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INTRODUCTION

It legitimate to say that the first mathematical reference to splines is the paper of Schoen-
berg. He was one of the first to present and used the spline functions in the approximation
theory. The spline theory was developed between 1950 and 1960, be used for scientific
calculus (approximation, integral, differential equation). Currently, the splines are consid-
ered as an important tool in numerical analysis.

The spline term signify "elastic tongue". In mathematics, a splines are a curves defined
piecewise via many polynomials, they have been extensively applied in vector graphics,
signal interpolation, animation, computer graphics and other fields of sciences and en-
gineering. A spline function is a function that consists by joining polynomials together
at fixed points called knots. They are absolutely generalizations of the notion of polygo-
nal lines. An important class of splines regarding minimal support with respect to a given
degree, smoothness, and domain partition is a B-spline, or basis spline. These functions
play an essential role in numerical analysis and applied mathematics, namely, the theory
of best approximation. Schoenberg was one of the first to introduce spline functions, (
cf. [72,[73]). These functions has been the subject of a lot of works over the past decades;
see, ([18} 161}, 67]). These works discuss all of the usual approximation questions, includ-
ing existence, smoothness, characterization, stability, uniqueness, strong uniqueness, ap-
proximation procedures and convergence analysis. A practical problems in applied math-
ematics are boundary value problems. Over the years, several papers are developed to nu-

merically solve these types of boundary value problems via spline methods such as finite
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difference, ( cf. [1,12,5,[10}11]), Galerkin, ( cf. [13},16}23,[15,26}39}/43]), orthogonal splines,
( cf. [44], [45] [46|, 53] [60]), collocation, ( cf. [62] [76} [77, 78]) and finite element method, ( cf.
(79,180, 81,82, 83]).

Recently, numerical schemes are constructed to numerically solve different functional
equations via spline quasi-interpolants, ( cf. [29}(30, 22,27, 31,32} 34} 52, 54}, 56,58, |64}, 165,
68,69, 70,56, 65, 68,69, [70]).

The purpose of this thesis is to develop the spline quasi-interpolants theory for more
general cases to solve some classes of functional problems. The rest of the thesis is orga-
nized as follows

The first chapter offers an analysis, definitions and some preliminary results of the
concept of spline functions and spline quasi-interpolants. We describe the explicit formu-
las about quasi-interpolants of degrees 2 < d < 6. We give their corresponding norms and
approximation orders.

In the second chapter, we present two collocation methods based on spline quasi-
interpolants for the approximate solution of integral eigenvalue problems of an integral
operator with a regular kernel.

The purpose of the third chapter is to develop the septic quasi-interpolants where we
calculate all their coefficients. We we use these results to investigate the generalized Fred-

holm integral equation of the second kind of the following form
m rb
us) =y, f Hi(s,hu(dt = f(s), meN*, as<s<bh.
k=1a

We introduce three degenerate kernel methods; the latter is a combination of the two pre-
viously established methods in the literature. Moreover, we provide a convergence analysis
and we give new error bounds. Lastly, we exhibit some numerical examples and compare
them with previous results in the literature.

Several works have investigated the self-adjoint singularly-perturbed two-point boundary-
value problem:

—-€y" () +p)yx)=f(x), pkx) >0 xe€[0,1],




Introduction

with the boundary conditions
y(O) = Qo y(O) =a.

In the same perspective, the purpose of [50] is to present a method based on sixth degree
B-splines for constructing numerical solutions to fifth-order boundary-value problems of
the form:

y'x)+px)yx)=fx), pkx)>0, xe€la,bl,

with the boundary conditions
e®@=ar, k=0...2,

e (b) =B, k=0...1.

More recently, the authors of [51] have studied two sextic-spline collocation methods to
compute the numerical solution of nonlinear fifth order boundary-value problems (BVPs)

described by a differential equation and boundary conditions of the form
PP (0) = p(x,0x), M (1), 0? (),0% (0,0 (1), (1), W (%))  as=x<b,
with the boundary conditions
o® (@) =ap, k=0...2,

o (b)=Br, k=0...1.

The last chapter aims to numerically solve the following generalized boundary value prob-

lems:
0" =w(T,00), 0P @),0? 1), 0% 1), 0? (1), 1), (1)) asT<b,
with the boundary conditions
(p(k)(a) =ar, k=0...3,

e (b) =B, k=0...2.

Additionally, we develop two spline quasi-interpolants methods




CHAPTER 1
Spline Quasi-interpolants

1.1 Motivation, Definitions and Properties

Let n €N, denoting by PP, the polynomial space with real coefficients and degree less than
or equal to n. Recall that P, is R-vector space of dimension n + 1.
Leta=xp<x1<...XN_1<Xp=b.

Let us consider a given data
(xi,yi), i=1,...n, (1.1

the interpolation problem is to find a function ¢(.) such that

Yi=@x), i=1,...n (1.2)

This equation is called the interpolation equation or interpolation condition. It says that
the function ¢(.) passes through the data points.

A function ¢(.) satisfying the interpolation condition is called an interpolating function
for the data.

Such a function is referred to as an interpolant.

An interpolation problem differs from the others in many aspects :

* interpolant properties or structures, which may be described in terms of additional

interpolation conditions;

 adaptability to changes in sample data;
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e computational efficiency in determining an interpolant;
* computational efficiency in evaluating the interpolant at the query point(s);

e computational accuracy if the samples are from an exact function as in traditional

mathematics handbooks, or in lookup tables in today’s computer systems .

1.2 Lagrange polynomial

Fori€{0,...,n}, consider the following polynomial ¢; :

x—xj

)= ]

j=0,..n, j#i Xi ~Xj

Note that the degree of polynomial ¢; is n. Let k € {0, ..., n}, such that

_ | Osik#i
Letting
n
pn(x) = yili(x). (1.2)
i=0
Remark that p,, € P,,. Let k € {0, ..., n}, with
n
Pn(x) =) Vibik = Vi (1.3)
i=0

Theorem 1. Given data set D = {(xi,yi)}?zo in R?, with distinct x;’s, there exist a unique
polynomial p € P, such that

px;) =y, Yie€{0,...,n}, (1.4)

This polynomial py, is given by (1.2). which is called Lagrange interpolating polynomial

at (x;,yi), i =0,...,n.

Remark 1.2.1. If x; are distinct,the set 98 = {¥,,...,¥¢,} is basis of P,,, which is called La-

grange polynomial basis associated with interpolation points xy, ..., x,.

1.2. LAGRANGE POLYNOMIAL 8
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1.3 Newton polynomial interpolation

Let f be a function on [ such that {x;,i =0,...,n} c I.
where no two xj are the same, the Newton interpolation polynomial is a linear combi-

nation of Newton basis polynomials

Notation1.3.1. Let k€ {0,...,n}and i € N, i < k. Denote by

Pi—k

the Lagrange interpolating polynomial of f at x;,..., xk.

For i =0, we have

Pk = Po—k-

Definition 1.3.1. Letk €{0,...,n} andie€N, 1i<k.Thepolynomialp;_.\ hasea degree less

than or equal tok —1i.
Pi—k € Pr—i.

Denotingby f[x,..., xi] the coefficient of x*~! in p;_ ;. which is called the divided difference
of order k—i.

Remark 1.3.1. The divided difference of order k—i
flxil = f(x), Yi=0,...,n. (1.1)

Let ke {l,...,n}, the polynome g = px— pi-1 € P verifies gx(x;) =0, Vi € {0,..., k—1}.
Hence

qgr(x) = C(x — x0) ... (x — Xk-1),

for some constant C.

Thus,
k-1

Pr(x) = pr—1(x) + fxo,..., xe] [ ] (x = x2). (1.2)
i=0

1.3. NEWTON POLYNOMIAL INTERPOLATION 9
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Definition 1.3.2. The Newton formula can be written as

n k-1
pn(x) = flxol + Y flxo,...,xi] [] (x—xp). (1.3)
k=1 i=0

The Newton polynomial can be written as

k-1
Ni(x0) = [T(x—x) (1.4)
i=0
The set 6 = {Nk, k=0,...,n} is the basis of P,,, Newton basis.

Theorem 2. Letke{l,...,n} andieN, i< k. Thefollowing formula holds

. _f[xi+1)---)xk]_f[xi)---!xk—l]
flxiyo o, xi ] = P .

1.3.1 Cubic splines interpolation

Now, we present an important application of interpolation is which called computer aided
geometric design by using cubic splines.

The interpolation spline function of order m is:

1. a polynomial function of order < m on each interval [x;, x;+1],7=0,1,..., N—1;
2. interpolate at xy, ..., Xn;

3. in C"™"! on each interval [a, b].

The most important type of interpolation by smooth functions is cubic spline interpo-
lation.
The values x; < x» < --- < x,, are often called nodes or knots. We recall that the cubic

spline (i.e m = 3) is a function with the following properties:

1. On each interval [x;, x;;+1] the function is given by cubic polynomial. The function is

defined by different cubic polynomials on different intervals.

1.3. NEWTON POLYNOMIAL INTERPOLATION 10
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2. At each interior knot xy,...x,-; the cubic polynomials on adjoining intervals have
the property that their values and the values of their first and second derivatives

match.

In cubic splines, the interpolant S is comprised of cubic polynomials piecewise subject
to the additional interpolation conditions that the first and second derivatives of S are
continuous over (a, b).

It is assumed that the number of samples is finite. Let m be the number of intervals
determined by the samples. We may describe specifically the pieces of a cubic spline S(x)

as follows, for j =1,2,---,m,
Sx)=sjx)=aj+bj(x—xj)+cjlx— xj)2 + dj(x—xj)s, X€A;=[xj,Xxj41l.
We give the additional smooth conditions

s = e, j=12,m-1 k=12 (1.5)

1.4 Bernstein polynomials
Let us consider the following Bernstein polynomial
b n(x) = Cilxi(l —x)" il o<i<n,

with the binomial coefficients C%.
We recall that the Bernstein polynomials are basis of the space P;, of polynomials.
The prototype of polynomial discrete spline quasi-interpolants is the classical Bern-
stein operator
n
i
an = Zf(—)bi,n-
i=0 N
Letting
1
bi,n = bi,n/f bi,n =(n+ 1)bi,n-
0

1.4. BERNSTEIN POLYNOMIALS 11
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The prototype of polynomial integral spline quasi-interpolants is the Durrmeyer operator

Mnf = Z(f; Bi,n>bi,n,

i=0
where

1
(f,8= fo f8
1.5 B-splines on an interval [a, D]
Let us turn our attention to the B-splines on an interval [a, b], we begin with some nota-

tions and definitions. Let m = 1 and let us define the following function

(-x); :R—R

; (t—x)™ if t=x,
0 otherwise.

Definition 1.5.1. Let X,, = {xy, 0 <k < n} be a partition of the interval [a, b] into n subin-
tervals, i.e. xi. = a+ khy.

We define
Sm(Xn,[a; b]) = {SE Cm_l([ay b])) S/[xi,xiH] E[FDWI) l :O)yn_]-}

The elements of S, (Xy,la, bl) are called spline functions of order m associated with the

subdivision X;,.

Example 1.5.1. The function:

X2, if —10=x<0,
s(x)=<{ —x%, if 0<x<l,
1-2x, if l<sx=<2

is a spline called quadratic spline.

1.5. B-SPLINES ON AN INTERVAL [A, B] 12
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Proposition 3. [71]
1. S,,(X;,[a, b]) contentP,,[x].
2. (t— (t—x)7}) € Sm(Xn, [a, b)).
3. Sin(Xp,la, bl) is a vector subspace ome‘l([a, bl).
4. The set of functions
{t—d,  osism, t—G-x)p 1=isn-1f

forms a basis of S,,(Xy, [a, b)). In particular, the dimension of S;,(Xy, a, b]) is equal

ton+m.

As a consequence of this proposition, any spline S admits the following representation:
n-1
S(X) = pm(X) + Y ci(x—xi)
i=1

Example 1.5.2. The basis of S1({0,1,2,3,4,5},[0,5]) is given by the functions
Lx;(x—1D g (x—=2) 15 (x=3)45(x—4) 4.

1.5.1 Construction and Properties of the B-spline

Almost 50 years ago, J. Schoenberg has introduced a class of splines functions called the
B-spline, or basis spline, which is characterized by the minimal support with respect to a
given degree, smoothness, and domain partition. Moreover, any spline function of given
degree can be expressed as a linear combination of B-splines of that degree. Cardinal B-
splines have knots that are equidistant from each other. B-splines can be used for curve-

fitting and numerical differentiation of experimental data, (see [72]).

Definition 1.5.2. Leta < x; < x» <...< X,—-1 < b be given. Suppose

Yisy2=...=Yom+n-1

1.5. B-SPLINES ON AN INTERVAL [A, B] 13
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is such that

V<...<ym=a, b<syVmin<...<Yom+n-1,

and

Ym+1=... = Ymen-1=X1,.., Xpn-1,

then we call X = { yi}f’””‘l an extended partition associated with S,(X).

Let X = {yi}%”””_1 be an extended partition with S,,(X), we assume that b < y2,,45-1-
Fori=1,2,....m+n-1,let

Bim=(=D"Gism— YD) Wirero» Vieml(x— )71 asx<b

Suppose

b=ymin=...=Yom+n-1

and

Bm+nm(b) = )lcii%BmHl,m(x),
then {B,-,m}’f“” form a basis for S,,(X). The By, ..., Bm+n,m are called the B-splines.
Proposition 4. [17] The B-splines have the following properties:
1. Partition of unity: Y "** B; ,(x)=1,  forallasx<Db.
2. Positivity: B; ,(x) >0, forx€lyi, Vizml.

