/g =9 (5)|| AZu(t — s)||? ds
400 1—
f;cmmA g7 (s)ds. (3.16)

Finally, by inserting (3.16) in (3.14), we get (3.12). Inequality (3.13) is simply a particular
case of (3.12). ]

COROLLARY 28. Assume that g satisfies (Ha) and (Hs), and u is the solution of (1.1)-
(1.2). Then, for all t € Ry,

£0) [ oNBH ()P ds < C [~ B ()7 (317

PROOF. Using (3.13), Lemma (25) (for o = 3) and Young’s inequality, we obtain

1
0 [[aeEhi @R as < can¥o)| [ w] ewwﬂgf@wﬁW@Wm]
2p—2 1
t 1 -1 [t , 7T
goU;@w@w] [ et el a
2p—1
< |- [/l o
< Cl-E'(1)7 (3.18)
O
For the following Lemma, we adopt the result from [68] without proof.
LEMMA 29. There exist positive constants M, ag, a1, such that the functional
L) = ME+I+ %012 +aoE (3.19)
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is equivalent to E and satisfies, for all t € Ry,

150 < —arB0)-+aa ([ oAbt O s+ [T a1 ). 20)

where the functionals Iy, I are given by

L(t) = (ur(t), u(t))

and

Bi#) = —(u(e), [ o(s)'(s) ds)

ProoOF. (Theorem3)
Casel: (1.4) holds.
We have

+00 1y 9 +00 1y 9
| a@lAm )P ds<as [ g()|B2'(5)] ds. (3:21)
It then follows from (3.21) and (3.20), that, for some positive constant C,
L) < —mEQ®) +c/ $)|1B2 (s)||? ds. (3.22)
Using Corollary (28), we multiply the estimate (3.22) by £() to arrive at
! oo it 2
OB < —amEMED+CEW) [ g()|BH ()] ds. (3.23)
Now, from (H;) and (3.15) one can see that for all s > ¢,

IBE ()| < 2a0]| AZu(t)|? +2]| B2u(t - )|
4a0
1—aogo
4ayg
1—apgo

<

E(0)+2sup || B2u(r)||2
7<0

IN

E(0)+2md. (3.24)
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This leads to

(0 [ a6 as? as < (1

_gOE(0)+2m3> §(t) /tmg(s) ds := Ch(t). (3.25)

From Corollary (28) and (3.25), the inequality (3.23) takes the form
OB < —aEOEEH)+C-E O] +Ch(t). (3.26)
Multiplying the last inequality by £*E%, where o =2p —2 > 0, we find

E()TLE (1)I(1) < —an€FL(4) BT (1) + CE (1) B (1) [ B/ (1) 5 + Ch(1)E® (1) (1),

(3.27)
Exploiting Young’s inequality, we get for any € > 0,

ETME()3() < —an€ TTEYTH(E) — CB/(t) +2e6 T (1) BT (t) + Cch® T (1),

(3.28)

Next, let F(t) := £¥H(#)EY(t)I3(t) + C.E(t) ~ E(t). Then, for e small enough, there

exists a positive constant & such that
F'(t) < —a €T POt () + Chetie). (3.29)
In view of Lemma (24) and taking into account that F' ~ E, we get
12l t g el op1
E(t) <C(1+t) 2& -2(t) 1+/0 (s+1)20-2€2=2(5) P~ () ds| . (3.30)

To get (3.6), again we use estimate (3.22)

ENI() < ~mEWE®) +ak(t) [ ol AL ) ds-+aset) [ o) Ab(5)] ds.
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Applying Jensen’s inequality, the estimate (3.5) and the fact that £ is non-increasing, we

find
&) [ o)A () ds < (g /(f[s%)gp(s)ﬁ||A%nf<s>||2ds
< [ [ eerelabielP o)
- W0 feerlabier s e
where

v(t) = /tHA%nt(s)H? dsgc/ot<||A%u(z>|\2+||Aéu(t_s>\|2) ds

IN

C/ t)+E(t—s)] ds
< 20/ E(t—s)) ds

< 20/ ) ds < 20/ ) ds < oo, (3.32)

and with the assumption that v(¢) > 0.

Using (3.31) and (1.4), the assumption (Hs3) and the fact that £ is non-increasing, we get

€0 [ oAb )P ds < ov'F et )Vo ()9 ()18 () ds]p

< c|[~senstielR o)

< C[-E'®#)". (3.33)
Thus, from (3.25) and (3.33), it yields that
ST < —mEWE®)+C[-E ) +Ch(). (3.34)

69



We multiply (3.34) by €%(t)E%(t), for a = p— 1. This yields
OB () I(t) + CE (1) < —Bi& T () B (1) + Boh T (8). (3.35)
Now, let Fy(t) := &9 (t)EY(t)I3(t) + C.E(t) ~ E(t), then we have
Fo(t) < =Bie> T () Fg () + B2 (1), (3.36)
Then Lemma (24) implies that
Fo(t) < C(1+1) 7T €71(2) l1+/0t(s+1)zflgp’k(s) hP(s) ds] . (3.37)
Hence, we infer that
E(t) < C(144) 7T €71 (p) [1+/0t(s+1)pllgp”1(s) hP(s) ds} L VE>0.  (3.38)

Case 2: (1.5) holds.

As in [68], and similar to the approach of [132], we recall that the energy F» related with

D=

problem (1.1)-(1.2) and associated with A2U corresponding to Uy € (D(A) X D(A%) x L2 (R+,D(A%B
defined on R™ by

)

1
Ex(t) = (AUl
1 1.1
= 5 (14w - ol AF BRI + 4R @)+ [ gl AR BE )] ds
with
, 1 +ool 11
EQ(t)zi/o J(s)|A2Bot(s) ds <0,  VieR,. (3.39)
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We observe that in view of assumption (Hj), we have

[N

|AZB2v|2 < ag||Av|®, Vo€ D(A2B2).

Multiplying (3.20) by &(¢), using (1.5) and (3.40), we get

+oo 11
OB < —amEOE®) +aar(1+a0)e(t) [ g(s)|ATBEH(s)]| d.

Thanks to (Hy), we get

2

1—goa 1 +oo 11
By(t) > =0 (||Au<t>||2+||Azu’<t>||2+ | a@lat iy )2 ds) >0,

From (3.42), we have

EQ(S) < 2

| Au(s)||* < <
1 —goao 1 —goao

E5(0), VseR,.

Therefore, for all s >t
A% u(t = 5)]| < 250 4% Buo(r) | < 2
Combining (3.43), (3.44) and (3.40), we find

€0 [ aABE ) ds < 260 [ gls)IAFBR)P ds

boo) [ gls)|ATBRu(e—s) P ds

IN

1 —goao
Ch(t).

IN

71
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(3.40)

(3.41)

(3.42)

(3.43)
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(3.45)



If we repeat the same steps as in Lemma (27), and replace A3 B3 by A in estimate (3.16),
we end up with

2p—2

(5) dS] [/otas)gp(s)||A%B%nt<s>||2 ds

[N

€0 [ s B P ds < C[E0 [ ol

IN

¢ [ [ e )14t Bl (s)? ds] " (3.46)

Using condition (1.5), (Hj3) and combining (3.45) and (3.46), we obtain

€0 [ @A )P ds < aatle) [ g(s)ATBE ()P ds

< Cl-Ey®)]7 T +C h(). (3.47)

Hence, estimate (3.41) will take the form
EI4(t) < €t (D) +C-E3(0)] 571 +C h(d). (3.48)

Next, multiplying (3.48) by {*E® with o = 2p— 2, and using Holder’s inequality, we get, for

some &g > 0,
YN B IL(H) < —an® T ()BT (t) — CELY(t) + ChoTi(1). (3.49)
Integrating over (0,t), we find

/()t€a+1(S)Ea+1<S) ds < a2/ 504—1—1 )Ea< )[3( )d8+ Eg / ha—i—l

(3.50)

Now, taking the advantage of the fact that Is ~ E and that the energy E and the function

¢ are nonincreasing, we get

Ea+1(t)/0t£a+1(8) ds < _6}2£a+1<t)Ea+l(t)+~1£a+1(O>Ea+1(0>+?EQ(O)—I—;/()thaJrl(S) ds
1
< &—2§a+1(0)E0‘+1(0)+ L0+ 2 / Rt (s (3.51)
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This yields

Ey(0) + E“TH0) + Jy h* T (s) ds> a1
Elt)<C . 3.52
0= ( JoEn1(s) ds 552
Therefore,
Ey(0) + E>1(0) + [ h2(s) ds) 71
Elt)<C < [T 1(s) ds : (3.53)

In order to get (3.11), we use estimate (3.42) and follow the same procedure as in estimate

(3.33). We take the operator Az B? instead of A? to find

t 11 -1
5(75)/0 g(s)[ A2 B2n'(s)[|* ds < c[-E'(t)] 7. (3.54)
Consequently, from (3.45) and (3.54), estimate (3.41) will be reduced to
L) <~ +CI-E'(B)]7 +Ch(t) (3.55)

Finally, by repeating the same steps from (3.49) to (3.53) with a = p—1, we find the

estimate (3.11), and the proof is now complete. O

Example: We illustrate the energy decay rate given by Thoerem 3 through the following
example
Let g(t)=a(l+t)79, g¢>2, where a >0 is a constant so that [;">g(¢) dt < i, then we

have

g+1 1
7(6) = —apg(1 -~ = —b(ag(1+6)")F = —bgP(t), p= q: b 0.
Therefore, for the Case (1.4), estimate (3.6) with £(t) = b yields