3. Local support: B; ;,,(x) =0, forx & yi,Vieml.

Taking into account that the B-splines functions can be defined by induction as fol-

lows:
Let
Aa=X_m=...=X0<X1<...<Xp_1<Xp=...=Xpsm=D.
We have
Bo®={0  onemie

1.5. B-SPLINES ON AN INTERVAL [A, B] 14
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Form=1
Bi,m(x) = Yi,m(x)Bi,m—l (x)+(1 _Yi+1,m(x))Bi+l,m—1(x);

where
S if x;<x< Xjim.
Yim(x) =4 fiem=i .
’ 0 otherwise.

Example 1.5.3. Letx; =i, 0<i<n.

Boo(x) =1j01]-

Bo1(x) =x1Ijp11+ 2 —x) 1112

> —2x*+6x-3 3—x)?
* Bpa(x) = %1[0,1[+%1[1,2[+( ZX) Ij231-
3 2,3 2_ 3_9442 _ 4—x)3
e Bys(x) = %1[0,1[“‘ 3x +12g 12x+4 T2+ 3x 24x6+60x 44 1[2)3[4_( 6x) 13,4

Let tp <--- < t44) be arbitrary points in [a, b] such that ) < ;4.

We give some important properties of B-spline. Following [29]

b 1
B(ty, -, ¢, idt = ——.
fa (0 d+1 ) d+1

We assume that

and t; < tj 441 for all i. We note that

Bia(t)= (=01t tiqe].
The spline function N; 4(f) = (f;+4+1 — ti)B; 4(2) is called normalized B-spline .
Theorem 5. [17] Let a < tgip < --- < t, < b be fixed points such that t; < ti;q+1 for all
admissible i . Choose arbitrary 2d + 2 additional points t; < -tz <aandb <ty <--- <

th+a+1 and define

Bi(t) = B(tj, ", tiva+1; ).

The B-spline By(t),- -+, B,(t) constitute a basis for

Sa(tgs2, -+, ty) onla,bl.

1.5. B-SPLINES ON AN INTERVAL [A, B] 15
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1.6 Cardinal splines

In this section, we present the cardinals splines functions, that is to say the polynomial
spline functions with equally spaced simple knots. The most results of this section are

inspired from [25].

Definition 1.6.1. For a positive integer m, the cardinals splines space S, of order m and

with knot sequence Z is defined by the following collection of functions:
Sm=1f€C™*R) suchthat fijii1(€Pm-1,keZ}.

We note that S; is the space of piecewise constant functions.

Now, we adapt the most practical basis for S, as in polynomial approximation, the are
many orthogonal polynomials basis, where the interpolation polynomial achieve the best
approximation.

in this section we discuss the approximation by spline bases.

Let us consider the following associate basis to the space S;;;:
T:i={x-k" ' kez (1.1)

7 is a bases of space S, by construction. In fact, we consider the subspace S,y such
that their elements are the restriction of f € S, on the interval [- N, N].

We assume that
Pmj = flijj+11€Pm-1,j==N,--,N=1. as feC™?

so that
I I .
(pgn),j_pgn),j—l)(]) =0, [=0,---,m-2;, m=2.

Hence, by considering the "jumps" of f"*~1 at the knot sequence Z, namely:

= lim [f V(e = f (G -]

(m-1)
m,j—1

=p VG0 —p G -6,

1.6. CARDINAL SPLINES 16
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by applying Taylor formula, we end up with:

Cj
(m—-1)!

P, i (%) = pm,j-1(X) + (x—jHm L

Let us introduce the notation:

X+ ;= max(x,0);
m-1 m-1 (1'2)
Xy = () , m=2.
Thus, for all x € [-N, N],
(x) = fI (x) NZH G (x—jymt
=fl_i_n— + - .
f * f =N mNH o j=—N+1 (m—l)' = +
Therefore, the set of truncated powers,
(x-k)™ ' k=-N-m+1,---,N-1}, (1.3)

which are generated by using integer translates of a single function x7*! is a basis of S, .

In addition, as the space
o0
Sm = U Sm,N ’
N=1

it follows that the basis in (1.1) can also be extended to be a 7 of the infinite dimensional

space S,,. In this section, we introduce the cardinal splines on the Hilbert space L*(R).

Definition 1.6.2. We define the backward differences recursively by:

Af)(x):=f(x)— f(x-1);
m m—1 (1'4)
(A™f)(s) = (A AMNX); m=2,3,---
where,
A" f(x) = Z (m k) (—l)kf(x— k) (1.5)

k=0
Remark 1.6.1. The difference operator of order m applied to a polynomial of order less
then or equal m — 1 is zero ie:

Amfzo, fEPm_l.

1.6. CARDINAL SPLINES 17
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Definition 1.6.3. Let M, := N be the characteristic function define as follows:

1 0=x=1
Nl(x)::{

0 elsewhere.

Letting

Am m+1

M (x) := Xy m=2.

(m-1)!

Remark 1.6.2. According to (1.5) the function M,, written as follows:

— 1 & _ 1k m _7am-1
Mm(x)—(m_l)!kgo( 1) (k)(x k)Y

Properties 6. (see [25] pp. 84)

The function M, is characterized by:
e Supp M;, = [0, m].
o Mp€L*R).
Now, we define the following set:
B:={M,,(x—k); ke Z}

We recall that B is also a bases of S,,;; we return to S,,;, y which is of dimension m+2N -1,

from and by using the property the set elements:
IMy,(x-k):k=-N-m+1,---, N-1} (1.6)

are linearly independent.
For all f € S,,, we define the spline series by:
+00
f) =) cMp(x—k).

k=—o00

Since M,, has compact support, we assure the pointwise convergence of this series.

1.6. CARDINAL SPLINES 18
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Theorem 7. Let f € S, and

+o00o

f@)= Y cMplx-k).

k=—o0

Thus:
fel* (R ifandonlyif (ci)e€ >

Proof. Assume that: (cy) € ¢2, then:
+00 +00 1 1
| Y aMp(x—kI=< Y ekl IMp(x—k)|2[Mpy(x— k)2,

k=-o00 k=-o00

By Cauchy-Schwartz inequality, we obtain:

+00 +00 +00
| Y cxMm(x—k)[Pdx < Al Y P IMp(x—B Y. IMpy(x—k)idx,

R k=—c0 k=—oc0 k=—oc0

with
+00
Y Mpu(x-k)l=1.

k=—o0

Since the Lebesgue Measure is invariant by translation i.e.:
f My, (x-k)dx = f M, (x)dx
R R

we get

+00 +00
| Z cka(x—k)Izdxs Z Ickl2 My, (x)dx.
R k=—co k=-o00 R

Since M,, € S;;, have a compact support, the results are achieved. Conversely, for f € [2(R),

we have
2
Y=y fIZCka(x—k)zldx)
k kR g

2
<y fR|f(x)|Mm(x—k)|dx)
k

1 1 2
<> fRUf(x)le(x—k)f)Mm(x—k)idx) .
k

1.6. CARDINAL SPLINES
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Since M,, have a compact support and according to Holder inequality we obtain

Z|Ck|252(f If(x)IZMm(x—lc)dx) (f Mm(x—lc)dx)
k k WR R

< ”f”LZ(R)fRMm(x_k)dx<OO

1.6.1 Cardinal B-Spline and their basic properties

B-splines functions are part of regression splines, the B-spline term introduced in 1966 by

Curry and Schoenberg which simply means a spline basis.

Definition 1.6.4. The first order cardinal B-spline N, is the characteristic function of the

unit interval [0,1),
1, 0=<sx<1

0 elsewhere.

Ni(x) ::{

For m = 2, we define recursively by convolution the cardinal B-spline of order m as follows
1
N (x) := (Np-1 * N1) () =f Np-1(x—-10dt, m=2,
0

Theorem 8. Cardinals B-splines of order m satisfy the following properties:

(i) Forall f €C,

+00 1 1
f f(x)Nm(x)dx:f f fy 4+ xm)dxy---dxp,. (1.7)
—00 0 0
(ii) ForallgeC™,

+00 m
f g"XNp(x)dx=Y (D" m k) gk). (1.8)
—o0 k=0

(iii) Npy(x) = My, (x) for all x.
(iv) suppNy, =1[0,m].

(V) Npy(x)>0, for0<x<m.
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(vi) For all x

Y Np(x—k) =1. (1.9)
k=0

(Vii) Np,(x) = (ANp-1)(X) = Nyp—1(X) = Nppp—1 (x = 1),

(viii) The cardinal B-spline Ny, and N,,_, are related by:

X m-—x
Np(x) = ——Np1(x) + Np—1(x—1). (1.10)
m-—1 1

(ix) N, is symmetric

m m
Nin(% +3)=Np( —x), xR

Proof. (i) The assertion (1.7) is true for m = 1, assume that is true for m — 1. Then from

definition of N, in (1.5), we have

+00 +00 1
f f(x)Nm(x)dx:f f(x){f Nm_l(x—t)dt}dx
—00 —00 0
1 +00
:f {f f(x)Nm_l(x—t)dx}dt
0 —00
1 +00
:fo { fly+ t)Nm_l(y)dx}dt
1 1Oo 1
B
0 Jo 0

1 1
:f f Fxp 4+ Xp)dxy -+ dXpy,.
0 0
(ii) The assertion comes from
1
+00 1
f gm(x)Nm(x)dx:f ---fg(m)(_xl+...+xm)dx1...dxm
oo 0
0

=Y - m kgh.
k=0

(iii) For afixed x € R, letting:
(— m

(m—1)!(x_”+m_l’

g) =
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where:

g™ =5(x-1),
we replace their quantities in (1.8), we obtain our desire results.
(vi) Let’s show by recurrence

It’s clear that for m = 1 the B-spline forms a partition of unity, suppose that the rela-

tion (1.9) takes place up to a certain integer m — 1

+00 +00 1
Y Nux=0= Y (| Npoatx-k-ndo
k=—00 k=—o0 Y0

+00 X

= Y (| Nualy-bdy)

k=—oc0 JX~1

X +00
:f (Y Npi(y-kdy)
X

-1 k=—c0

X
:f dy
x—-1
=1.

(vii) It’s obvious that:
1
N (x) = fo N}y (= 0dt = Nyt ()= Nyt (6= 1) = (AN ) (),

(viii) The idea is to use the definition of M,,, and to introduce xT‘l as following:
M =y,

and we call back the Leibniz rule for difference by:

A"fg) =Y (m A HA™ g x-k),
k=0
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we pose f(x) = x and g(x) = x”*~2 and from the remark (1.1) we have:

— _ m_,m—1
N (x) = My, (x) = (m_l)!A Xy
= oo w{xAmxT_z +mA" N (x-1)7T 2
- (mi 1)'{x[Am_1xT_2 A" N x-1D"2  mA Hx-1)TY
I S )+ X M-m-1(x-1)
C(m-1) m-1ix m-—1 me
= N+ AN m—1- 1)
T m-1n ™ m—1 '

(ix) by recurrence on m: for m =2 is verified i.e.: No(1+ x) = Nao(1 —x), x€R.

Assume that Ny,—1 (&2 + x) = Njpo1 (B2 - %), x€R.

m 1 m
Nm(—+x):f Ny1(—+x—-1)dt
2 0 2

—le (m_1+x t+1)dt
- 0 m-1 2 2

—le M i Yyar
= A m—1 ) X >
1 m
:f Npr (2 2= yde
A 2
1
:f N,y (2 x— pdt
0 2
m

O

Example 1.6.1. We present five linear cardinal B-spline, quadratic and cubic. Where, the

B-spline formulas of order 2 and 3 are:

<x<
No(x) =
2 l<x<2,
ix* 0=xs1
N3(x)=4 —-3+x—(x-1? l=sx<2

5_ 5_ 1, _9)2
5—X+3 x+2(x 2)° 2<x<3
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Proposition 9. The system {N,,(.— k) : k € Z} for all m = 1 is a Riesz basis of S,
In order to demonstrate this proposition we need the following theorem:

Theorem 10. For each function ® € L? and 0 < A < B < oo, the following two assertions are

equivalents:

(i) {¢(.— k) : k € Z} satisfies the Riesz conditions with borders A and B such that for each
{cx} e 02

AlfeidlZ <1l Y. cepl.— k)5, < Bll{cH %

k=—00

(ii) The Fourier transformation ¢ of ¢ satisfy

A=< Z I([A>(x+2ﬂk)|2 < B, almost everywhere (1.11)

k=-o00

Proof. Proposition(2.1)
Firstly, we calculate the Fourier transformation of N,,. From lb we have Nm = (Np)™
such that:
A 2 ]. - e_lw 2
INp(w)|* = |——|™" (1.12)
iw
and we have

+00
f Np(y+ KNy (y)dy = Nop(m + k). (1.13)

Indeed,

+00 - +00 m m
f Nm(_)/‘l‘k)Nm(_V)dy:f Nm(?+(y+k—3))Nm(y)dy

+00 m m

= Np(——-(W+k——=)N,(dy
oo 2 2
+00

= Nm(m—y—Kk)Np(y)dy

= (N * Np)(m — k)
= Nop(m—k)

= Noy(m+ k).
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Since N,, € L? we get

too too +00 .
Z |Nm(2x+2nk)|2 - Z {f Ny (y + k)Nm(y)dy}e"k“’,

k=-o00 k=-o00

and from (1.13), we find:

too m—1 .
Y INp@x+27k)P = Y Nop(m+k)e'tv.
k=—00 k=—m+1

From (v) and (vi) in theorem (2.2), we obtain:

+00 R
Y INn@x+2nk)F <1
k=—o00

and the Riesz bound B = 1 here is the smallest possible. To determine the greatest lower
bound of the expression in (1.13), we consider the so-called "Euler-Frobenius polynomi-

als" of degree 2m —2

m—1
Eym-1(2):=@m=D1Z""" 3 Nom(m+ k)2~ (1.14)
k=—-m+1
We have
+00 R .
Z |Nm(W+27[k‘)|2 = mn?c,:l_zlelw _Akl
= |
= 1 mo1 1= Ak ™[ 11— Age™ |
T 2m-1) k=l Al
2
:;Hm_ll—Z/lkcosw+ﬂtk
@m-1! k! Al
Letting
A, = 1 m—1(1+Ak)2
™ om—D LT Al ’
such that
+00 R +00 .
Z |Nm(W+27Tk)|22 Z INm(n+2ﬂk)|2:Am.
k=—o0 [P
Thus

+00 R
An< Y INp(w+2rk)* <1.

k=—00
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Let us define the subspace V" < L2 by

V"= {f € C"(R) N L*(R) such that f; & x1 € Pp-1,k€Z) (1.15)

2] 2]

Proposition 11. The following result holds

ClOSLZ(R) Ujez‘/j = LZ(R)
(1.16)
NjezVj=1{0}
Corollary 1.6.1. For any pair of integers m and j, with m = 2, the family
Bj:= {22 Nyp@/x—k): ke Z) (1.17)

is a Riesz basis of V]’" with Riesz bounds A = Ay, and B = 1. Furthermore, these bounds are

optimal.

Lemma 1.6.1.

No(k)=6k1, keZ
(1.18)
Np1(k) = £ N, () + 2=E2L N (k- 1), k=1, m
Theorem 12. The "two-scale relation" for cardinal B-splines of order m holds:
d m
Np(x)= Y 27m*1 . N,,2x — k). (1.19)
k=0
Proof. We have
Nu@'x)= Y pmieNm@ ' x-k) (1.20)
k=—00
where {p, . : k € Z} is a sequence in I%.
Hence
N 1 & s ~ W
Np@) ==Y pmre” )Ny (5. (1.21)
2,2 2
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Since
] & » 1-e ' fw/2
= Y pmre FE = (— " )"
2k:_oo T 1—e-iw
:(1+€_iW/2)m
2
_pem i (m)e—ikw/Z’
i=o\ K
we get
Cf o2m) o<k=m. (1.22)
Pm.k = 0 ailleurs. |
O

1.7 Spline quasi-interpolants

In this chapter, we present an important background of spline quasi-interpolants on uni-
form partitions of bounded intervals. We introduce some results presented by P. Sablon-
niere and al. concerning a numerical analysis, namely, integration, differentiation and ap-
proximation of zeros.

Let us consider the B-spline basis {Bj, j = 1---n + d} of some space of splines, say of
degree d, on a bounded interval I = [a, b] endowed with some partition X,, of I in n subin-
tervals. Denote by P; the space of polynomials of total degree at most d, and & denote the
maximum step length of the partition Xj,.

Define the univariate spline quasi-interpolants operators as follows

Qu= Z]pj(u)Bj, ue C(la,b)).
je

which are exact on the space P, that means
Qp=p forall pePy.

Recall that the approximation order is O(h%*!) on smooth functions.

Based on the coefficients u ;, we distinguish three kinds of spline quasi-interpolant:
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1. Spline differential quasi-interpolant: it is characterized by the coefficients u;(u) which
are a linear combination of values of derivatives of u, of order at most d, at some

pointin supp(B;).

2. Spline integral quasi-interpolant : it is characterized by the coefficients y;(«) which
are a linear combination of weighted mean values of u, i.e. of quantities [ f fw;j

where w; can be, for example, a linear combination of B-splines.

3. Spline discrete quasi-interpolant: in this case u;(u) is a linear combination of dis-

crete values of u at some points in the neighbourhood of supp(B;).

We can consider the operator Q as a projector on the space of splines itself..

Through the use of the spline quasi-interpolants we obtain direct a construction lack-
ing solving any system of linear equations. Also, the value of Qu(s) depends only on values
of u in a neighbourhood of s, that means that the spline quasi-interpolants are local. For

more details we refer the reader to P. Sablonniére’s papers.

1.8 Discrete quasi-interpolants

Let us consider the uniform partition X, = {x; = a+ih, 0 <i < n} of the interval I = [a, b]
associated with meshlength h = =4,
Letting J = {1,2,...,n + d}. Denote by S;(I, X;) the space of splines of degree d and

class C%! and by basis of {Bj, j € J} this space. Moreover,
supp (Bj) = [xj—gq-1,Xjl,

and A ={xj_g,...,xj-1} is the set of the d interior knots in the support of B;.

In addition, we add multiple knots at the endpoints:
a=xXg=X-1=...=X_¢4,

and

b:x”:x;/l+1 :...:xn+d.
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We can write any monomial in terms of symmetric functions of knots in A4

-1

d

e (x)=x"= Z‘}By)Bj(x), 9;.” = (r) symm;(A), 0<r=d.
]E

1.8.1 Quadratic spline discrete quasi-interpolants

For the C!-quadratic spline discrete quasi-interpolant operator is given by

n+2
Qeu= ) pj(u) B,
j=1
We recall that

() = wy, o () = § (=211 +utp — Ug), 41 () = §(= U +Ups1 — 2Uns2),

Uni2(U) = Up4y,and for3 < j<n,
1
pjlw) = g (Ui +10u; = ).

It is easy to show that the exact value || Q2|0 = 1.4734.

Moreover, the following estimate follows, for any u € Cc3(

5
lu—Qottlloo, 1, < Edoo,lk(u, II)forl<k<n,

where
dooyt =i0f{]| f=pllog s PEPa},
and
|/ =Pl = max|fis) = ps)].
Thus,

lu—Qott]loo < Ao h3  for some positive constant  A,.

1.8. DISCRETE QUASI-INTERPOLANTS

29



CHAPTER 1. SPLINE QUASI-INTERPOLANTS

Folynomials Bj for N=5 and d =2

B1

0.9 B,

08t i B

B

!

07} . 5

=1

0B} . B,

B

05} . v
0.4} -
03t .
02} .

0.1
D |

0 0.2 0.4 0k 0.Aa 1

Figure 1.1
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1.8.2 Cubic spline discrete quasi-interpolants

The C? cubic spline discrete quasi-interpolants have the following form

n+3
Qsu=)_ uj(u)Bj,
=1

with the following coefficient functionals:

1
Ua(u) = 1—8(7u0 +18uy —uy + 2u3),

1
Mn+o(u) = E(Zun—?) —Up—2+18up—1+7uy),
pr(uw) =uy, Hnpe3(u) =uy

andfor3<j<n+1

1
uilu) = 6(_uj_3 +8uj2—uj-1).

Following
|/Jf2|oo = I,un+2|oo =2,
and
5 .
|,Uj|oo:§, for 3<j<n+1,
we get

”Q3”oo <2

1.8.3 Quartic spline discrete quasi-interpolants

For the C3, we define the quartic spline discrete quasi-interpolants
n+4
Quu= ) uj(u)Bj,
j=1

with the following coefficient functionals:
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Folynomials Bj for M=4 and d =3

B1

09 52

08t i Ei3

B

4

07+t B B

=3

0B} B EIE

B

05} . 7
0.4r -
03 B
02k g

01
D I 1

] 02 0.4 06 0.a 1

Figure 1.2
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pr(w) =uy,  Hpea(u) = upyo,

35 35 21 5
M2 (1) = Eul 3242 g6t 3+ 16014~ 22 15
19 377 61 59 7
ps(u) = _Eul %Mz 288 s—ﬁ Us+ %us,
47 77 251 97 47
a(u) = 35 1—m Uz + 142 3—% Uy + 1008”5,
47 77 251 97 47
Hn+1(U) = 315 42 T T Wt T T T Sa0 U1t Toog VY
19 377 61 59 7
Uni2(u) = —Eumz + %urﬁl + %un - mun—l + ﬁun—z,
17 35 35 21 5
Uns3(u) = 105 ——Upt+2t+ 32 Un+1 — %un + ﬁun—l - @un—b
andfor5<j<n
319
M) = 755 (timat ) = Sag (tjms +hj-1) + g5 2.

Now, we want to calculate the functionals g, k = 2,3,4 . Following

we obtain

pr(u) = axuy + Bruz +yruz + Oy + g Uis,

these coefficients are the solutions of the three corresponding linear systems (2 < k < 4)
Hap+ e+ thye+ 0+t =00, 0<r=4,
which have the same Vandermonde determinant
Vs(th, b2, 3, ta, t5) # 0.

Thus, the linear systems have unique solutions.
We have
I,u2|oo |,u'n+3|oo =~ 1. 77,
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|3l = IUn+2loo = 2.09,
|taloo = |Hn+1loo = 2.88,
|tjloo =2.49, for 1<j<5.
Thus,

1Qallco = 2.88.

Forallp € C>(D), the following error estimate holds:

9 — Qupllco, 1, <4doo,1, (@, 114), forl<k=<n.

Hence,

l — Quplloo < Ag h°  for some positive constant  Aj.

1.8.4 Quintic spline discrete quasi-interpolants

Now, we will discuss about the following C* quintic spline discrete quasi-interpolants

n+5

Qsu= Z wj(u)Bj.
j=1

The the corresponding coefficient functionals are as follows:

ul = Uy, IJn+5 = Up,

163 N +2 1 N
=— U+ Ul —Up+—U3——Us+—Us,
H2 300 0 1 2 3 3 4 4 o5 5
1 103 73 7 29 11
M3 = —Uo+ ——Uy — —Uz+ —U3— ——Us+ ——Us,

200 60 60 10 120 300
41 43 103 7 13 13

=——Up+ —U+——Up— — U3+ — Uy — —Us.
=00 50" T 120" T 10" T 18 T 300

We have a symmetric formulas forn+2 < j <n+4.
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Folynomials Bj for N=5 and d =4

B1
09k B,
0.8 =
B
4
0.7 H - B
5
06F - EIE
— B
05+ - 7
BB
041 -
BEI
0.3 -
0.2
0.1
D 1 L 1
1] nz 0.4 I}5] n.a 1

Figure 1.3

1.8. DISCRETE QUASI-INTERPOLANTS 35



CHAPTER 1. SPLINE QUASI-INTERPOLANTS

For5=sj=n:

7 73
= —WUjs+uUj-1)— —(Uj_g+ Uj—2) + —Uj_3.
Hj 240( j—5 j 1) 15( j—4 j 2) 20 j-3

In a similar manner, It follows that

|,uZ|oo = |l~tn+4|oo =3.5,

I,u3|oo = |,u'n+3|oo ~3.92,

|l't4|00 = |I~tn+2|oo = 2-69)

and
IUjlo =2.87, for 5=<j<n.
Thus,
Q500 < 3.92.
Moreover, it is easy to prove that
Q5o = 3.106.

We get the following error estimate holds
lp — Qs@lloo1, <4.5deo 1, (@, TI5) for 1< k<n, andforall ¢eC(D).
Consequently

lo — Qs5¢lloo < As h®  for some positive constant  As.

Sextic spline discrete quasi-interpolants

Finally, The sextic spline quasi-interpolant is a class ¢ and exact on Pg and it is defined by

n+6

Qsu= ) ux(u)By

k=1
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Folynamials Bj for M=/ and d =5

1.2
B,
1t By
B,
B
0.8 4
By
B
0B &
B,
B
0.4F g
By
0.2 B1D
EI11
0 Ei12
_02 1 1 1 |
] 0.2 0.4 0k 0.a
Figure 1.4
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The coefficient functionals are:

w1 (u) = uy,
_ 3887 231 385 231 165 385 21
H2() = 10395 1% 5562~ 7860 * 5204 " 8965 T 6912 0~ 2816 17
5689 27631 9151 1091 79 997 221
psz(u) = - u + Up — us + Uy — us + Ug — Uz,
22275 1719200 2 34560 ° 9600 * 1920 ° 103680 ° 211200
20959 3089 5015 4811 3277 7381 1961
Ha(u) = — up + U + Uz — Uy + Us — Ug + Uy,
155925 ' 9600 ° 3456 - 4800 ' 6720 ° 51840 ° 105600
5821 1193 26737 1 1217 4001 83
Hs() = 31785 ™1~ 1920 "2 " 17280 T 320"~ 6720 "5 51840 0~ 7020 "7
2156 2957 30451 13673 33727 17977 2159
e(u) = — up + Up — us + Uy — Uus + U — Uz,
31185 ' 11520 2 34560 5760 40320 ° " 103680 ° 126720
2159 751 37003 79879 37003 751 2159
M) = = 1382205 2608 /4~ 16080 /" 34560 "2 26080 /' " 1608 '/ 138220 1+
2156 2957 30451 13673 33727 17977 2159
Hne () = = e Une 2 o5 Yt~ 30560 Y 5760 "1 20320 "2 103680 V"0 126720 "
5821 1193 26737 1 1217 4001 83
Uni2(u) = mumz—muwﬁ% urﬁ@Mn—l—ﬁun—2+mun—s—mun—4,
20959 3089 5015 4811 3277 7381 1961
Hnes(l) = =1 ge tnv2t gen g Uttt 3aee ™ 2800 “" 1 5720 “2 51840 " T05600 "
5689 27631 9151 1091 79 997 221
Hneallt) = = e Uns2+ 19500 1™ 34560 "+ 9600 "1~ 1920 “" 2 103680 "~ " 211200 "
3887 231 385 231 165 385 21
HUnys(U) = M”mz + %un+l - ﬁun + %un—l - %un—z + @un—?) - ﬁun_4,

Unve(U) = Upyo.
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Polynomials Bj for M=7 and d =k

0.2

0.4

06

Figure 1.5

0.3

1.8. DISCRETE QUASI-INTERPOLANTS

39



— CHAPTER 2
COLLOCATION METHODS FOR

EIGENVALUE PROBLEMS

2.1 Eigenvalue problems

Let us consider a compact linear operator T defined on the space C[0, 1] by
1
(T(p)(s):f k(s, p(t)dt, 0<s<l.
0

We assume that

k(.)€ C(0,1] x [0, 1]).