E() <C(1+1) 71e 71(1) <1+/0t(s+1)ﬁ15ﬁ1(s)hp(s) ds> .
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Let us compute

h(t):g(t)/t+°og(s) ds — b/t+°°a0<1+s)q ds

b
- £¥u+wka g=——. (3.56)

Observe that, for some positive constant C', it yields
t Lo P ab  rt (1—q)+ 15 (1—q)+ 27 +1
/0 (s+1)p=T1Ep=T(s)hP(s) dSZb—l/O (1487 T ds =C(14+t)P V717 — O,
q JE—
Then, it yields

E(t) < C(1+t) 71e 51(t) (1+c<1+t>p<1—q>+pil+l>

= O+t 7T +0(1+)p1-0+

—q*+q+1 —q?+q+1

= CO+0)714+C(1+t)" ¢« <CO+t)" ¢ . (3.57)

For the Case (1.5), estimate (3.11) gives

= (EQ(O) +HE2(0) £ Jo () d8> ;

Jo&r(s) ds
< btTT (EQ(O) +EP(0) + /0 "1 (s) ds> "

(1—q)(g+1)

_4q
g(mnh@_g+@qHychf$_ (3.58)

Let us compare our result with the one of [68, 69]. In this way, let us recall the approach

of [68] with B = A, there exists a positive constant ¢; such that
E(t)<ca(1+t)%, vVt e Ry, (3.59)
where cg is generated by the calculations and it is generally small.

1
Furthermore the approach of [68] in polynomial case under (Az) and with G() =t» ™, for
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any p € }0,%{ gives

If (1.4) holds,

E(t) <CO+1)P, Vpe ]0, ik (3.60)

and if (1.5) holds,

E(t) < C(1+1) 71, VpE]O,q;l[. (3.61)

Now, since %1 < qz—Tq—l for ¢ > 2. Then from (3.57), (3.59) and (3.60), we conclude that

our estimate (3.57) gives a better decay than (3.59) and (3.60).

For the case (1.5), we see that 7 > By, for any p G]O,q%l[. Then estimate (3.58) has

better decay than estimate (3.61).

As a conclusion our approach improves and has a better decay rate than the one of

68, 69).

75






CHAPTER 5

Finite Time of Solutions for Some Hamilton Jacobi-Equations

This chapter is a part of a subject proposed by Pr. M. Ziane.

Abstract. In this work, we investigate the existence of weak solutions and the blow-up in

finite time of solutions for some Hamiltion-Jacobi with exponents in the nonlineatities.

1. Introduction

In the final part of this thesis, we consider some initial boundary value problems for nonlinear

parabolic systems whith source terms depending on the gradient of the solutions, known as

Viscous Hamilton-Jacobi ” equations, and which are given by
ug+ A%u = f(u,v,|Vul,|Vv|) in Qx (0,00),
v+ A% = g(u,v, |Vul,|Vo|) in 2% (0,00),

(1.1)
u=v=Au=Av=0 on 99 x (0,00),

u(z,0) =up(z), v(z,0)=1vo(x) in .

where © is a bounded domain § with regular boundary 99, and A? = 3" | > =1 9% 0% is the bi-

752
O BJ:].

2\ 2
Laplacien operator, |Vu| = ( A ( ggi) ) , (u0,v0) is the initial data, and f and g are functions
of class C'! with polynomial growth.

and with appropriate assumptions.
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Without loss of generality, and for the sake of simplicity, we study the following system and all

the results obtained here carry out to the general system (1.1) under the appropriate conditions.

ug 4+ A%y = Vol + [v]h in Qx (0,00),
v+ A% = |Vu|®2 + |u|? in Qx (0,00),
(1.2)
u=v=Au=Av=0 on 99 x (0,00),
u(z,0) =up(z), v(z,0)=1vo(x) in .
where «y, 5;, i = 1,2, are positive constants such that «y,5; > 1.
It is well known that the Kuramoto-Sivashinsky Equation is given by
1
b+ A%+ Ao+ 5 | Vo ['=0, (1.3)

subject to appropriate initial data and boundary conditions. This equation has attracted a great
deal of interest as a model for complex spatio-temporal dynamics in spatially extended systems,
and as a paradigm for finite-dimensional dynamics in a partial differential equation.

Precisely, this equation appears in hydrodynamics as a model for the flow of thin soap films
flowing down an inclined surface, and in combustion theory as a model for the propagation of flame
fronts ([98], [168]). In the one-dimensional case, (KSE) was considered by several authors both
analytically and computationally (see, e.g. [113, 126, 172, 144]), and the references therein. It
has been shown that the long term dynamics of this equation are finite-dimensional. In particular,

it possesses a globally invariant, finite-dimensional exponentially attracting inertial manifold.

The question of global existence of solutions in two dimensional or higher to (1.3) under the

physical Dirichlet-like boundary conditions

u=Au=0 on 082, (1.4)
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is sill an open problem in nonlinear analysis of partial differential equations [102].

To avoid dealing with the average of the solution to this equation, most authors consider,

instead, the system of evolution equations for u = V¢
2 1 2
u+A u+Au+§V\u| =0, (1.5)
or in this way
ug + A%u+ Au+ (u-V)u =0, (1.6)

wich is also called the Kuramoto Sivashinsky equation (KSE).
For partial results, in case n > 2, we quote some recent results obtained in [60, 61, 157, 156].

The motivation of our work is due to the following problem:

ug + A% = |VulP, in Qx (0,00),
u=Au=0, on 052,
u(0,z) = up(x) in Q,

Bellout, Benachour and S Titi [15] introduced this problem of hyper-viscous Hamilton-Jacobi-like
equations parametrized by the exponent p in the nonlinear term, where in the case of the usual
Hamilton-Jacobi nonlinearity, p = 2. They established some results concerning the local existence
of weak solutions, strong solutions and uniqueness of strong solutions for this family of equations,
and established also some results on the blow-up in finite time and the global existence of the

solutions.

The most important is that they showed that the blow-up in finite time of the weak solutions

holds when p > 2 and uyg, sufficiently large which is the same reult obtained by Souplet [169] to
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the following generalization of the viscous Hamilton-Jacobi equation:

ur —Au = [VulP, in Qx (0,00),
u =0, on 01},
u(0,2) =up(z)  in Q.
This study is also motivated by some parabolic systems considered by much authors with gradient

terms as nonlinearites, one can cite as examples ([4, 114]), and the references therein.

Numerous papers are devoted to the study of nonlinear parabolic equations of the form

0
55 = Dutp |Vl +f(z,u), (1.7)

and related form for which blow-up results and global (in time) solvability (see [31, 54, 73, 85,
165, 170] and the reference therein) were obtained.

In this work, we investigate the questions of the short time and the existence of weak solutions for
the system (1.1), and give some generalisation for some results in [15].

In order to study this problem, we give some preliminaries which are useful in the next.

2. Preliminaries

We first give some notations and definitions.

Let Q2 be a bounded domain in R™ with smooth boundary 02 and
Qr =02 x(0,1), 'y =00 x(0,1), Q= Q x {t}.

Let us introduce the space E = W22(Q)n Wol 2(Q). By classical results of elliptic regularity, the
dot product (u,v) = [, AuAv dx makes E a Hilbert space. Here | Vu |= (Vu,Vu)% and (.,.) is the
usual Euclidean dot product in R”. We will denote the dual space of E by E’, and by ||w||x,, the

norm in W*?(Q).

The rest of this work is organized as follows. In Section 3, we will establish the local

existence of the weak solution of (1.2) under some conditions on the power nonlinearities
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a;, B, i =1,2. Section 4 is devoted to the blow-up results .

From [15], our basic definition of weak solution to (1.2) is the following

DEFINITION 30. A weak solution (u,v) to the problem (1.2) on the interval (0,T") with

(ug,v) € (L%(Q))? is a measurable function such that

(u,v) € (L*((0,7),B)nL>((0,T),L%(©)))%,
N (LR,((0.T), WH2(Q)))2,
(5 %) € (L2((0,7), W ""22())?,

(IVul*2,[Vo|*t) e (LHQx(0,T))),

(Jul™,[v]) € (LH(Qx(0,1))).

The initial data and the boundary conditions are satisfied in the sens of distributions and
trace successively, and for all test functions ¢(x,t) € C*°(Q x (0,T")) with compact support
in (2x(0,7)), we have

T T
// w deds + / / AuAe deds
0 JQ 0 JQ
g dxd . Prg dad
= Vol AT .
/O/Q|v|gbxs+09|v|gbxs

and

/O g /Q v drds + /O ! /Q AvA dads

U1V deds+ [ [ 1?6 ded
—/O/Q\u\gé:cs—i-/o/g\quﬁxs.

Now, we are in a position to state our results.
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3. Existence of weak solutions

The main result on the local existence of weak solution to (1.2) is essentially based on

suitable conditions on «aq,a9 and 1, 52. It can be read as follows.

THEOREM 31. Assume that

n—+38 n—+38
<o < —— 1<pgi<——, 1=1,2. 3.1
al n+27 61 n 9 [ 9 ( )

Then, for all ug,vo € L*(R), there exists at least a mazimal weak solutions of problem (1.2).

In order to prove this theorem, we need to give some priori estimates on the solutions,

and we have the following lemmas.

LEMMA 32. Assuming that 1 < a; < Z—T_; and1 < f; < ”TJFS and let (u,v) € (L>=((0,T), L?(2)))?
be a smooth solution to the problem (1.2). Then there exists a positive constant C' indepen-

dent of u and v, such that, for allt € (0,T), we get

/Q<u2(x’t)+"’2($at)) dr < /Q(ug(a:)jtvg(x)) dx

t o
+ [ (luts) o+ llv(s) 32 +1)" ds,  (32)

where o > 1.