In this chapter, we will be concerned with the following eigenvalue problem

T = A,
The compact linear operator T is closely connected with the following linear Fredholm
integral equation of the second kind
p-Tp=f.
With recall that
1
Moo = maXf lk(s, 0)ldt <1
0=s=<1Jp

We assume that

[ Too < 1.
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Let us consider the eigenvalue problem represented by the homogeneous equation
Tp = Ao, 0£1€C, ol =1. 2.1)

To numerically solve (2.1), we can replace the operator T by a finite rank operator T},.
Let ¢, the approximate solution of[2.1} which is the solution of the corresponding ma-

trix eigenvalue problem of the form:
Tnpn = AnPn, 0#1€C, Il = 1. (2.2)
More recently, Kulkarni has introduced the following operators of finite rank (see [48])
Ty =n,T+Tn,—n,Tn,
for some series of projection operators ,, with
nglllw Imp,x—x=0 forall xe C([0,1]).

An important example of projection 7, is the interpolation projection at the Gauss points
in the space of the polynomial functions by bits and discontinues of degree < r — 1.
Let D, be the interpolation degenerate kernel operator with respect to the second vari-

able. We replace the ’s finite rank operator by D,, we get:
1. If we replace Tn, by D,, in
Ty =n,T+Tn,—n,Tr,

we get

T,:=n,T+D,—n,D,.
2. If wereplace (T—n,T)r, by D, in

we get
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2.2 Piecewise projection operator
In this section, we propose the following partition of [0, 1]
O=xp<x1<...<xp,=1.

Letting

hj:=xj—xj-1,
h:=maxh;:j=1,..,n.

Moreover, we assume that 7 — 0, as n — oo.
Let us consider S, ,, the space of all piecewise polynomials of order r (i.e., of degree
< (r — 1) with breakpoints at xy, ..., X,—1.
Let B, :=1y,..., 7, denote the set of r zeros of the Legendre polynomial
da

-
dsr(s )

in the interval [-1, 1], which called the Gauss points.

As inlet us define a function f; : [-1,1] — [x;-1,£]] as

fi® N tel-1,1]
()= ——xj_1+—xj, -1,1].
J 2 Jj-1 2 J
Letting
n
A = Uf](Br)
j=1

= {Tij, fitj), 1<i=sn, 1sj5r},

the set of nr Gauss points.
Let us consider the following Lagrange polynomials of degree r —1 on [-1, 1]:
r

S§—7T
Ls):= ] L Q=125  sel-11],
k=1,k#i Vi~ Tk
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We recall that
li(tj) =6ij.
In addition, we also consider
bjp(x) = { Uy o, e o)
0 otherwise.
We observe that
$jp€Srn
and
GipTir) =610ip, iL,p=12,...,r, k,j=1,2,...
Letting,
Le—Dr+i = Tik k=1,2,...,n
Yike-Dr+j=Pjx J=12,...,1
Hence

A={t;:i=1,2,...,nr}
is the set of Gauss points on [0, 1], and the set
{witi=1,2,...,nr}

forms a base of S, ;.

Let us define the operator 7, : C([0,1]) — S, by
TpU €Sy, (Mau)(t) =u(l), te A

We note that 7,,u — u as n — oo for each u € C[0, 1], with

nr

Tau(s) = Y u(t)yi(s).

i=1
We have
nr
Tnk(s, 1) = kn(s, 1) = )_ k(s, t)y;(2).
i=1
The operator D, can be considered as follows

nr 1
(Dat)(8) = Y k(s, 1) fo WOy (ndt.
i=1
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2.3 First collocation method

The goal of this section is to present the collocation method given in literature, especially

, in [48]. In this case we consider the following approximate operator
T,=n,T+ D, —n,D,.
The approximate problem is defined as follows
(TnT+ Dy =y Dp)pn1 = An1Pn1-

We have

1

@ Thn)(s) = Y (| k(ti, D (£)dt)y;(s)

i=1 70

= Z Wiy (),

i=1

where

1
W, :=f K(ti, D1 (1.
0

Since

(Dn(pnl)(s)

1 nr
.[o (Y ks, t))pm (DY (0)dt
j=1

nr 1
= Zk(&fﬂfo Pdm (D j()dt
j=1

nr___ prl

= ijf dm(Dyj(D)dt
j=1 Jo

= ) Yiki(s),
j=1

where

kj(s) = ks, t)).
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It follows that

Thus,

(T Dppn1)(s)

Anl(,bnl =

nr 1 nr

= > ( A Y ki, t)) i (DY (D) d D)y (s)
i=1 j=1

1
= Z(Zk(ri,tj)fo G (DY (DA DY;(s)
i=1 j=1

= Y Q. Yik(t, t;)yi(s).
i=1 j=1

nr nr

ZWluJﬁZYJk +Z(Z Yik(ti, t)y;
i=1 Jj= i=1 j=

S Wi- Y vkt plyi+ 3 VK

i=1 j=1 j=1

nr nr
Z Xiy;+ Z Yik;j.
i=1 i=1

Then we have the following result

ATty T(Pnl

Anl Z T(,bnl (ti)Wi

i=1

nr
= Y TAmidm (t)y;

i=1

= ZT[ZXkU/k(tl)+ZYlkl(tl Vi
i=1 k=1
= Y ZXkka(tl)+ZYlTkl(tz)]'Wi

i=1 k=1
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and

Anan(Pnl

On the other hand, since

A7 Dy

we get

nr___ 1
= Anlzkj) | Vi) (Ddt
j=1
= Zk_j@//jrAnI(PnQ
j=1

nr __ prl
= Zk]f Wj(t)Anlcpnl(t)dt

= Z kjyj, Z Xy + Z Yik;)

k=1 =1
= 21> Xk, Wk>+ZY1(1V],k1>k]]
j=1 k=1
= Y1) Xk<wk,w,>+2n<kz,w]>1_~.
j=1 k=1
An1 Y Db ()
i=1
A Y 12K f Vi em (DA OY;
i=1 j=

f WJ(tl)Anl(/)nl(t)dt]WZ

i= 1]
Z(Zk w](m[z kak+ZYlEDwi
i=1 j= = =1

nr nr nr

Z Y0 Xk<wk,w,>+ZYz<kz,w]>)k Iz
i=1 j=1 k=1

nr nr

AmXi= ZXkU/k(tz)+ZYlk OEIINSD Xk(Wk,U/])+ZYl(kl,w]>)k I,

k=1

also,

j=1 k=1

AmYi= Z XeWrw)) + Z Yk, w ).

k=1
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Then, the above scheme leads to the following linear system series:
AmX=AX+DY -B(CX+EY),

A Y =CX+EY,
AmZ=F2Z,
such as
A= (Ajj) = (1),
B = (Bij) := (kj(1)),
C=(Cij):=Kyr,y;,
D = (Djj) := (kj (1)),
E=(E;j) = (kj,pi),
Z=1X,Y]",

and the matrix F is given by

A-BC D-BE
F:=

C E

with
ki(t) = k(t;, 1)),
k3 () 1= Thj (1),

and

V(L) = Ty (t).
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2.4 Second collocation method
In this section we introduce a new collocation method. In this case we take
T,=n,T+D,.

We have
(n T+ Dyp)pm = Anl(l)nl-

Therefore we obtain

1

nr
Y| ki, Dpm(DdDY;(s)

i=1 Y0

= Y Xiyi(s),

i=1

T Tpp1)(s)

and

(Dppn1)(s)

1 nr
fo () k(s tpdm Dy (0)dt
j=1
nr 1
= Zk(&fﬂfo G (Dyj(D)dt
j=1
nr__ el nr
= 2 kjf dm Oy ;(Ddt=)_ Yjk;,
j=1 0 j=1
also

nr nr
Anl‘Pnl = ZXL'U/i + Z Y]k]
i=1 j=1
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Similarly,

On the other hand

Hence

A7t T

Anan(pnl

/1n1 Z T(Pnl (ti)U/i

i=1

nr
Y TAmpm () Wi

i—l

S 1Y Xewet) + Z Yk (t) s
i=1 k=1
lnr nr

Y ZXkka(t,HZYszl(tl)]w-
i=1 k=1 =1
nr nr

Z Z Xk’l/Jk(tl) + Z Ylk (tz)]Wl

i=1 k=1

nr___ 1
An1 Z kj) 0 Wj(t)(pnl(t)dt
i=1
nr ___ prl
Y kjfo Vi(OAndm(D)dt
-1
nr __
Y ki, Amipn)
=1
Y kiwi, Y Xiwi+ Y Yikp)
j=1 k=1 I=1
nr__ nr nr__
> kiwj, Z Xy + Y Yikp)
= — =

nr nr

YUY Xk we) + Z Yy, kk;

j=1 k=1

nr nr

AmX; = ZXka(tz)"‘ZYlk -1 Xk<wk,w]>+ZYz<kz,w]>)k ],
k=1

AnIYi =

j=1 k=1

nr nr _
> Xy y i+ ) YickLw)).
k=1 I=1
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Consequently:
AmX = AX + DY,
AmY =CX +EY,
AmZ=FZ,
where
A=(A;j) =W ;(t),
C=(Cij):=Kyr, ¥,
D = (D;j) = (k; (1)),
E=(E;ij) = (kj, v,
zZ=[xY]", F:( ‘é g )
Moreover,
ki(t):=k(ti, 1)),
k5 () := Tk (t2),
and

(L) =Ty ().
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— CHAPTER 3
(GENERALIZED FREDHOLM INTEGRAL

EQUATION

This chapter is the subject of the following paper:
A. Mennouni, S. Zaouia, Discrete septic spline quasi-interpolants for solving general-
ized Fredholm integral equation of the second kind via three degenerate kernel methods,

Mathematical Sciences, Springer, 2017, Volume 11, Issue 4, pp 345-357.

abstract

Three main contributions are presented in this paper. First, the septic quasi-interpolants
are calculated with all their coefficients. Second, we explore the results to solve a general-
ized and broad class of Fredholm integral equations of the second kind. Finally, we present
three degenerate kernel methods; the latter is a combination of the two previously estab-
lished methods in the literature. Moreover, we provide a convergence analysis and we give
new error bounds. Lastly, we exhibit some numerical examples and compare them with

previous results in the literature.

Keywords: Septic spline, quasi-interpolation, integral equations.

3.1 Introduction

In the last years, many authors have presented different approaches to the solution of

Fredholm integral equations using spline kernel approximations, in order to limit the num-
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ber of terms in the approximate kernel. The results of this limitation provide high accuracy
excluding unnecessary computational costs due to large linear systems.

The authors of [36] exploit Galerkin method to approximate the solution of the time-
dependent Dirac equation in prolate spheroidal coordinates for an electron-molecular
two-center system. They use balanced basis of kinetic-tomic to evaluate the initial state
from a variational principle. Consequently, they obtain an exact and effective determina-
tion of the Dirac spectrum and eigenfunctions.

Using the polar method on parametric cubic spline technique, Prabhakar and Uma get
wave resonating quadruplets calculated by the nonlinear source term of the wave model.
They decide about the points of the locus for the two spacings, constant spacing and vari-
able spacing. Refer to [66] for details.

The aim of [55] is to numerically solve the time fractional subdiffusion equation with
Dirichelt boundary value conditions by use of the collocation method based on quadratic
spline. In the paper, the authors explore, in details, the co-efficient matrix of the discretized
linear system.

In [24], the authors propose a collocation method based on the quadratic spline in the
pricing problem under a finite activity jump diffusion model for the first time.

For the sake of analyzing the nonlinear elastoplastic behavior of prismatic thin-walled
members, the authors of [33] found a method of beam finite element working on general-
ized beam theory.

In another work [49], the authors decide to use quadratic and cubic B-spline quasi-
interpolants in order to achieve higher order numerical methods only for a limited equa-
tions of Sobolev type in one dimension. Their aim is to compare the accuracy and conver-
gence rate of these methods’ performance.

Barton and Calo derive a new way for generating optimal quadrature rules for splines
by making an association of source space and a known optimal quadrature and get the

rule from the source space to the target one, but they maintain the point number and the
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optimality of quadrature. The aim of this process is to produce an optimal quadrature rule
in a given spline space, (see [14]).

The purpose of [59] is to develop the BS Hermite spline quasi-interpolation scheme,
which is related to the continuous extension of the BS linear multistep methods for solving
the ordinary differential equations.

The author of [37] explores the quadratic spline quasi-interpolants on bounded do-
mains, and provide some applications to different areas of the approximation theory. In
the same scope, a different work gives some significant approximation formulas for deriva-
tives of approximated functions through the application of univariate and multivariate
quadratic spline quasi-interpolants. It uses the superconvergence properties of these op-
erators to achieve very accurate derivatives of approximated functions at certain points
(see [38]).

In [7], the authors apply a couple of well-known methods in the literature of the in-
tegral equations theory (see for instance [3}12]) to solve a Fredholm integral equation of
the second kind, through the discrete quartic spline quasi-interpolant. The result of their
work is twofold: on the one hand, they achieve an approximation order 0(h°) for the left
method, on the other hand, they achieve another approximation of the order of 0(h°) for
the right method. Recently, a paper reached the sextic spline, working on two collocation
methods, using both, spline interpolants and spline quasi-interpolants to solve the fifth-
order boundary value problems (see [50]).

According to what have been stated so far, we assume the importance of the spline
functions in the theory of approximation. Therefore, the present paper builds and carries
on previously published works by so many authors. The main idea of this paper offers
three contributions. The first one is to build the septic quasi-interpolants with all its coef-
ficients. In the second contribution, we explore the achieved results to solve a generalized
and broad class of Fredholm integral equations of the second kind. Finally, we present

three degenerate kernel methods, where the latter method is original. We also provide a
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convergence analysis and we give new error bounds. Moreover, we compare the results of
our calculations with other results.

In the following, we start by developing B-splines and monomials of degree seven and
then we build the discrete septic quasi-interpolant. Next, we use our new results to solve
a class of Fredholm integral equations of the second kind on a broader level using degen-
erate kernel methods. Then, we provide the order of the convergence for each method. In
Section 5 we illustrate our theory by different examples, comparing the results we achieved
with already given results in the field to argue that ours are more efficient than the previous

ones. Finally, some conclusions are presented.