ProOF. Multiplying the equations (1.2),(1.2), by u and v respectively, and integrating
over {2, we get
1d
—— | Wz, t)dr + / (Au)?dz
Q Q

- /u|v|ﬁlda;+/ u| Vol dz. (3.3)
Q Q
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and

—— A
Zdt/ﬂv (xz,t)dx + /Q( v)*dx
= /u|v|*82dx+/ v|Vu|*?dz. (3.4)
Q Q

(3.5)

To estimate the nonlinearity terms, we use Sobolev Embedding and interpolation inequalities
(see [175], pp. 186, 328).
For simplicity, we denote by ¢ a generic positive constant which will change from to line.

We estimate the first term on the right-hand side of (3.3) by Holder’s inequality

L L I 1
/ ulp|Prde < (/ lu|" dx) ™ (/ l|P1r2de) 2, —4+ = =1.
Q Q Q

oo
and interpolation inequality

Julelde < elllulloz+ lolloz) %) (1 Auloz + | Avfoo) A0 (36)

0,2

where

n n n n

- " €01 _ _n
R I (0.1), s2=55"—1

+1 €(0,1).
Making use of Young’s inequality, we then have

s 1 _ _
/Qu’mﬁldx < C(||UHO,2+||’U||072)(Sl+ﬂ182)rd"‘g(HAuHO,Q"—HAU||O72)((1 51)+61(1—52))74

o1 1
< e(lullfatN0l5) " + g (1Auld2+11Av]E o). (3.7)
where
T —78 T —78
1 n(ﬁ1—1)7 3 84+n—np ’
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and

4(p1—1) n+8
=14 ——=>1 1<pr < ——.
o1 +8+n—nﬁl ’ b n

For the gradient term, we use again Holder’s inequality, Sobolev embedding and interpolation

inequality to get

1
Lulvol do < (1Vullarrs +190llaars)* (ullg + o), =+ =1
5 e

o154+53 a1(1—s4)+(1—s3)
< c(llullg2+IvI52) (lAulF2+1Av]F ) :
(3.8)
where
n n 1 n n
—1——+— €(0,1), =-__ € (0,1
53 1 o (0.1), sa=5-7 2017 0,1)

Using Young’s inequality ab < ea?+ C’ebq/

r7(onsatss) 1 re(a1(1—s4)+(1—s3))
/QUIW 1 de < c(lullia+vIg2) +§(||AU||(2),2+||AU 52)
oo 1
< c(lullfa+l0l52) "+ (1Aulg 2+ 11A0]52) , (3.9)
8
where
4(on —1 8
o9 =1+ (o1 ) >1 and 1<a1<i.
8+n—(n+2)a n

Similarly as above, we get

By 2 9 \o3 1
[ vlulde < e(lulld s+ 03 )™ + 5 (I1Aw

2 2
0,2+||AU||0,2),

(3.10)
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with o3 =1+ 4(52-1) > 1, 1<ﬂ2<"7+8.

8+n—nf2
and
oy 1
[olvuler de < e(fula+lolfe)” + 5 (1aula +1201), @)
where
4(og —1 8
o1=1 (22 1) >1 and 1<a2<ﬂ.
8+n—(n+2)as n

Finally, from (3.7), (3.9), (3.10) and (3.11) we find

1 d 2 2 1 2 2
—— ~ (A A
S0 @@+ ) dos [ (AR + A, )P)de

+”/Om%wWﬁhwwme#5<w

Q
g
< c(lullfa+lvlg2+1)" (3.12)
where 0 = max{o1,09,03,04} > 1. O

LEMMA 33. Assuming that 1 < a; < Z—j_'g, 1< B < 1+%, 1=1,2 and
(u,v) is a smooth solution of the problem (1.2), and (u,v) € (L>((0,T),L*(2)))2. Then there

exist a positif constant C' independent of u and v, and a time T given by

1

T =
o—1
(o=1) (|luolds +llwol3)” €

(3.13)

such that for all t € (0,T%),

(o—1) (c—1)
(luoll3 2+ w03 2)
: —5 < +0o(3.14)
1— (0= 1) (|luolB o+ llol3) " Ct
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where C' is a generic positif constant and

t ¢
2 , 2 2 2
max{/o /Q\Au] dxds,/o /Q]Av| drds} < (Huo||0,2+|]v0H0’2)

o

)(0—1)

(0—1)
(luoll3 2+ llvoll3
+C't (o—1) < too.
1= (o= 1) (Jluollf o+ lloollF )~ Ct

(3.15)
Also
t t
max( /0 /Q u(z, )P+ dwds; /0 /Q o, )1+ dads) < (lluoll o+ l[vol3.)
(o—1) (031)
(lluoll3 2 + llvoll3 2)
+Ct =y < 400,
1= (o =1) (Juol32+lwoll32)” Ct
(3.16)

PROOF. Using Eq. (3.2) of Lemma(32) and Gronwall’s integral inequality (see, e.g.
[113], pp. 86]). O

LEMMA 34. Assuming, fori=1,2,

l<o; <2 for n <3,
1<ai<Z—T_S, for n>4,

and let (u,v) € (L>®((0,T),L%(Q)))? be a weak solution to problem (1.2).
Then

(V[ [Vo|?2) € (L2((0,T), L™ ()2 where{ r=1 2 4 on<s, (3.17)
r> =L for n>4.
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Also, there exist positif constants (Cj,q;) i = 1,2, independent of u and v such that

T 2 T
| (Lavaleydn)ds <y sup G0l [ lalo9)Bads, (319
0 Q 0<t<T 0
T 2 e )
| (Laveryds) ds<cy sw ol [ loto)lBads.  (319)
0 Q 0<t<T 0

PROOF. The proof follows from slight modifications of the proof of lemma 3 (see [15]).

O

Proof of ezistence. In this section, we assume that all assumptions in Theorem (31) are
satisfied, we prove the existence of weak solutions to problem (1.2) with the the Faedo-

Galerkin method as in [15].

PROOF. (Proof of existence) Introducing the space Wy, = {w1,wa, ..., wy, } where (w;);>1
constitutes a basis in L?().

The eigenfunctions of the Laplacien operator in H}(€2) given by

—Aw; = \w; in i=1,...,m,

w; =0 on 0.

Now, we will try to find an approximate solution of the problem (1.2), for a fixed k, in the

form

k k
uk(l'?t) = Z:laj,k‘(t)wj (:C), Uk(xat) = §bj7k(t>wj (x)a

where a; 1 (t) and b; ;(t) are the solutions of the nonlinear ODE truncated system in the

variant t of :

Jo Bk gz + o AupAgdr = fo |Vop|* 1 dda + fo v ddr, x€Qt >0,
(3.20)
a;jx(0) = /Quowj dx. j=1,.k
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and
Jo, B pda + fo AvgAgd = fo|Vug| 2 ¢dx + [ [ug|2ode, t>0x€Q;
(3.21)
ijC(O) = /QU()U)]' dl‘, j = 1,..,k,

for every test function ¢ € W}, and under the initial condition u(0) = ugg and v (0) = voy.

The System (3.20) and (3.21) are of ordinary differential equations ODE for 2k unknown
coeflicients a;(t) and b; ;,(t) satisfying the conditions of Picard theorem, hence there exits
Ty >0, and coefficients a; 1, (t) and b; ,(t), j = 1,..,k, solutions of (3.20) and (3.21) on (0,7})).

Now, we shall prove that these sequences are convergent.

Step 1 (Priori estimates) Using Lemma(33) and following the same steps as in the proof of

this lemma to deduce, for a fixed k, the existence of time 7} > 0,

1
Ty = —, (3.22)
(0 =1) ([lux (-, 0) B 2+ lox (- 0)F2) €
such that the sequences (u)g, (vg)x are defined on (0,77).
Now using the fact that for all k:
[k (- 0)llo.2 < fluo(-)llo.2, [[or(,0)llo.2 < [lvo()llo.2, (3.23)
to get the existence a time 77 >0, T <Tj;, defined by
N 1
T* = . (3.24)

(= 1) (a0l + o(,0)13.) " €

Step 2 (Boundedness of the approach solutions (ug,v)ken)

By repeating the same steps in Lemma (32) and Lemma (33), we observe that for all k> 1
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and all 0<t<T¥,

1

(0—1) (c—1)
%,2 + ||U0||(2),2)
) < 00,
3.)

| @
max(/Qu%(:p,t)dx,/Qv;%(x,t)dx) < (1(

o —1) (J[uoll3 2+ v

and

t t
max(/o /Q|Auk|2da:ds;/0 /Q|A'Uk]2da:ds) < (Huo %72+Hv0|]g’2)

(c—1) (ail)

(Iluoli3 2 + llvoll3 2)

+Ct =y < 00,
1= (o =1) (Juol32+woll32)”  Ct

t ) ¢
max(/o /Q|uk(x,t)\ﬁ2+ dxds;/o /Q|Uk(x,t)\51+1dxds) < (||u0

(o—1) U'Ufl)
(loll3 2+ lleoll3 2)
Ct (0—1) < 00
1—(0—1)(HUOH%,2+HUO (2),2) Ct

2
0,2+||UO”%,2)

It then follows that there exists a subsequence still denoting (ug, vk ) ,

Uk, Uk € LOO<<07T>7L2(Q)) n L2((O>T)7H2(Q))7

up,vp € LATH(0,T)xQ), VO<t<T*, (3.25)

and there exists a function (u,v) such that, for any ¢ < 7%,

U —> U as k — o0 in L%oeak—star((oat%L%Ueak(Q))' (326)
up —uwas k—sooin L2,,.((0,8), H2 0r(Q)). (3.27)
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also