3.2 Construction of discrete septic quasi-interpolant

3.2.1 B-splines and monomials of degree seven

Let & := €%([a, b],R) be the space of all continuous functions, equipped with the max-

norm ||.|l». Let us consider the nodes xg, x1, X2, ..., X5 in the interval [a, b] with
xpy=a+khr and hp=xy—x_; forall 1<k<n.

Let &, := {x¢,0 < k < n} denote the partition of the interval [a, b] into n subintervals.
Define S; := S7(la, b], X;,) to be the space of septic splines of class C® on this partition.
Consider the set

r,:={,2,...,n+7}.

Let a canonical basis of S; be {Bg, k € I';;}, which is shaped by the n + 7 normalized B-
splines. We add multiple knots at the endpoints to obtain the support of By which is the
interval [xj_g, xi] (see [74]). It is well-known that the representation of monomials using

symmetric functions symm , () of interior knots

Ni:={Xg—7, Xi—6, Xk—5, Xk—4> Xk—3, Xk—2, Xk—1} In Supp (Bg).
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Denoting by D/ the derivation operator of the order j, we consider the following function
i (1) := (Xp—7 = 1) (Xk—6 — 1) (Xk—5 — 1) (Xk—a — 1) (X3 — 1) (Xg—2 — 1) (Xg—1 — 7).

For 0 < r <7, we have:

r

my(x) = Xx
!
- - n
= Y (D" =D ¢(0)Bi(x)
kel v
= ) 01Bi(x),
kel'y,
such that
symm . (IV,
oy = Y W) g
ar
where
ar=())
Specifically, if r = 0, we have 9,(60) =1forall keT,,.
For r = 1, using the formula
Y Bi(x)=1,

kel'y,
we obtain the Greville abscissae:

1 7
0c=0V == x4,
713

which are the coefficients of

mi(x) = Y OrBi(x).

kel

For r =2, we obtain

2 _ 7y-1

Or=0:=0) Y Xk—Xp—p.
1<i<l'<7
For r = 3, we obtain
3 _ 7\-1
Or =05 =(3) Y Xk Xk Xy
1=i<l'<l"<7

We have calculated all the coefficients 9]’. ,j €T'p,0 < r <7; the results are given in in

tables (3.1)-(3.7) respectively.
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j 0;
1 a

2 a+§
3 a+%
4 a+%
5 a+ 198
6 a+@

7<j<n+1| hj+a-4h

n+2 b—@
n+3 b—@
n+4 b—%
n+5 b—%
n+6 b—?
n+7 b

Table 3.1: 9;

j G
1 a®
2 a2+2l7m
3 a +6h“+%
4 a +12ha+1%12
5 a +207’m+%
6 a +3°h“+%
7<j<n+1| h?j?+Q2ah- 8h2)]+a2—8ah+%
n+2 b2_w+%
n+3 b2_2()7ﬂ+%
n+4 b2 — 12hb+11h2
n+5 b? - 6?b+ 21%
n+6 bz—@
n+7 b?

Table 3.2: 9?
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; 3
J 0;
1 a’
2 a3+ 3ha®
7
3 a3 + ha” | 21
7 7
4 a3+ 18ha® 4 11h%a n 6h
7 35
2 3
5 a®+ 300 512 + 1O
6 ad+ 45ha? i 85ah?® n 45h3
21 7
7<j<n+1| h¥j3+@Bah?-12h3)j?+ (3ha®? - 24ah? + 4613 j + a® — 12a® h + 46ah? — 56 h3
n+2 b3 — 45hb? " 85bh® _ 45h®
7 7
2 3
n+3 b® - 308 4 5pp? — 10
n+4 b3 — 18hb> | 11h*b _ 6h°
7 35
n+5 b3 — 9hb? n 2bh?
7 7
2
n+6 b® — 34
n+7 b3
Table 3.3: 953
j 0*
J J
1 a*
2 at+ 4ha®
3 at+ 12ha® " 4a%h?
7
4, 24ha® | 22a*h® | 24ah®
4 a*+ L7 +5+ =1 \
5 P 401;5; L1042 K2 + Yak’ | 24k
4, 60ha® | 170a*h? | 180ah® | 274h*
6 a*+ > ==+ = e S

7< ] <n+1 h4]'4 + (4ah3 — 16h4)]3 + (6h2a2 —48ah3 + 92h4)]2 n (403}/1 —48h2a2 N 184ah3 _224h4)]
+a*—16a®h+92a’h? - 224ah® + —96?14

n+2 bt — 60}71b3 " 170b°h* _ 180bh3 27345}14
n+3 b - 0MD 1 1p? p? — A0LI° 4 2410
n+4 bt — 24?103 n 22b72h2 _ 243%}13
n+5 b* - % + ﬁ

n+6 bt - e

n+7 b

Table 3.4: 9;%
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; 5
J 0;
1 a’
4
2 a’ + 5ha”
3 b+ 15ha* n 20a®h?
7
4 as + 30ha* " 110a%h? I 12a%h3
7
5 as + 50ha* " 50a3 h? N 100a%K® " 24ah*
3 7
5 , 75ha* | 850a%h? | 450a’h® | 274ah* | 40K°
6 A s e e e
. . . 5. .
7sjsn+l Ko j° + (5ah* —20h%) j* + (10h3a® — 80ah* + 4891) 3
+(10h%a® — 1204 h® + 460ah* — 560h°) j*
. 37,2
+(5a*h—80a®h? +460a°h® — 1120ah* + 967h%) j + a° — 20a* h + 941 _ 56042
4 _ 1876h°
+967ah -——3
n+2 p5 — 5kt | 8500°h> _ 450b°h° | 274bh* _ 40h°
7 21 7 7
n+3 b5 — 50hb* + 50b3h%® _ 100b%K° " 24bh*
7 3 7
n+4 b5 — 30hb* n 1106°h%> _ 12b%h3
7 21 7
5 _ 15hb* | 20b3K?
n+b5 b’ — 7 :l'bT
5_ 5hb”
n+6 b -7
n+7 b

Table 3.5: 9?
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; 6

J 0;

1 a®

2 d6 + 6ha®

6 , 18ha® | 10a*h?
° a:zr57 th27243h3
4 a6+ 36ha + 55a + a7
6, 60ha® 41,2 200a3h® | 724%ht
° 6 C;Oh+5 425-5 2422a hgog_ 3p3 82;_ 2h47 240h°
6 a° + =2 + SN SO 4 S S
7<j<n+1 hj8 + (6ah® —24h°) j5 + (15h*a? — 120ah® + 2301%) j*
+(20h3 a3 — 240a? h* +920ah® — 112045 j3
+(15a*h? - 240a3 h3 + 1380a* h* — 3360ah® + 2901 1) j2
+(6a’h—120a*h? +920a3 h® - 3360a® h* + 5802ah® — 3752h°) j
+ab - 24a°h+230a" h? — 11204 b3 + 2901 a® h* — 3752ah? + 130581
6 _ 90hb® | 425b*K? .566'1;%3 822b%h* _ 240K°
n+2 19—7+57 - == +337 " b
n+3 b6_ 60}71b +25b4h2_ 2000°h + 72b°h
6 _ 36hb° | 55b*h® _ 24b3h3

nre ’ 6 1;;1175 10b* h? ’
s
n+6 b® —>%
n+7 b

Table 3.6: 9?
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J 07
1 a’
2 a’ + ha®
3 a’ +3hab+2a’h?
4 a’ +6ha®+11a°h? +6a*h®
5 a’ +10ha® +35a°h? + 50a*h® + 24a3 h*
6 a’ +15hab® +85a°h? + 225a*h3 + 274a® h* + 1204’ h°
7<j<sn+1 h'j7"+ (7ah®-28h") j® + (21h°a? — 168ah® + 322h7) j°
+(35h*a® - 420a?h® +1610ah® — 196017) j*
+(35a*h3 - 560a3h* +3220a* h® — 7840ah® + 6769h7) j3
+(21a’h? - 420a*h3 + 322043 h* — 117604 h° + 20307ah® — 1313247) j?
+(7a®h —168a’h? + 1610a*h3 — 784043 h* + 20307a? h® — 26264ah’® + 13068h7) j
+a’ —28a%h+322a°h? - 1960a* h® + 6769a° h* — 131324 h° + 13068ah® — 504017
n+2 b” —15hb® +85b°h? — 225b* h3 + 274b3 h* — 120b% h®
n+3 b” —10hb® +35b°h? —50b* h3 + 243 h*
n+4 b” —6hb® +11b°h? - 6b* K3
n+5 b’ — hb® +2b° h?
n+6 b” —6hb"
n+7 b’

Table 3.7: 0;
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3.2.2 Discrete quasi-interpolant of degree 7

The discrete septic spline quasi-interpolant, abbreviated as dSSQ]I, is the operator

Qf =Y m(fBy,

kel'y,

whose coefficients are linear combinations of discrete values of f on the set of data points
t%‘n .

The dSSQI is developed in order to be exact on Py, i.e.
Qp=p forall pePy,
in other words, Qm, = m,, where
my(x)= ) u(m)Bi(x)= ) 0;Br(x), 0<r<7.
kel'y, keT'p
Therefore, we obtain the following conditions

pr(my) =0, for kel,, 0<r=<7.

For 7 < k < n+1, the functionals u(f) merely use values of f in a neighborhood of the

support of By, that is why it should be expressed as uy(f) thus
pic(f) = @k fiew7 + Brfie—6 + Yic fe—5 + Ok fiema + Ak fie—3 + Mk fi—2 + Vi fie-1,
where fi = f(xx). The conditions above are the same as the systems of linear equations:
ApXp_7+ PrXy_g+ViXp_g+ Ok Xy + AkX)_g+ PiXp_p + VX =0}, 0<r=<7.
Forl<k<6and n+2< k< n+7, we get the following equations respectively
pi(f) = arfo+ Pifi+vifo+ 0k fs+ Akfat pucfs +vifo + wi fr

,uk(f) = akfn—? + ﬁkfn—ﬁ +kan—5 + 6kfn—4 + Akfn—?) + ,kan—z + kan—l + wkfn-
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All these systems have Vandermonde determinants

VB ( Xk, Xk41) Xk4+2> Xk+3» Xk+4) Xk+5, Xk+6, Xk+7) 7 0.

While the xj, j € J, := {0,1,..., n}, are different, they have unique solutions. Hence, the
existence and uniqueness of the dSSQI. In the case of a uniform partition, the coefficient

functionals are respectively defined by the following formulee:

ui(f) = fo.
617 3 5 5 3 1 1
=—fotfi—-=f—=fi—fat=fs—=fo+—fr.
H2(f) 98Ofo h 2fz 3f3 4f4 5f5 6f6 49f7
3623 407 . 337 . 941 . 151 . 59 871 41
= t—fA——ft+—fs——fat—fs———fo+ .
() = Seas0 0t 210 " 1202 T 3788 T a Fr T 705 T 37808 Tamo

23251 2887 207 391

5 93 401 83
=- + ——fr———fzt—fi——f5+ - .
Hall) == 56a6007° * 21007 ~ 7002 " 37802 227 " 700 7% T 945076 ~ Tam00””
713 53 241 8317 . 521 _ 53 617 167
=- — t—fo—-—f3t—fa——fo+t ——fo——— 4.
K5 (1) == 5505070~ 12601 * 1052 ~ 37802 T 3604 ~ 82> T 37807 " 88207
3769 811 263 5741 . 683 85 311 311
= —~ t—fo+ ——fat—f5+ + )
K6 (1) = 70583070~ 2520 T 22072 T 7560 % T 72074+ 16870 * 21607 T 76207

For7=j=<n+1,

pi(f) = —%(qu +fi-0+ %(fj—ﬁ + fj-2) - %(ﬁ—s + fi-3) + %ﬁ—4-
i) = oo = o ft 4 5 fa s fas = 2 fas
85 311 311
—rcgfn—s - TGOfn_G + an—?-
Mn+3(f) = - SZéiofn - lzzofn—l + %fn—Z - %fn—3 + %fn—4 - :%fn—s
617 167
+ﬁfn—6— mfn—%
() = = o fut S fy = S f = s a2 faa = o s
401 83
+mfn—6_ an—%
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3623
26460

407
210

337
140

941
378

1470f” o

fn—2 + gfn—?u -

1
Efn—?

= fp.

151

Pnes(f) = —=fu+ 1

fn—l_

871

_3780f" 6%

fnl

fn—2+ fn—3_ fn—4+

617 5 3
Mnve(f) = f an—4+ gfn—s

——Jn-6t
6fn6

ﬂn+7(f)

It is noticeable that
|,u2|oo |,un+6|oo ~ 6.8333,

|43loo = [Un+5l00 = 9.8704,
|taloo = |Hn+aloo = 2.2511,

|/J5|oo = |,un+3|oo ~6.8114,

|U6loo = [Hn+2loo = 3.8288.

For7<sj<n+1,

|Kfloo = 5.0275,

hence,

1Qll < 9.8704.

Furthermore, for f € C8(I), we also have

”f_ Qf”oo,lk = (]- +9-87)d00,1k(f) [FD7) = ]-ldoo,fk(fylp7))

where

Ik:[xk—l!xk]) l<sks n,

and

doo,lk(f: H:D7) = lnf{”f_ p”OO,Ik)p € [FD7}

70
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Then
If = Qflloo = O(h®).