Vg —> v as k — oo in Lioi)oeak—star((ovt>7L2weak(Q))7 (328>
v —vas k—s o0 in L2, ((0,8), H2 k(). (3.29)

Step3 (Analysis of the non-linear term)
Our aim is to prove that (%, %) € (L2((0,t), W—1=22(Q))2?
For this purpose, taking ¢ € H6L+2(Q) and by writing ¢ = ¢ + (¢ — ¢x)

where ¢y, is the L?(2) projection of ¢ onto the space Ej, we find

8uk . 8uk
- —/QAukAgbk dm+/9|wk|al¢,€ dx—l—/Q|vk|51gbk dr.  (3.31)

Applying Sobolev embedding to the right hand side of first and third terms, using interpo-

lation inequality and Young’s inequality, for € well chosen, we get

S dudop dot [ fonlPon de < el lug i +h() | éx ez, (3:32)

where h is bounded in L"(0,t) independent of k, for some ~v; > 1.

As proven in [15], we have

190kl 6y do < cF (@) || 6 oz (3.33)

where F' is bounded in L7(0,¢) independently of k for some vy > 1.

Thanks to Lions Lemma [106],there exists ¢ > 0 independently of ¢ such that

| o ||n+2,2§ cllo ||n+2,2 .
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Hence, by (3.32) and (3.33), we obtain

8uk

[ ko dr < clllug llye +FO+hO] 1160 (331

Following the same steps as previously to get

Ovp. . -
o 0 dr < el gz +E@ +RW)] [ g, (3.35)
where F and h are bounded in L72(0,t) and L73(0,t) independent of k with 72,73 > 1,
that %—? is uniformly bounded in L7((0,t), W ~"=22(Q)), where 7 = min(y,71,72,73,2).

Combining (3.34) and (3.35) and owing to Aubin-Lions theorem, see Lions ([106], pp 57-
58), we deduce that there exist subsequence of (uy) and (vg) , still represented by the same
notation, such that we find that (uy, )y, is compact in the strong topology of L2((0,T), W1 (Q))

and (vy) is compact in the strong topology of L?((0,7),W'(Q)) with all 1< r < oo
2n

n—2

when n <2 and all r < when n > 2. Then there exists a subsequence denoted again

((ug, (v))g such that Vuy converges strongly to Vu and Vv converges strongly to Vv in

L2((0,t),L7(£2)), i.e when k — 400

Vup, — Vu in L*((0,t),L7(Q)). (3.36)
Vo, — Vo in L*((0,t),L7(Q)).

Basing on [15], we have for ¢ € C§°(Q2 x (0,t)),

‘/Q(|V%|“2—IVUIO‘2)1/J de| < ¢ loo || Vup = Vu|[1r
X (U Fu Lz + el r2)

(3.37)
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’/Q(va!al —[Vo|" ) de) < ([P oo [| Vop =V ||zr (3.38)

X (I ok [z + T v | 52)
Thus, from (3.37) and (3.38), we obtain when k& — oo

/Ot/ﬂ(ymwz L IVulo2) dads — 0, Vb € CF(Qx (0,1)). (3.39)

t
/O/Q(|VUk|a2—|VU|a2)¢ drds — 0, Yip € C®(Qx (0,1)).

Step 4. (Passage to the limit)

By (3.25)and exploiting Lions Lemma , we get

Bat1l
lup|® — |u® in L2 ((Q) % (0,t)). (weak), (3.40)

B1+1

Rt — o' in LA ((Q)x(0,8).  (weak)

Convergences (3.27), (3.29),(3.39) and (3.40) are sufficient to pass to the limit in order to

obtain

/0 : /Q Z‘wdms + /O t /Q AuAdrds

t t
_ V| ydzd // Biapduds.
/O/Q||1/Ja:5+OQ]U|¢xS

and

"0 dd " AuAbdrd
/O/Qawxs—l—/ﬂ/ﬂuwxs
t t
_ V|2 dzd // B2 4pdads,
/O/Q| u|¢x8+09|u|¢x5

for all 1 € C8°((0,T) x Q)N L2((0,t), H3 () N LATL((0,T) x Q) N LA2HL((0,T) x Q)).

Step5 Proving that |Vu;|% € LY((0,¢) x Q) i=1,2 is immediately by simple calculation
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from Lemma 3.

Step 6 Observe that from the above estimates, we have

(u,0) € (W20, W>72(Q)))?,

and so its trace at t =0 is well defined and u(z,0) = limg_, ysour(z,0) = up(z)
and v(x,0) = limp_ 1 50Uk (2,0) = vo(x).

To schow that Au= Av =0 on the boundary 02, we need the following lemma

LEMMA 35. Let 7 and T fized such that 0 <71 <T <T*.
Let (u; ) k>0 be the sequence of solutions to the Galerkin system (3.20) and (3.21) and , then

there exists a positive constant C; such that

// 2u) dxds<CT,// Vdrds < C,.