We can write the quasi-interpolant Q under the quasi-Lagrange form:

Qf= ) fiLj
J€In
where
617 3623 23251 713 3769 311
LOZBl+—Bg+ Bg— 4 — 5+ 6 — B7.
980 26460 264600 52920 105840 15120
407 2887 53 811 22 311
L1232+—Bg+ B4— 5 — BG+—B7— 8.
210 2100 1260 2520 105 15120
3 337 207 241 263 1657 22 311
L2:——Bg——Bg——B4+—B5+—B6— B7+—B

_ Bo.
2 140 > 700 105 2" 240 1680 105 2 15120 °

5 941 391 8317 5741 2452945 1657 22
L3:—Bg+—Bg— B4— B5+ B6+ - Bg+—Bg
3 378 3780 3780 7560 B 7 1680 105

311
15120
5 151 5 521 683 1657 2452 1657
Ly=—2By— ——Bs+ —By+ = Bs— ——Bg— B, + o — Bo
4 84 24 47360 ° 720°° 1680 945 1680
L2 311
105 107 15120 M
3 59 93 53 85 22 1657 2452 1657
L5 = —Bz+—Bg——B4——B5+—Bg+—B7— Bg+ Bg— BIO
52770 2 7004 84 ° " 168 ° " 105 1680 945 1680
L2 311
105 1 15120
1 871 401 617 311 311
L6 = ——Bg— Bg+ B4+ BS_ BB_ B7
6 % 3780 ° 9450 ' 3780 ° 2160 ° 15120
22 1657 2452/945 1657 22 311
+ —Bg— Bg+ — Bll+_ 12— Blg.
105 2 1680 B 10 1680 105 15120
1 41 83 167 311 311 22
L7 = —Bg+ Bg— B4— B5+ Be— Bg+—Bg
497271470 % 14700 % 8820 ° 17640 ° 15120 %" 105
1657 2452 1657 22 311
1680 °" 945 "M 1680 2 105 2 15120 %
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311
I 15120

22 1657 2452
(Bj+1+Bj+7+ 1_05(Bj+2 +Bji6) - @(Bﬁs +Bji5) + %Bj+4;

8<j=n-8.

P 83 167 , 31 311
n=ro= 6T 14707 T 14700 T 8820 " T 17640 2 15120

E n
L2, 1657 2452 1657 , 22 311
105 171680 "2 945 "3 1680 4T 105 0 15120

n—6-

Lol 8Tl 401 617 311 311
neb T T T 3280 U T gas0 M T 3780 " 2160 2 151200 !
22 1657 2452 1657 22 311

+ —B,———B, 1+——B, »———B, 3+—B,,_4———
" 1680 "1 945 27 1680 "2 105 "t 15120

n-5-

I 3B +59B 93B 533 8SB N 223
n-5 — 5 n+6 70 n+5 700 n+4 84 n+3 168 n+2 105 n+1

1657 2452 1657 22 311

- B, + - — B, o+ 2B, a———_B,_,.
1680 " 945 1T 1680 "2 105 " 15120 "4

I B SB ISIB N 5 B N 5213 683 1657B
n-4 — 4 n+6 84 n+5 24 n+4 360 n+3 720 n+2 1680 n+1
2452 1657 22 311

_ By | +——B, y——
945 " 1680 "' 105 "% 15120

I _ SB 941B 391 8317 N 574lB N 24523
n-3 — 3 n+6 378 n+5 3780 n+4 3780 n+3 7560 n+2 945 n+1
1657 22 311

—_—— +_ _ _—
1680 " 105 "' 15120

I B 3B 337 207B +24lB +2633 1657
n-2— 2 n+6 140 n+5 700 n+4 105 n+3 240 n+2 1680

22 311
+_ n - - __
105 15120

407 2887 53 811 22

Ly-1=Bpig+—DByi5+—r - ~——By2+—B
n—-1 n+6 210 n+5 2100 n+4 1260 n+3 2520 n+2 105 n+l1
311

15120

617 3623 23251 713

L, =Byi7+——Byg+ — il -2
mT P 980 0 T 06460 " T 264600 Tt 52920

3769 311

n+2

105840 15120

Bn_g.

n-2-

Bn+1

n-1-

ne

n+3

Bn+1-
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3.3 Solving Fredholm integral equations by degenerate ker-
nel approximations

Consider the following generalized Fredholm integral equation of the second kind
m b
u(s)—Zf Hi(s,Du(t)dt=f(s), meN*, a<s<b, 3.1)
k=1a

where f is a continuous function. We assume that Hi.(.,.) € C([a, bl x[a, b],C), k=1,...,m.

Then the integral operator

m rb
Tu(s)::Zf Hi(s,Hu(r)dt, a<s<b,
k=174

is compact from & into &, we assume that the equation (3.1) has a unique solution. Equa-

tion (3.1) can be rewritten in an operator form as:
(I-Tu-=f.

Degenerate kernel methods are crucial in approximation theory and in scientific comput-
ing. They have many interesting applications, particularly to solve integral and integro-
differential equations. In [41], the authors explore the classical version of the degenerate
kernel method to numerically solve the Hammerstein equations. Later, they extend the
degenerate kernel method for single-variable Hammerstein equations to include multi-
variable Hammerstein equations in [42]. The authors of [63] treat a degenerate approx-
imation of the kernel by using Taylor series and Lagrange interpolation for solving the
general nonlinear Fredholm integro-differential equations under mixed conditions. The
degenerate kernel in the polar coordinates for two subdomains is adopted in [22] for the
closed-form fundamental solution of null-field boundary integral equation method. Ma-
jidiana and Babolian [57] apply a degenerate kernel method with piecewise constant inter-
polation with respect to the second variable in order to approximate isolated eigenvalues
of a class of noncompact linear operators. In [28], a new approach to the theory of kernel

approximations is developed for the numerical solution of Fredholm integral equations
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of the second kind using a degenerate-kernel operator of fixed rank. Kalaba and Scott
[40] use an initial-value method for integral equations with generalized degenerate ker-
nels. Recently, the authors of [7] rely on two degenerate methods for solving the classical
Fredholm integral equation of the second kind, based on (left and right) partial approxi-
mations of the kernel through a discrete quartic spline quasi-interpolant. From reviewing
the literature, it is noticeable that the degenerate kernel method is commonly used in the
development in the theory of approximation on a wide scale, mainly the resolution of in-
tegral equations. In a more modern sense, we intend to rely on the same degenerate ker-
nel methods for solving through our newly obtained results of discrete septic spline

quasi-interpolants, unlike the previously mentioned work [7].

3.3.1 Firstseptic spline degenerate kernel method

We first approximate the given continuous functions s — H (s, t) by the septic spline quasi-
interpolant using quasi-Lagrange form:
Hi(s, )= Y Hi(sj, )L;(s).
Jj€ln
The left degenerate kernel operator is defined by
m b
TEu(s):= Y Li(s) ). f Hi(sj, Hu(t)dt.
j€]n k=1Ja
Approximating the equation by
m b
uh ()= Y Lj(s) Zf Hi(sj, Dul(dt = f(s), (3.2)
jejn k=1va
the approximate solution u% of equation is given by
ub(s)=f()+ Y ¢;Li(s),
J€In

for some scalars Cj.
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As aresult, we obtain the linear system

m b
Yocili(s)— Y Li(9) Y | Hilsi, DIf(0+ ) ¢jLj()]dt=0,
icj, icjy, k=1va J€Jn

hence

m rb m rb
ci— ). Cj,;fa Hk(si,t)Lj(t)dt:I;L Hy(s;, 1) f(n)dt,

Jj€n
that is to say, the coefficients c; are obtained by solving the following linear system

(I-F)XE=pt,

where, fori € J, and j € ],

m b

i) = Y [ HetsaoLodr,
k=1J4a
m b

v = Y [ Hesowa
k=174

3.3.2 Second septic spline degenerate kernel method

Next, we consider the following right degenerate kernel operator
R m b
Tyu(s):= ) Y Hls, tj)f Li(Hu(p)dt.
jE/n k=1 a
We approximate the given continuous functions t — Hi(s, ) by a septic spline quasi-
interpolant:

HE (s,00= Y Hi(s, t7)L;(1),
je€ln

and the approximate solution satisfies

m b
ul()- Y Y Hls, tj)f Li(oulnde= f(s).
j€nk=1 a

Therefore, uf is of the form:

()= f()+ Y iy, H(s) with HE (s):= Hi(s, t;),
ie], k=1
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for some scalars r;. Hence

m b b

ri— Y rjzf Lj(t)H,}fi(L‘)dt:f L) f(dt, i€ ],
j€ln  k=1Ya a

The coefficients r; are obtained by solving the following linear system

(I-Ry)XE =Dk,

where, fori e J,and j € J,,

m b

Ry(i,j) := Zf L;j(t)) HE (1)dt,
k=174
b

bRy = fLi(t)f(t)dt.

3.3.3 Third septic spline degenerate kernel method

Finally, we approximate the given continuous functions s — H(s, t) by the septic spline

quasi-interpolant using quasi-Lagrange form:
HF(s,0=Y Y Helsj, t)Lj(s)Li(2).
Jj€In i€y
The third degenerate kernel operator is defined by
m b
TR us) =HF =Y Y Lis Y Hk(s]-,m[ Li(Du(pdt.
j€lni€ln k=1 a

Approximating the equation (3.1) by

m b
ulff )= Y. Y Li9) Y Hi(sj, rl-)f Li(ulF (nde = f(s), (3.3)
j€lni€n k=1 a
the approximate solution uX¥ of equation (3.3) is given by
ulff () =f(o)+ Y. ¢;L;(s),
J€Jn
for some scalars c;.
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As aresult, we obtain the linear system

m b
Y ¢iLi()= Y. Y Li(s) ). Hk(s,-,mf L) f+ ) aLi(nldt=0.
j€Jn je€Ini€ln k=1 a le]y

Hence

m b m b
ci—y. ). > Csz(Sj,l‘i)f LiOL(ndet=Y) ). Hk(Sj;ti)f L) f(n)dt,

ieJple], k=1 i€J, k=1
that is to say, the coefficients c; are obtained by solving the following linear system
RFy yRF _ 1 RF
(I— ARF)XRE _ pRE
where, for j € J,and i€ ],

m b
ARE (i) o= ZZHk(s,-,mf Li(t)Li(ndt,
le], k=1 a

m b
bRE(j) = ZZHk(Sj,ti)f Li(t) f(p)dLt.

ieJpk=1

3.4 Error analysis
We will use the following notation:

H}(t) = Hi(s, 1) = H.(s).
The following theorems hold.

Theorem 13. Let Hi(.,.) € C3([a, b] x [a,b]), k= 1...m. The following estimate holds:

m 8H
k
lu—uplloo<ah® Y | = |l luloo
ol 0% oo
for some constant a independent of n.
Proof. Following [12],
b

m
IT-Trl = max ) | [Hls, 1) - Hy, (s,0ldt,

ass< k=17a
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and
(=171

I =T oo < .
T 1d-n T - TE

Since T is compact, according to [12], the operator I— T} is invertible for 7 is large enough,

and its inverse is uniformly bounded with respect to n. Then there exists c¢; > 0, such as

sup |(I - TEY Mo < c1.
n

Since
u-ul = [U-D7'-u-1tH1f
= (I-TH ' r-TFa-17'f
= (I-TH ™ Tu-Tu],
and
Hy (s,1) = QH(s).
We obtain
F F 8 S asHk
IT"u—-T, ulloo < coh Z 350 lull.o for some constant ¢y independent of 7,
k=11 057 lloo
hence
m || 98 Hy,
It =ty loo = c10h® 3 | === | Nttloo.
k=11 057 lloo
Letting a := c¢; ¢y, the desired result is achieved. O

Theorem 14. Let Hi(.,.) € C8([a,b] x [a,b]), k=1..m. The following estimate holds:

8Hk
ot8

m
lu—ullloo<Bh® Y.
k=1

Il oo
oo

where B is a constant independent of n.

Proof. We have
m rb
IT - T = max Zf |Hy (s, 1) - H (s, 0)ldL.
asssb; 1 Ja n
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The operator - T,lf isinvertible (see [3]), and its inverse is uniformly bounded with respect

to n, that is, there exists a constant ¢, such that

sup (I - TH o < co.
n

Note that

u—ul = -TH [Tu-THu],
and

Hy (s,1) = QHL(1).
It follows that
R 8. 68Hk .
IT-T,Il<h’cs Z 378 lulloo for some constant c;3 independent of 7,
k=1 o
hence
08 Hy
=ty lloo < Koc203 ) | == | Ul
k=1 oo

Letting 3 := c»c3, the desired result is obtained. O

Theorem 15. Let Hi(.,.) € C3([a, b] x [a,b]), k= 1...m. The following estimate holds:
8HS

k
0r8

8yt
O H!
8

+10
0s

oo

m
RF 8
lu—uy o <yh Z[ lttlloos
k=1

(e 9]

wherey is a constant independent of n.

Proof. Since

IT-T¥ o< Y |- QHO| L +1QIT-QHO| ]
k=1

i

we obtain .
S
0°H i

+10c¢sy EYS

o0

m B H,

RF 8 k

IT =T, lloo < h° ) [04 T
k=1

On the other hand,

u—ult = (1 - 1 [ Tu- T U],
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and
[(I— T | =cs for nsufficiently large.

Letting y := cg max ¢4 s, the desired result is obtained. O

3.5 Numerical examples

In examples 1 and 2, we compare the results we obtained with previous results presented
in [7]. For a high accuracy, we raised the degree to seven, while the mentioned paper
worked on degree four. Examples 1 and 2 show the accuracy of our results vis-a-vis of
[7]. Denote by RE, RE and REF error terms for the above three septic spline degenerate
kernel method respectively. We compare our methods with other methods such as dis-
crete Galerkin methods and discrete collocation methods given in [20], Nystrom methods
given in [9], Iteration methods given in [8] and Petrov-Galerkin elements via Chebyshev

polynomials described in [4].

Example 1

We consider the following Fredholm integral equation

1! 1 1
u(s)——f s+De Sumdr=eS—=+—-e Y 0<s<l.
2Jo 2 2

The exact solution is u(s) = e™°. We present in Table (3.8) the corresponding absolute er-
rors RE, RR and REF respectively for this example. We compare our results with the results

given in [7].

n RF R in [7] RE RYin [7] REF

8 [ 1.2978¢—-10 | 4.5-8 |4.2236e—11 | 1.2e—8 | 1.2533e—10
16 | 5.0865e—13 | 1.6—-9 | 1.4638e—13 | 2.6e—10 | 5.2422e—13
32 | 9.8810e—15 | 4.8e—11 | 5.2736e—15 | 4.6e—12 | 2.0817e—15

Table 3.8: Example 1
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Example 2

Consider the following Fredholm integral equation

4

2 b4
u(s)—fzsin(s)cos(t)u(t)dt:sins, O0<s< E
0
The exact solution u(s) = 2sin(s).
n RE RFin [7] RR REin [7] RRF
8 | 3.0468e—008 | 2.7-6 | 4.2236e—11 | 9.5e—7 | 3.4793e—8
16 | 1.0291e—10 | 8.7¢—8 | 5.4732e—11 | 9.5e—8 | 1.1094e—-10
32| 3.8120e—13 | 2.7¢e—9 | 2.9407¢—13 | 2.8e—10 | 5.8328¢e—-13
Table 3.9: Example 2
Example 3

Consider the following Fredholm integral equation

1
u(s) +2f e tu(t)dt =2se’, 0<s<l.
0

The exact solution is u(s) =2e%(s— %).

n RE RR REF

16
32

8 | 1.0587e-9

5.9771e—-12
2.7534e—-14

1.2708e—-10
1.6609e—-13
1.7764e - 15

1.1810e-9
5.8168e—12
2.2871e-14

Example 4 [cf.[20]]

Table 3.10: Example 3

We consider the following Fredholm integral equation

1
u(s)—%f elu(ndt=f(s), 0=<s<l.
0
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The exact solution is u(s) = e”*coss. We present in Table (3.11) the corresponding abso-

lute errors RE, RR and R respectively for this example. We compare our results with the

results of discrete Galerkin methods and discrete collocation methods respectively, given

in [20].
n RE RE REF Galerkin method in [20] | collocation method in [20]
8 | 2.8380e—11 | 5.2729e¢—-11 | 7.1493e—-11 7.893595¢e¢ - 05 6.855828E - 05
16 | 8.5876e—14 | 2.4126e—-13 | 3.2456e—13 9.778065¢e — 06 8.364251e— 06

Example 5 [cf.[8]]

Table 3.11: Example 4

We consider the following Fredholm integral equation

1
u(s)—f s Tu(pdt = se’, 0<s<l.
0

The exact solution is u(s) = 2se’. We present in Table (3.12) the corresponding absolute

errors RE, RR and REF respectively for this example. We compare our results with the re-

sults given in [8] by using iteration methods based on the classical continuous piecewise

linear and quadratic Lagrange interpolants. We give the corresponding absolute errors Ej,

E, respectively.

n RE RE REF Eyin[8] | Ein[8]
8 1.8865e—8 | 7.0747e—10 | 1.9520e—-08 | 3.05e—-02 | 7.02¢—-05
16 | 5.5321e—11 | 1.9194e—-12 | 5.3475e—11 | 7.99¢—-03 | 4.38e—06
32 | 1.9158e—13 | 1.4211e—14 | 2.0393e—13 | 2.05e—03 | 2.74e—-07
Table 3.12: Example 5
Example 6 [cf.[4]]
We consider the following Fredholm integral equation
LeSsins
u(s)—f ——u(dt = f(s), 0<s<l.
0

1+1¢£2
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The exact solution is u(s) = s>. We present in Table (3.13) the corresponding absolute er-
rors RE, RE and REF respectively for this example. We compare our results with the re-
sults of petrov-Galerkin elements via Chebyshev polynomials described in[4], for k =1

and n = 10.

n RF RE RXF Eyin [4]
10 | 4.8528e—10 | 2.0806e—07 | 2.0806¢ — 07 | 6.09910e — 03

Table 3.13: Example 6

3.6 Conclusions

In this paper, we present three degenerate kernel methods to numerically solve general-
ized Fredholm integral equation of the second kind, working on the septic spline quasi-
interpolants. These methods are constructed to approach the kernel of the correspondent
integral operator. While the first method is an approximation on the left, the second is on
right. The last method, nevertheless, combines the former two methods. The strength of

this combination lies in the reduction of integrals and calculations in the linear system.
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— CHAPTER 4
TWO SPLINE COLLOCATION METHODS

FOR SEVENTH ORDER BOUNDARY VALUE
PROBLEMS

Given areal constants a;,7 =0,1,2,3, 8;,i =0, 1,2 and anonlinear function v := ¥ (7, wy, ..., wg)
on R’ sufficiently smooth.
The aim of this chapter is to introduce two collocation methods to numerically solve

the following nonlinear seventh order boundary value problem:
9@ =y 9@, 0" @,09@,0Y@,0Y®,0%®,0%@) ast<bh @D

(p(k)(a) =ar, k=0...3,

P ) =P, k=0...2.

4.1 Mathematical background

Let us consider the following subdivision of the interval [a, b]
a=T9<T71<72<...<T,=Db,
and let us define eight splines s on [a, b], with equally spaced knots
Ti:=a+ih;i=0,1,...,n,

and
h:= (b—a).
n




CHAPTER 4. TWO SPLINE COLLOCATION METHODS FOR SEVENTH ORDER
BOUNDARY VALUE PROBLEMS

The spline s(.) are constricted through the eight B-splines.
Introduce an additional knots
T-8T-1T-6,T-5T-4,T-3T-2T-1,Tn+1rTn+2, Tn+3> Tn+4 Tn+5 Tn+6, Tn+7, T n+8,
such that
T 8<T_7=<T_=<T_55T_4=<T_3=<T_2=T_1=T7yp,
and
Tn=Tn+lSTn+2 T3 =Tpn+4 =Tp+5=Tpn+6 = Tpn+7 = Tn+8-

Define the eighth degree B-splines B;(7) as follows

Form=8
Bi,m(T) = ')/i,m(T)Bi.m—l(T) + (1 — Yi+1ym(r))Bi+l,m_1(T),
where
% if 7;<1<7Tiim.
Yi,m(T) = i+m=— i )
0 otherwise.
Or
i+4 7
(Tr—D)4 . . '
Bi(7):= k=i—4 7 (Tg) if7 € [Ti—4,Tital
0  otherwise,
where
i+4
(1) := H(T—‘L’j)
i-4
Recall that

B—S(T), B—7(T)) B—G(T)) B—S(T)r B—4(T)) B—3 (T)) B—Z (T)) -B—l (T)) BO (T)) -Bl (T)’ ceey Bl’l—l (T)

forms a basis for the space of the eighth degree polynomial splines.
Following Schoenberg, the eighth degree B-splines are the unique nonzero splines of

smallest compact support with the knots at
T g<T_ 7= '<T_1=70...<Tp=Tp+1 = =Tn+7 =Tp+8-

Moreover,

-1
it (@)

d m _ m
—B}"(1) = (———)B]" ' (1) - (———— B
dr Ti+m—Ti Titm+1 ~Ti+l
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4.2 Collocation method through the eighth degree spline
functions

4.2.1 The eighth degree spline interpolant
Theorem 16. There exist a unique spline interpolant s € Sg of ¢ satisfies
s(to) = p(10); sV (1) = ™ (10); s (10) = 9P (10); sP (10) = ¢° (1),
s(t) = (1), i=1,...n+1,
$(tn+2) = (tn42);
sV (tns2) = W (tns2);

§P (tns2) = 0P (tns2),

where @ is the exact solution of the above boundary value problem conditions, and

(Ti+7Ti-1) .
to=To tj = ——" 21 , i=1,...,n,

a1 =Tp-1 and Iy =Ty

Proof. Fort;_p» <t<rt;_1,wehave

1
Bi(t) = 5lTi7— D8 —9(Ti6— 0B +36(Ti5— 08 —84(Tis— 0B +126(1;43—1)®

— 126(Tj42— D8 +84(1;41 -8 =36(1; =¥ +9(1;_1 - DY.
Fort;_; <t<1;, wehave

1
Bi(t) = 75l(Tis7— D8 —9(Tiv6— 1B +36(Tiy5— 18 —84(Tiys— 1B +126(1;43— 1)®

— 126(Tj42— D8 +84(1;41 — D®=36(1; — 0B.
Fort; <t<7;y1, we have

1
Bi(t) = 5l - D8 —9(Ti6— 18 +36(Ti5— 0 —84(Tis— D +126(1;43—1)°

— 126(Ti0— )8 +84(Ti41 - DB
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For 1,41 <t <T;.2, we have

Bi(t) = 5lTi- D8 —9(Ti6— 1B +36(Ti5— 08 —84(Tis— 0B +126(1;43—1)®

— 126142 1)8].

1
8

For 1,42 <t <T;.3, we have
Bi(1) = % (@147 = 0% =9(Tir6— 1)° +36(Ti45— 1)° —84(T;44— N° +126(r;43— 1)°)].
For 7;,3 < t <T;44, we have
Bi(1) = % (@147 = 0% =9(ir6— D® +36(1i5— 1)° —84(T144— 0]
Fort;,4 <t <T7;.5 wehave

Bi() = — [(Tis7— 0° = 9@ive — N° +36(ri5— 1)°).

1
=
For7;,5 <t<T;ss, we have

1
Bi(0) = -5 [(Tiv7 = 0 —9(i6—1)°)].

Forti,6<t<t;y7, we have
1 8
Bi(h) =135 [(Tiv7 = 0°].
Finally,

B;(t) =0 otherwise.

Consider the following spline s in Sg
n-1
s(@)= ) x;Bj(),
j=-8

which satisfies the given conditions. Under these conditions, we conclude that

B_g(a) =Bp-1(b) = 1;

-8

BY(@=-BY (b) = -
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56
B%(a)=B? (b) = =

—336
BYy(@ = =B (b) = —=

B_7(a) = By,—1(b) = 0;

BY(@)=-B (b) =

B%(a)=B2 (b) = h824,
B%(a)=-B)),(b) = 5:f
_6(@) = Bp_2(b) = 0;BY) (@) =B\, (b) =
B%(a)=B%,(b) = hf
BY(@=-BY, ()= =2

B_s(a) = By_3(b) = 0;
BY(a)=-BW,(b) =0;
B%(@=B%,(b)=0

BY(a) = 3(3)3(19)

Hence

h
Xx_g=@(a),x_7=p(a) + g(p (a);

X_g=la)+ ﬁ<p(” (a) + h—2<p(2)(a)'
6 8 28 ’

3h 11h* h
x5 =@+ 9@+ ——¢ @+ =9 (@;
Xn-1= @(b);

h
Xn-2 = @(b) — —(,0(1) (b);

Xn-3 —(p(b)——qo(l)(b)+ 57 P? (b).

Once the linear system is solved, the other coefficients x;, j = —4,...,n—4, are obtained as

a unique solution of this system. O
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4.2.2 The eighth degree spline collocation method

Denoting by D’ the differential operator of order 1. We call that for all ¢ € €°([0,1]), (cf.
1291)
ID'(@-99lew=6h""  for 1=0,1,...,7.

According to the above, for any ¢ € €9([0,1]) we have
SO =w(ti, (1), P (1), 02 (1), 9 (1), 0™ (1), 0 (1), @O (1)) +O R, i=1,...,n+1.
The goal of this section is to introduce a eighth spline collocation method, that means we

find a eighth degree spline
n-4

Sp(@) =A@+ ). X} Bj(1),
j=—4
such that
SOt =y (t, Su(t), SV (£:), P (1), SY) (1), S (£, S (1), S© (1)), i=1,...,n+1,
where
-5 n—1
A= 2: Xij4- 2: XfBj.
Jj=-8 j=n-3

It is clear that equation is a nonlinear system with respect to X" = [x",, x",,..., x'_,] T Let
Nj,j = —8...,n—1, be the B-spline of degree 8 associated with the uniform partion{0 =
T_g=...=T9<T71=1<...<Tp_1=n-1<71,=...=Tp4g = n} and defined by

XxX—a

B;(x) = Nj( n

).

Therefore,
1 ti—a
) ey - = Ak 2t
B; (tz)—hkNj ( 7 ).
Letting
df;(hy =B (1),

DZ = (dlk'j(h))lsi,jsn+l;
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ti—a
( h

k. a0
af = N (-2,

. (ak
Dy = (dl-,j)lsi,jsnﬂ»

then
1
h _
Dk—ﬁDk» k=0,...,7.

Taking

T
X= [x—4ix—3)---rxn—4] ’

The approximate problem reads in the matrix forms as follows
DiX=(H-N+r,

DIX" = (Hxn - A),

where
(t,pn),...,00n))
H:.= :
Wlna), @lEne Dy 9O (i)
w(t, Sn(t),..., SP (1)
Hxn := :
Wt Sultnsn)scor SO (1)
A:=A75),.. Aty
and
rii=0h%),i=1,2,...n+1.
Hence,

D:X=h"(H=-N+Hh'r

D, X" = h'(Hxn — M),
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We assume that the function v is L-Lipschitz, that means that, for all 7 € [a, b] and all
@i, w;€R, i=0,...6, we have
6
lw (@, o,...,06) — Y (T,00,...,06)| <L) lp; —w;l, for some positive constantL,
i=0
where L > 0 is the Lipschitz constant.

In a similar manner, as in [50, 51] it can be seen that

Proposition 17. We assume that

6
LID; oo(Y. B FIIDrlloeo) < 1,
k=0

then there exists a unique eighth degree spline for the above approximate problem.

Proof. We have
X" =h' D7 (Hxn — A)

For
Q:=X",
we obtain
h'D;'(Ho-MN) =0,
where

v(t, Salth),..., S (1)
Hq := :
W(tnﬂ,Sg(tnﬂ'),...,sg)(rnﬂ))
n—4

86:/1+ Z wj+5Bj,
j=—4
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and

T
Q: [(Ul;---,wn+l] .

Let us consider the following function
$(Q):= h'D7! (Ho - A),
Our purpose is to prove that the equation
H(Q) =0

has a unique solution, that is to say that the function ¢ has a unique fixed point.