PROOF. See [15].
This leads to

(A%u)?dzds < K,

(A%0)%dads < K,

H\]'ﬂ
@\{O\

where K, is a positive constant.
Consequently, (u,v) € (L?(r, T),VV%’2 (09))? for any 7 > 0, and so, Au = Av =0 on 92 on
(7,7,

which achieves the proof of theorem. O
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4. Blow-up in Finite Time of Solutions

In this section, we present some materials needed in the proof of our results, combining

the argument of [15], and prove our main result.

THEOREM 36. (Blow-up in finite time of solutions)

Suppose that

8 8
<o <08 l<B<™® 12
n—+2 n

Then, for ug,vo € L2(Q), and ug or vy sufficiently large, the problem (1.2) cannot admit a

globally defined weak solution.

Let’s recall (see, e.g. [82]), and the references therein the eigenvalue problem
—Ap=N) € Hy(Q), (4.1)

wich has a smallest positive eigenvalue A = A1 and that the associated eigenfunction ¢ does
not vanish in 2. Furthermore, it can be chosen ¢ > 0.
The proof is based essentially on the well known technique of Kaplan [82] and this

important proposition.

8 8 ;
PROPOSITION 37. Assume 1 < a; < Z—L and 1 < fB; < %, i=1,2.

Then for ug,vg € L*(Q) satisfying /Q (uo(x)2+vo(x)2) p(x)de > C = C(Q,5;) sufficiently

large, where ¢ is eigne function there exists a finite time (T% = TH(M) > 0) such that for :

Z(t) = /Qu(x,t)gp(x)dx we have  lim Z(t) = 4oc. (4.2)

t—sTt

PROOF. Multiplying the equations (1.2) by ¢ and integration over €2, we find

/Qutgodx + /Q(AQU)cpdx

= /Q\Vv|o‘190dx+/g\vlﬁlgp dx (4.3)
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and

/Qvﬁpdx + /Q(sz)gpda:

= [ |Vu[*ed / g da.
| 1Vul2gdot [ ful do

Using Green formula, we see that

A? d:/A Ad:AZ/ dz, .
/Q( u)pdx | Au Apde = Ay | updz

where A1 is the smallest positive eigenvalue. Using Jensen’s inequality, we get

Pp du 2| [ u(a,tipdal?, p>1.
Ll da>| [ u(etyedz?, p

Using the elementary inequality : if ¢ > p and A > 0, then

xQZ)\g%xp—Ax. x> 0.
Taking Z(t) = / (u(z,t) +v(x,t))p(x)dz, we deduce that :
Q
Z'(t)+(1+A]) Z(t) = c|Z(1))°,

where §=min{f,02}. If :

1

2(0) > <A> o

Finally, It follows that (T* < 4+00) whenever Z(0) is sufficiently large.
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(4.7)






Conclusion

In this thesis, we treated in one hand the existence of solutions and the blow-up of these
solutions for two types of evolution equations, fractional ordinary differential equations and
Hamilton- Jacobi equations arising in engineering electronic phenomena and hydrodynam-
ics phenomena respectively, and on the other hand with the decay of solutions to a heat
hyperbolic system with viscoelastic term, and an abstract hyperbolic system with infinite
memory.

In each problem treated in the first part of this work, the nonlinearities are strong.
The existence of solutions for the system of fractional ordinary differential equations was
established via Shauder’s Theorem and the blow-up of solutions in finite time is proved with
any conditions on the parameters of the system.

In the second part, we focused on the stabilization of a quasilinear heat hyperbolic system
with a viscoelastic term which we established a general and optimal decay result. We also
dealt with the general decay of an abstract linear dissipative integrodiffrential equation with
infinite memory modelling linear viscoelasticity which we have extended the decay result
obtained in [68, 69]. Our results generalizes and improves several stability results in the
literature.

For the Hamilton Jacobi system, the existence of weak solutions is done by the Galerkin
method and by compactness theorems. The uniqueness of solutions is an open problem.
Using interpolation inequalities and Sobolev injections, we established some results on the

blow-up of the solutions in finite time.
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Abstract:

The goal of this thesis is to study on one hand some questions on the
existence and the blow-up in finite time of solutions of two type of nonlinear
evolution equations, fractional differential equations and Hamilton-Jacobi
equations, and on the other hand the decay of solutions for two hyperbolic
problems related to viscoelasticity.

Résume :

L’objectif de cette thése est d’étudier d’une part I’existence et I’explosion
en temps fini des solutions de deux types d’équations d’évolution non linéaires,
des équations differentielles fractionnaires et des équations de type Hamilton-
Jacobi, et d’autre part la décroissance des solutions de deux différents problemes
hyperboliques intervenant en viscoélasticité.
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