For Q;,Q, € R"*1 we have
Ip(Q1) — P(Q2) oo < A7 1 D7 | soll Ha, — Ha, lloo-

Hence

IA

6
W (ti, S, (t),.., Sy (1)) = (8, S, (1), ..., S ()| = LY 1S5 =S5
k=0

IA

6
LY. R R IDklloo) 1921 = Q2lloo
k=0

Thus,

6
I Ho, — Hay,lloo < LY. B I Dilloo) 121 = Q2 llco-
k=0

On the other hand

6
1p(€21) = P22 lloo < LID7 Moo (Y- B ¥ I Diclloo) 1921 = 2l co-
k=0
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Clearly that ¢ is a strong contraction mapping, if

6
LID7 Mool Y, A" ¥ Dilloo) < 1.
k=0

We have
D:(X=X")=h"(H=Fxn)+h'r.

Proposition 18. We assume that

6
_ _ 1
LIDF Moo (Y. R ¥IIDilloo) < =,
k=0 2

then there exists a constant K which depends only on the function v such that
IX = X"loo < Kh?.

Proof. Since

(X - X") < h'D;'(H—- Hxn)+ h' D7 'r.
and since r = O(h?), there exists a constant a such that

2
170 < ah”.

Hence

1X = X oo < 71D ool (H = Hxn) lloo + @h” D7 o
We also have

lw(t, @(ts), ..., 0 () —w(t;, Sn(ty), ..., S (1))

6
LY 19® ;) - SP ()]
k=0

IA

IA

6
LY 1% ) - S® )1 +18W (1) - ST (7).
k=0
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Moreover,
||(p(k) — s loo < ﬁkhg_kllq)(g) lloo> for k=0,...,7, andforsome constant fy.

In addition

n—4
sP@-sP@= Y x-xhBPw, k=0..7,

j=—4
SO
1
ISP (2) - s (1)) < ﬁuDknmnX—X"um,
and
6 -k 6 9-k 9)
I(H = Hxn)lloo < LIX = X" loo(Y_ A IIDklloe) + LO_ Bxh” )1yl co-
k=0 k=0
Thus
6
[ = LA 1D oo Y. A I Dilloo) 11X = X oo
k=0
6 k
< WD Moo LY. Beh® O yPlloo + ah?].
k=0
Finally, if
6 1
LID; Mool Y. "I Dglleo) < =,
k=0 2
we get

6
L(Y Beh™ )o@l +a
1X = X" oo < ——¢ .

L(Y (b= a) 7| Atlloo)
k=0

O

Theorem 19. The eighth degree spline approximation S, converges quadratically to the

exact solution ¢ of the boundary value problem. Moreover,

g — Snlloo = OH?).
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Proof. We have
IS = Snlloo < Kh?.

and

[ = Snllco < llp = Slloo + IS = Snlloo,

and the result follows. O

4.3 Collocation method using a spline quasi-interpolant

In this section, we present a collocation method based on the eighth quasi-interpolant
spline to approximate the solution of the boundary value problem given above. We will re-
call some results from [19] concerning the eighth quasi-interpolant spline. Based on these

results we develop a new method for solving our problem.

4.3.1 Construction of the eighth quasi-interpolant spline

A quasi-interpolant for know function ¢ is usually obtained as linear combinations of the
elements of a suitable set of positive functions with small local supports (see [50,51]).
A quasi-interpolant of degree 8 which satisfies exactly the boundary condition is a spline
operator of the form \

ne

Q=21+ Z cj(p)Bj,
j=—4

where the coefficients c¢j(¢) are linear combination of value of ¢ at some points lying in
the neighborhood of Supp (B;), and in the set
T={t1=71,ti:1=@;+7T;i—1)/2,i=1,...0,ty42 = Ty_7,tys3 = Ty}

Based on the fact that

Qp=p, forall pePg

we can calculate the coefficients c;(¢).
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We note that
Supp (Bj) = [1,Tj+9l.
Moreover,
cj(x) =05 = symmy(Ny) 0<l<8.
Letting
pi=pt).

Hence, the following linear system

Y Lt Lt ! ! VY SR R
Oi=ajti+Pjl+yjls+0jl,+wjls+0jlg+Vjl;+0lg+pjly, 0<1<8

with the solution

Ci(@)=ajp1+Pjp2+YjP3+0 jQPst+wijPs+0jPs+ViPr+0jPs+pjpe, jE{—4,-3,-2,-1}.

The corresponding octic quasi-interpolant reads as follows
n+2
Qp)=A1)+ )Y ¢iLi(r),  forall te€la,bl,
j=2

where the fundamental functions L; are given by

804031 703811 20416187 3997009 414599 329389
271003520 > 2150400 % 90316800 > 12902400 % 3225600 ' 51609600 "
_ 179827 40614481 13552337 38158213 4852543 166603 329389
37184320 0 19353600 1 38707200 > 38707200 % 9676800 2150400 ° 51609600
829839 720991 39308753 47833403 8703173 5701483 166603
4T 716800 2 512000 1 21504000 21504000 2 5376000 ' 12902400 ° 2150400
329389
+————B,
51609600
200987 76597 6278591 29381 62983
Ls= -5+ -4—T—=-B3- B_>+ B_,
200704 86016 3612672 73728 18432
9982663 5701483 166603 329389
- o+ 1— By + B3
6451200 12902400 * 2150400 2 51609600
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470843 5122423 24024829 . 3988961 9214969 5768617 . 9982663
6 T 774144770 11612160 1 23224320 7 23224320 % 5806080 ' 1720320 0 6451200
5701483 166603 329389
+ o — B3 + 4
12902400 > 2150400 ° ' 51609600
_ 385437 1200667 19011623 . 6902227 5418503 9982663 5768617
T 1576960 0 7884800 1 47308800  ° 47308800 % 11827200 ' 6451200 ° 1720320 '
9982663 5701483 166603 329389
- By + 3 — 4+ 5
6451200 2 12902400 ° 2150400 ' 51609600
108653 918017 15571273 568529 3413453 5701483
Lg=- B_5— B_4+ -3~ —2— B_1+ 0
1863680 27955200 167731200 12902400 41932800 12902400
9982663 5768617 9982663 5701483 166603 166603
- B, + 2 — 3+ - ———Bs— 5+ Bs
6451200 1 1720320 % 6451200 ° 12902400 ' 2150400 ° 2150400
31361 313123 13116403 1019321
Lg = B_ 5+ B_4— B_3+ )
5017600 96768000 1354752000 193536000
329389 166603 _ 5701483 9982663 5768617
7 g By B, - By + Bs
48384000 2150400 °12902400 ' 6451200 > 1720320
9982663 5701483 166603 329389
6451200 * " 12902400 ° 2150400 ° 51609600 '
L, 329389 Lo 166603 o o 5701483
77 51609600 12 I T 5150400 72 T I T 12902400 ¢ U
g,y 3982663 L 5768617 o< iznn
I8 6451200 /T DIV T 1720820017 ==
| __ 241393 31361 , 313123 13116403 N
=67 790316800 "0 5017600 " ® " 96768000 "' 1354752000 ' °
1019321 329389 166603 , 5701483
193536000 %" 48384000 "% 2150400 "' " 12902400 "2
9982663 5768617 9982663 , 5701483
6451200 " 1720320 " 6451200 " T 12902400 "1
166603 , 329389
2150400 """ 51609600 " '®
18853 108653 918017 , 15571273
"5 T 745472 "0 1863680 "% 27955200 "7 ' 167731200 "®
568529 3413453 5701483 9982663
12902400 "% 41932800 "' 12902400 "M 6451200 "2
, 5768617 9982663 , 5701483 166603 N
1720320 "B 6451200 "' " 12902400 " 2150400 " 7'°
166603
2150400 "V
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68217 385437 1209667 19011623
-———Bys+t+————Bhnet————Bn7-———
630784 1576960 7884800 47308800
6902227 5418503 9982663 5768617
+———Bj9 n-10—-m———Bn-11t+ ————=
47308800 1720320

n-4 = n-8

+— _ —
11827200 6451200 n-1z

9982663 5701483 166603 329389
PR n—13+— n-14 =~ T~~~ n—15+—
6451200 12902400 2150400 51609600
143005 470843 5122423 , 24024829
T 516096 "0 774144 "% 11612160 "7 23224320
3988961 9214969 5768617 9982663
—————Bn9—-———Bn-10+ ———=Bn-11- ———Bn-12
23224320 5806080 1720320 6451200
5701483 166603 329389
R — n—-13 = 1~ n—l4+—
12902400 2150400 51609600
192035 200987 76597 6278591

- 5+ ———B,_ 7= ————B,_
401408 "7 200704 "°° n=7 n-8

n—16

n-3 n-8

n—15

Nz = +—
86016 3612672
29381 , 62983 9982663
73728 "9 7" 18432 "1 Ga51200 "M
5701483 166603 329389
‘t———————Dbp- 12— ———————bp-13t ————
12902400 2150400 51609600

868323 829839 720991 , 39308753
n=3 n=6 =7 51504000

n—14

n-1 n—-8

-2 p
1433600 716800 512000
47833403 8703173
21504000 """ 5376000
5701483 166603 329389
‘t—————bp- 11— ——————bn-12t —/—————
12902400 2150400 51609600
337489 179827 40614481 13552337
- ne5+————By g+ ————Bp_7+——
516096 184320 19353600 38707200
38158213 4852543 166603 329389
————————bp 9+ ————bp- 10— T————bn-11+ —————=
38707200 9676800 2150400 51609600
577729 , 804031 703811 20416187
T 401408 "7° 1003520 "% 2150400 "7 90316800
3997009 414599 329389
t————Bp 9 ——Bn10t
12902400 3225600 51609600
164249 968183 , 646049
1576575 "> 4729725 " ® " 10135125
4975343 66427 329389

g— gt
n-8 9710135125

n—10

n—-13

n=

n—=8

n—12

n+1

n—_8

n-11

n+2 = n-7

+— - .
70945875 779625 n-10
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In addition, the approximate function of the /th derivative of a function ¢ at the ith point

t; is given by the following

n+2
oVt = QP ="+ Y 9 L), i=2,...,n+2.
j=2

The following estimate holds for all function ¢ € €°([a, b])
ID (I - Q) lleo < 6lh9_l||(p(9) loo, for some positive constant &y, [=0,...,7.

Let us consider the approximate operator Q(¢") defined by

n+2

Q™M =A+ ) ¢jLj,
j=2
and let us consider the following approximate problem

D'Qo(t;) =y (t;, (1), eV (1), 0@ (1), 0% (), 0P (1), 0 (1), @® (£))+O(W*),  i=2,...,n+2.

We obtain

D'Qe™(t;) = w(t;, Q™ (1), QP (@™ (1), -, Q® (9™ (1)) + O(h?),

Setting

R,}Cl = (rilfj (h))lsi,jsn+1,
ri]fj(h) = L(lli)j(tHl)»
R =R;

. T
F.— [(pZy(psy"'J(pn+2] )

" =03, 95, Pl
1

T hk
G=-A"),.. A2 t,1T, =0, i=1,...,n+1.

R} R., k=0,...,7,
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Thus,
RT=h"(H+G) +r,

R;T" = W' (Hpn + G),

where
Y2, p(t),...,00 (1)

Hr =
W(tn+2’(p(tn+2.), e 0O (112)
Wt Pn(t2), ..., (1))
Hyn = :

W(tni2, @n(tns)y-. s @ (tni2)).

Proposition 20. We assume that

6
LIR: oo Y. R FIIRkI00) < 1,
k=0

then there exists a unique The eighth degree spline that approximates the exact solution ¢

of the problem () with boundary conditions ().

Proof. We have
I"=h'R; (Hpn + G).

For

we get

G(Q) =h" RN (Hq+G) =Q,
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with
W(t2, Qu(t),..., Q0 (1)
Hg = '
V(tni2, Qutns2),..., Q¥ (tn42))

and

n+2

QQ =1+ Z wj_lL]-,

j=2

and

T
Q: [wl)---)wl’H-].] .

Let Q;,Q, € R™1 hence

Q1) = p(Q2)lloo < I RF Mool Ha, = Ho, lloos

and hence
| (ti, Quy (£, -, Q) (1)) = W (£, Quy, (£7), ..., QL) (1))
6
k k
SLkZ:O”Qg()I)(ti)—Qg()Z)(ti”oo
6
< L(Y h ¥ Relloo) 121 = Q2 oo
k=0
Thus,

6
IHq, — Ho,lloo < LY B ¥ Rclloo) 191 = Q2 llcos
k=0

for some constant L such that

6
LIR Moo (Y. B IRk lloo) < 1

k=0
is a strong contraction mapping. Moreover, the function ¢ has a unique fixed point. O
We note that
(T-T™ = h'R;'(Hr — Hrn) +7.
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CONCLUSIONS AND PERSPECTIVES

In this thesis, the septic quasi-interpolants are developed with all their coefficients. A
new numerical schemes based on quasi-interpolants spline and collocation methods have
been constructed and justified to numerically solve some functional problems, especially,
Fredholm integral equations of the second kind.

We have presented two methods based on spline interpolants to investigate a gener-
alized boundary value problems. We introduced two computational collocation methods
with high accuracy for solving an eigenvalue problems of an integral operator with a reg-
ular kernel. These methods are founded on the use of spline quasi-interpolants.

This work may be extended to other type of functional equations. These methods can
be applied to nonlinear integral and integro-differential equations, but some modifica-
tions are required.

In future works we hope to use spline degenerate kernel methods for approximate the
solution of the integral equations of the form

b

us)= Y | Hels,,w@)uyde=f(s), meN*, ass<b,
k=1v4a

m rb
u($)- Y | He(s,t,w@®)Inls—tlu(®)de=f(s), meN*, ass<b,
k=1v4a

udt=f(s), , —-1<s=<l1.

1
a(euts) - 2 f K(s, £,y (1))
T )1 s—1¢
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